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CHAPTER 1
INTRODUCTION

An inverse eigenvalue problem involves the reconstruction of a matrix from
prescribed spectral information. The spectral information concerned may consist of
complete or only partial information on eigenvalues or eigenvectors. The objective of
an inverse eigenvalue problem is to construct a matrix that maintains a certain specific
structure as well as the given spectral properties. Inverse eigenvalue problems arise in
many applications, for example, inverse Sturm-Liouville problem, vibration analysis,

control theory, and particle physics (see [1] — [8]).

Chu and Golub [6] classified inverse eigenvalue problems into seven types

as follows.

1. Multivariate Inverse Eigenvalue Problems

\S]

. Least Squares Inverse Eigenvalue Problems
3. Parameterized Inverse Eigenvalue Problems

4. Structured Inverse Eigenvalue Problems

(9

. Partially Described Inverse Eigenvalue Problems

(@)

. Additive Inverse Eigenvalue Problems

\1

. Multiplicative Inverse Eigenvalue Problems

We are interested in structured inverse eigenvalue problems in this work. The objective

for this type is to construct a matrix of a certain form, see [9] — [16].

Peng et al. [12] introduced two inverse eigenvalue problems for construct-
ing a real symmetric bordered diagonal matrix (also called a real symmetric arrow ma-
trix) from the minimal and maximal eigenvalues of all its leading principal submatrices,
and from one of the eigenpairs and eigenvalues of all its leading principal submatrices.
Later in 2007, Pickmann et al. [13] made a correction in one of the problems stated in

[12]. In 2006, Wang et al. [14] introduced an inverse eigenvalue problem for construct-



ing a real symmetric five-diagonal matrix from its three eigenpairs.

In this thesis, we are interested in constructing real symmetric doubly arrow
matrices from certain spectral information. To achieve our objective, we considered the

following problems.

Problem 1. Given the real numbers /"t](j ) and l](j ) for all j=1,2,...,n, find a real

symmetric doubly arrow matrix such that QLI(j ) and 1Y) are the minimal and maximal

()
J
eigenvalue of the j x j leading principal submatrix of such a matrix for j =1,2,...,n,

respectively.

Problem 2. Given the real numbers A (/) for all j=1,2, ..., nand the real vector
X = [x1,X2...,x,]7, find a real symmetric doubly arrow matrix such that A1) is an eigen-
value of the j x j leading principal submatrix of such a matrix for j =1,2,...,n—1,
and (A x) is an eigenpair.

Problem 3. Given two real numbers A, i and two nonzero real vectors X = [x1, X, ..., X,]7,

Yy = [y1,¥2...,ys)7, find a real symmetric doubly arrow matrix such that (4,x) and

(1,y) are the two eigenpairs.

In addition, two special cases for Problem 1 and Problem 2 are also discussed, these are

the nonnegative case and the uniqueness case.

For all three problems, we consider an inverse eigenvalue problem for con-

structing a real symmetric doubly arrow matrix of the form:

a 0 --- 0 by o .- 0 0
0 a 0 by 0 0 0
0 0 ag_1 bs_1 0 0 0
A=|b b, -+ by a 0o .- 0 by |, (1.1)
O o0 --- 0 0 ag1 - 0 by
0 O 0 0 0 an—1 by




where aj,b; € R,and 1 <5 <n.

Furthermore, we are interested in constructing other real symmetric doubly

arrow matrices in Problem 3. There are of the form

a - 0 b,
0 as—1 bs_1
by - b1 a
0 0 by
0 0 b,

where aj,b; € R, 1 <s <n, and

a; by bs—1
by a 0
bs_1 0 dg
0 0 by
0 0 b,_1

as+1

an

ap

) (1.2)

; (1.3)

where aj,b; € R, and 1 < s < n. The doubly arrow matrices B and C were described by

Pickmann et al. in [15] and Liu et al. in [16], respectively.

In Chapter 2, we give some properties for solving our problems. The nec-

essary and sufficient conditions for the existence of a solutions and some examples of

Problem 1, Problem 2, and Problem 3 are illustrated in Chapter 3, Chapter 4, and Chap-

ter 5, respectively. Finally, Chapter 6 gives the conclusions and possible extensions of

the work.



CHAPTER 2
PRELIMINARIES

Let A be a matrix of the form (1.1). The j x j leading principal submatrix
Aj of matrix A = A,, is obtained by deleting the last p rows and p columns of matrix A,
where p = n — j. Notice that if j =1,2,...,5— 1, then the leading principal submatrix

A is a diagonal matrix.

Lemma 2.1. Let A be a matrix of the form (I.1). Then the sequence of characteristic

polynomials {P-(?L)}”.:1 satisfies the recurrence relation:

:1\

A—aj); j=1,2,....5—1, (2.1)
1:1
Pi(A) = (A —aj)P; Zb H —a;); j=s, (2.2)
l;ék

Pi(A)=A—aj)Pi-1(A); j=s+1,54+2,....n—1, (2.3)
j—1

Pi(A) = (A —a;)P; Zkak 1) [] A—a):  j=n, (2.4)
i=k+1

where Py(A) = 1.

Proof. This is easy to verify by expanding the determinants det(AI; —A;) for j =

1,2,...,n, where I is the identity matrix of identical dimensions. ]

Lemma 2.2. Let P(A) be a monic polynomial of degree n with all real zeros. If A, and

Ay are, respectively, the minimal and maximal zeros of P(A), then
1. If B <Ay, we have (—1)"P(3) > 0.

2. If B > An, we have P(3) > 0.

Proof. LetP(A)=(A—2A1)(A—A)---(A—A,). If B < A; and nis even, then P(8) > 0.
If B < A; and nis odd, then P(8) <0, and hence (—1)"P(B) > 0. If B > A,, then clearly
P(B) > 0. O



The following lemma explains the establishing relations between the eigen-
values of a symmetric matrix and the eigenvalues of its principal submatrices, that is,

the Cauchy interlacing property.

Lemma 2.3. Let K, be a real symmetric matrix of order n with eigenvalues Bl(n) <
Bz(") <...< B,Sn) Let K, be the principal submatrix of K, with eigenvalue B]("_l) <

BV < < BV, Then

Bl <B" V<< <p <B" <B

=P = 2P

Proof. See [17]. O]

Observe that, by Lemma if ll(j ) and A J(j ) are the minimal and the max-

imal eigenvalues of the leading principal submatrix A; of matrix A for j =1,2,...,n,

respectively, then

ll(n) S A{l(nfl) < ... S 11(3) S A](z) S A](l) S 12(2) S A§3) < ... S l(nfl) S A{rgn) (25)



CHAPTER 3
SOLUTION TO PROBLEM 1

The main result of Problem 1 is the construction of a doubly arrow matrix
A of the form with 1 <s < n. If a matrix A has the form (I.I), then we have
the general form of the characteristic polynomials P;(A) for j =1,2,...,n as in Lemma
[2.1] All results are constructive in the sense that they generate algorithmic procedures to
compute the elements of the leading principal submatrix A for j = 1,2,...,n of matrix

A =A,. The following theorem gives a sufficient condition for solving Problem 1.

Theorem 3.1. Let the real numbers ll( ) and 7L for j=1,2,...,n be given. Then
there exists an n X n matrix A of the form (.) such that QLI( D and A J(j ) are the minimal

and maximal eigenvalues of the j X j leading principal submatrix Aj of matrix A for

Jj=1,2,....n, respectively, if the following conditions are satisfied:
~1 o1 1 2
R N I ey S SRR Tr NN N )
there exist real solutions ag; and by, k =1,2,...,5s— 1 for the system of equations

<7LJ(S)_“S) 5= 1(%“) Zka< ! )20, j=Lls, (32

l;ék
and there exist real solutions a,, and by, k =s,s+1,...,n—1 for the system of equations
—1 n—1
(n) M\ _V 2 (n) () _ 4 () _ .
(A" =an) P (") L bife (A") I (A" =2") =0, j=1n 33
=S 1=

Proof. Assume that the real numbers ll(j ) and lj(j ) for all j=1,2,...,n satisfy condi-
tion 1) Since the leading principal submatrix A_1 is a diagonal matrix, a; = A ](j ) for
j=1,2,...,5—1. Therefore, ﬂ,l(J ) and A J(] ) are the minimal and maximal eigenvalues of
the leading principal submatrix A; = diag {),1(1),%2(2), ... ,l}j)} forj=1,2,...;5s—1,

respectively.



()

To show the existence of a matrix A; for j =s,s+1,...,n where A;*’ and

l(J)

;. are the minimal and maximal eigenvalues, respectively, is equivalent to showing

that the system of equations
P (47) =0

P (27) =0

(3.4)

i

has real solutions @, j =s,s+1,...,nand b;_y, j=1,2,...,n.

For j = s, if condition (3.2) holds, the system of equations (3.4) has real

solutions ay and by, k=1,2,...,s — 1.

For j=s+1,542,...,n— 1, the system of equations (3.4) has the form:
(’ll(j) —aj)Pj—l (;L](j)) —0

(M —a;)Pra (27) =0

From condition (3.1) and Lemma [2.2(2), the system of equations (3.3) has the real

(3.5)

solution

forall j=s+1,5s4+2,...,n—1.

For j = n, if condition (3.3) holds, then the system of equations (3.4) has

real solutions a, and by for k =s,s+1,...,n— 1. Then, there exists the matrix A, = A.

The resulting matrix A, = A is now a real symmetric doubly arrow matrix
with ll(j ) and l}j ) for j=1,2,... nsatisfying condition . Hence, from the Cauchy
interlacing property (Lemma [2.3)) and relation ?L](j ) and A ](j ) are the minimal and
maximal eigenvalues of the j x j leading principal submatrix A; of matrix A for j =

1,2,...,n, respectively. [

The following corollary is for the nonnegative case of Problem 1. That is,
we give the sufficient condition for the existence of a matrix A of the form (I.1I)) with

aj>0andb; | >0forall j=1,2,...,n.



Corollary 3.2. Let the real numbers ll(j) and lj(j) for j =1,2,...,n be given. Then
there exists an n X n nonnegative matrix A of the form (|1.1) such that ll(j ) and l}j ) are

the minimal and maximal eigenvalues of the j X j leading principal submatrix A; of

matrix A for j =1,2,...,n, respectively, if the following conditions are satisfied:
PRI R NP L ey S Oy § P RTTEY NN Xo)
A >, (3.7)
there exist nonnegative real solutions as and by, k = 1,2,...,5s — 1 for the system of
equations
s—1 s—1 .
(A —as)Pa (A7) = L BIT (A7 -4") =0, j=1s 8
S
and there exist nonnegative real solutions a, and by, k =s,s+1,... ,n—1 for the system
of equations
(v ) _'y W\ TT (10 _ 10
(Aj —a,,)Pn,l <Aj ) ~Y bR (kj ) I1 (zj —A ) —0, j=1,n (3.9
k=s i=k+1

Proof. Suppose that the real numbers /ll(j ) and A j(j ) for all j=1,2,...,n, satisfy condi-
tions and (3.7). From conditions (3.6), (3.7)), we have

for j=1,2,...,s—1.

For j = s, if the condition (3.8) holds and the system of equations (3.4))
in Theorem [3.1] has nonnegative real solutions as and by, k =1,2,...,5— 1, then there

exists the nonnegative matrix Ay.

For j=s+1,54+2,...,n— 1, the system of equations (3.4) has the form:
<)Ll(]) — aj> Pj,I (;Ll(j)> =0

(M =a;)P1 (1) =0

(3.10)



From conditions and (3.7), and Lemma[2.2)2), the system of equations (3.10) has

the nonnegative real solution

forall j=s+1,s+2,...,n—1.

For j = n, if condition (3.9) holds and the system of equations (3.4) in
Therem 3.1 has nonnegative real solutions a, and by for k = s,s+1,...,n — 1, then

there exists the nonnegative matrix A, = A.

(n)

Now matrix A, = A is a real symmetric doubly arrow matrix with A,” and
/1,§”> for j =1,2,...,n satifying condition (3.6). Hence, from the Cauchy interlacing
property (Lemma and relation Al(j ) and l}j ) are the minimal and maximal
eigenvalues of the j x j leading principal submatrix A; of matrix A for j =1,2,...,n,

respectively. O]

In order to obtain the unique solution to Problem 1, we consider a real

symmetric doubly arrow matrix A of the form

aqa 0 -~ 0 b 0 - 0 0
0O ao --- 0 b 0 - 0 0
0 0 a1 b 0 0 0
A=|b» b - b a 0 -+ 0 c|, (3.11)
0 0 0 0 azg 0 c
0 O 0 0 0 a,—1 ¢
0 O 0 c c c a

where a; € Rand b,c >0

In this case, the recurrence relation of characteristic polynomials in Lemma

becomes:
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j
PiA)=[JA—a); j=12,...5—1, (3.12)
=1
—1j-1
Pi(2) = (X —a;j)P; bZZH —a); j=s, (3.13)
l;ék
Pj(k) :(A—aj)ijl()L); j:S-I-l s+2 n—l, (3.14)
j—1
Pi(A) = (A —aj)P; )—c ZPk 1 H (A—ai); j=n, (3.15)
i=k+1

where Py(A) = 1.

The following corollary gives a sufficient condition for the existence of a

unique solution to Problem 1.

Corollary 3.3. Let the real numbers 7Ll( ) and 7L for Jj=1,2,....n be given. Then

there exists the unique n X n matrix A of the form (13.11|) such that )vl(j ) and l;j ) are the

minimal and maximal eigenvalues of the j X j leading principal submatrix A j of matrix

Afor j=1,2,...,n, respectively, if the following conditions are satisfied:
P N I NP Ry O S ST L LI C N T

Proof. Suppose that the real numbers ll(j ) and ?L](j ) for all Jj=1,2,...,n satisfy condi-

tion (3.16). It is obvious from that for j = 1,2,...,5 — 1 there exists the unique
matrix A = diag { ),1(1) . QLZ(Z), o ,l}j ) } with the minimal and maximal eigenvalues ﬂ,l(j )

and A ](j ), respectively.

As in the proof of Theorem [3.1] it is enough to show that the system of

equations
P (47) =0
' (3.17)
P (27) =0
has real solution b, ¢, and a;, j =s,5s+1,...,n

For j = s, the system (3.17) has the form:
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\

asP (M) + b22H</'L '—ai) = 2P (1)
Nz (3.18)

( >+b22H</’L —a) AUP“(A“))

z;ék J

So, the coefficient matrix for the system (3.18)) is

\ PS_1<7tl(s)> zﬁ Al(s)—a,) -
= iZk
Pa(d)  LTI(-a)
L i7k _

Let d; be the determinant of this coefficient matrix. Then,
=2 (2f7) £ T (47 -a) = (1)

::l;k
We will show that dy # 0 by showing that (—1)*~'d, > 0. From Lemma we have

(=1 'P_y (ll(s)) >0and P, (/'Ls(s)> > 0. Since a; = l}j) for j=1,2,...,5s—1and

condition (3.16), <7LS(S) —a,-) > 0 and <7Ll(s) —a,-) < 0. Therefore,

s—1s—1

(~1"'Rr (2) kzl [T(AY -a)>o.
S

s—1
Since there are s — 2 factors in each product H (?Ll(s) — a,~> \

i=1
i#k

(W —a) = (0= 2Re ()

k=1

|
—

—1s

|
—_
9%

—1s

©“

e () (a1

1) >0,

>~

=1i

e —
el
e —

~ e~

>

E|

= (~12 R (2] );

K
P —

Thus, (—l)s_lds > 0 and hence d; # 0. Consequently, the system |i has a unique

solution. By using the Cramer’s rule, we obtain
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and

Since (—1)*~! (ls(s) — /’L](S)>Ps_1 (l](s)>PS_1 (A@) > (0 by Lemma 2.2,

(1)t (As(n B Af”)Psfl (Ap)pﬁl (AS(S))

b =
(—1)s~1dy

> 0.

Then b is a real number which can be made positive. Hence, there exists the unique

matrix A,.
For j=s+1,542,...,n—1, as in the proof of Theorem [3.1 we obtain
aj= Aj(j)
For j = n, the system (3.16)) has the form:
n—1 n—1
anPt (M) 4 X ™) TT (M7 —ai) =47 Rr (1)
k=s i=k+1
I e . (3.19)
anPy 1 <A«r5n)> + C2 Z Pkfl ()“rgn)) H <A‘n(n) - Cli) = )“rgn)Pnfl <)~rgn)>
k=s i=k+1

Thus, the coefficient matrix for the system (3.19) is

Py (/11(")> rng—l (A" :I;I; (l - ai)
n—1

(W) S ) T (W) -a)
k=s

i=k+1
Let d,, be the determinant of this coefficient matrix. Then,
n—1 n—1

dn:P,,l(xf”)'ng_](x,s")) I1 (ln(")—ai)—Pn1(%,1("));3(_1(11(")) I1 (Af’“—ai).

i=k+1 i=k+1
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To show d,, # 0, we exhibit (—1)"~'d, > 0. We now consider the first factor of (—1)"~'d,,.
From Lemma we have (—1)"" 1B, ; <7Ll(n)) > 0, and P,_ (A,En)> > 0 for all k =
s,s+1,...,n—1.Since a; = l}j) forj=s+1,...,n—1, (A,Sn) —a,'> > 0. Therefore,
n—1

H <7L,§n) —a,‘> > 0.

i=k+1

n—1
(=1)" Py (11(")) Y Pt (A")
k=s
Next, we consider the second term of (—1)"~'d,,. From Lemma 2), we have

P, (LE’”) > 0.

It only remains to show that

n—1 n—1
~1 Y pa@™) T (MY —a) >o.
k=s

i=k+1

Since

n—1
—(=1"" ZP"*I(;LI(H)) [1 (ll(n)_a") = (=" s—1(/11(n)) I1 (ll(n)—ai
k=s ;

+ (=1 TT (A =)+
i=s+2
n—1
+ (= 1)"Poyr () M —ai) +
i=n—s+1
1P, (/11(")) , (3.20)

we examine each term of the right hand side of the equation (3.20) as follows.

For the first term, (ll(") —ai> <0Ofori=s+1,5+2,...,n—1 and there

n—1
are n — s — 1 factors in the product H (ll(n) — a,-) thus,

i=s+1
n—1 n—1
AW g} = (=1 ai—AM).

1 (7)ot I (-47)
Therefore,

n—1 n—1
(_1)n s—l(;L](n)) H (;L](”)_al) :(_l)nPs_l(ll("))(_l)nfsfl H (ai_l]("))

i=s+1 i=s+1

n—1

:(_1)2(nfs)(_1)5*1Ps_1(11(")) H (ai—ll(n))-

i=s+1
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From Lemmal), we have (—1)"1P_; (/'L](")) > 0. Thus,

n—1

(1P M) T (M =ai) >0,

i=s+1

For the second term, (ll(") - ai> <Ofori=s+2,5+3,...,n—1 and there

n—1

are n — s — 2 factors in the product H (ll(n)—ai),
i=s+2
n—1 n—l
l(”)_ai WALAL n—s—2 ai_l(”) )
1 (0 -a) =02 IT (a-40")
Thus,
n—1 n—1
0B TT (M =ai) = (0B (=12 ] (@—4")
i=s+2 i=s+2
n—1
L ( I)Z(n—s—l)(_l)sPs(ll(n)) H <al _ll(n)>
i=s+2

From Lemmal), we have (— I)SPS(QLI(")) > 0. Thus,

n—1

(=R T (A" =ai) > 0.

i=s+2
By using the similar process, we can show that all terms on the right hand
of equation (3.18) are positive. Consequently,
n—1 n—1
~(= Y A T (M7 -a) > 0.
k=s i=k+1
Therefore, (—1)”‘1dn > 0 and hence d,, # 0. Then, by the Cramer’s rule, we obtain the

unique solution of the system (3.19) as follows:

n—1

)L](H>Pn—l <7L](n)> ’;Pkl ()L’En)) H (lrgn) — ai) — /Lgn)Pn—l <7tr5”)> :Z_:lpkl ()q(n)) H (A‘l(n) - ai)

i=k+1

a, =

and
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Since (—1)""! <7L,1(") — ll(n)> P, (ll("))P,,_l (L,gn)> > 0 by Lemma ,

(_1)n71dn

Then, ¢ is a real number which can be made positive. Hence, there exists the unique

matrix A, = A

The resulting matrix A, = A is now a real symmetric doubly arrow matrix

with QLI(j ) and l](j ) for Jj=1,2,...,n satifying condition (3.16). Consequently, from

the Cauchy interlacing property (Lemma and relation ll ll(j ) and A ](j ) are the

minimal and maximal eigenvalues of the j X j leading principal submatrix A ; of matrix

Afor j=1,2,... n, respectively. []
Some examples for Problem 1 are shown below.

Example 3.1 Given the real numbers

AW0=—6 20==3 aP=-3 2P=-—3 a2P-1 V=1

that satisfy conditions (3.1), (3.2)), and (3.3) of Theorem[3.1|with s = 3, we can construct

a real symmetric doubly arrow matrix A of the form (I.1I)) with the required properties

as follows:
—1.0000 0.0000 1.2472 0.0000 0.0000 0.0000
0.0000 3.0000 4.0000 0.0000 0.0000 0.0000
A 1.2472  4.0000 0.4444 0.0000 0.0000 4.6626

0.0000  0.0000 0.0000 7.0000 0.0000 3.0000
0.0000  0.0000 0.0000 0.0000 9.0000 2.0000
0.0000 0.0000 4.6626 3.0000 2.0000 —0.0497
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Example 3.2 Given the real numbers

that satisfy conditions (3.6), (3.7), (3.8), and of Corollary [3.2] with s = 4, we can

construct a nonnegative real symmetric doubly arrow matrix A of the form (I.1I)) with

the required properties as follows:

2.0000 0.0000 0.0000 3.0000 0.0000 0.0000
0.0000 5.0000 0.0000 5.0000 0.0000 0.0000
0.0000 0.0000 7.0000 1.4170 0.0000 0.0000
3.0000 5.0000 1.4170 0.4603 0.0000 7.1828
0.0000 0.0000 0.0000 0.0000 10.0000 2.0000

0.0000 0.0000 0.0000 7.1828 2.0000 5.4219

Example 3.3 Given the real numbers

that satisfy condition (3.16) of Corollary [3.3| with s = 3, we can construct a unique real

symmetric doubly arrow matrix A of the form (3.11)) with the required properties as

follows:
—6.0000 0.0000 2.0000 0.0000 0.0000 0.0000
0.0000 —4.0000 2.0000 0.0000 0.0000 0.0000
A 2.0000 2.0000 —5.0000 0.0000 0.0000 3.4609

0.0000  0.0000  0.0000 —1.0000 0.0000 3.4609
0.0000  0.0000  0.0000  0.0000 6.0000 3.4609
0.0000  0.0000  3.4609  3.4609 3.4609 —0.2874




CHAPTER 4
SOLUTION TO PROBLEM 2

In this chapter, we solve Problem 2 and give the sufficient conditions for the
existence of a unique doubly arrow matrix A of the form (I.T)) from one of the eigenpairs
and eigenvalues of all leading principal submatrices of matrix A. The nonnegative case

for this inverse eigenvalue problem is also discussed.

Assume that 1) is an eigenvalue of the j x j leading principal submatrix

Ajof matrix A, j=1,2,...,n, and (},(”),X) is an eigenpair of matrix A = A,,. That is,

Pj@(f)):o, i=1,2,....n—1, (@.1)
Ax = A Wx. 4.2)

We can rewrite the relations (4.1) and (4.2) as (4.3)) and (4.4)), respectively.

j )

H(l(j)—a,) =0, j=1,...,s—1,
i=1 '

j—1

j—1 -
<7L(j)—aj)Pj_1<l(j)>—Zb%H(/l(J)—ai) —0, j=s, (4.3)
=
()L(J')_aj>Pj_l<),(j)> =0, j=s+l....n—-1, |
ajxj+bjxs :?L(”)xj, j=1,...,s—1, )
s—1
bixy +asxs +bsxy = )L(n)xs, J=s,
=3 (4.4)
ajxj+bjx, :),(”)xj, j=s+1,....n—1,
n—1
Z bixy + anxy =AMy, j=n.
k=s Y,

Observe that the solvability of the system of equations (4.3)) and (4.4) is equivalent to
that of Problem 2.

The following theorem gives the sufficient conditions for Problem 2 to have

a unique solution.
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Theorem 4.1. Problem 2 has a unique solution if the following conditions are satisfied:

(1) xi#()? i=s,n,
(ii) P,-_1</1<J'>> £0, j=ss41,...n—1.

Proof. By the above observation, Problem 2 has a unique solution if and only if the sys-
tem of equations (4.3) and (4.4) has a unique solution. That is, the system of equations

satisfies conditions (i) and (ii).
All elements of doubly arrow matrix A can be calculated as follows.

For j=1,2,...,s— 1, from the first equation of (4.3) we have
aj=A,
Substituting a; into the first equation of (4.4), we obtain
AW+ bjxg =AM,
Since x; # 0 by condition (i), we get

b = (;L(n) _)b(j)>ﬁ‘

Xs

For j = s, we rewrite the second equation of (4.3) as

s—1 s—1

AP (AY) —aP 1 (A = Y B [T(AY —a) =0.
k=1 =1
ik

Since P,_ ().(“)) = 0 by condition (ii), we obtain

AP, (m) _S_Zl bgﬁ (Ms) _al.)
k=1 =1
Ps_l(/l(s))l#k

as:

Next, from the second equation of (4.4) and x, # 0 by condition (i) we have

s—1
AWy — aoxg — Z bixy
k=1
by = .

Xn
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For j=s+1,542,...,n— 1, from the third equation of (4.3)) and condition

(i1) it follows that
a j= A(J )

Substituting a; into the third equation of (4.4), we obtain
l(j)xj' +bjxn = l(n)xj
and by condition (i) we get

b= (?L(") _;L(j)>ﬁ_

Xn
For j = n, from the last equation of (4.4) and condition (i) we have
n—1
Y bxi
k=s

an = A — . O

Xn

The following corollary is related to a nonnegative solution to Problem 2.

Corollary 4.2. Problem 2 has a unique nonnegative solution if the following conditions

are satisfied:
A AW >0 >0, j=1,2,....s—1,s+1,....n—1,
() x>0, i=1,2,...,n,

(i) Pj_l(x(ﬂ) >0, j=ss+1,...n—1,

s—1 s—1

k; b ,.1]1 (A0 ~a)
i+k

(iv) A1) >

P (l (S)> 7
Si brxy,

V) AW > a4 EL—
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Proof. From the proof of Theorem conditions (ii) and (iii) guarantee that there
exists a unique doubly arrow matrix A of the form (I.T). It remains to show that all

elements of matrix A are nonnegative.

For j=1,2,...,s—1, from AY) > 0 by condition (i) and xj,xs > 0 by

condition (ii) we obtain

aj= 20) >0
and
b= (;un) _N>% >0.
For j ==, P (l(“‘)) > 0 by condition (iii) and rewriting condition (iv) as
o, (39) - £ (1 -a) 20
l;ék
we have

0 (1) E T ()

l#k
P 1 (A1)

ag —

>0.

Since xg,x;, > 0 by condition (ii) and we can express condition (v) as

s—1
Z bkxk
kf

l(n) —ds— . 2 07
Xs
we get
— AgXg — Z byxy,
by = > 0.
Xn
For j=s5s+1,54+2,...,n— 1, from condition (i) we obtain

aj :),(j) > 0.
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By conditions (i) and (ii) we have

%:<Am_lm)ﬁzo_

Xn
For j = n, from conditions (ii) and (vi) we obtain

n—1
Y bixi
_k=s

Xn

ay = A"

> 0. []

Now, we give some examples to illustrate our results.

Example 4.1 Given the real numbers

and the real vector x = [—2,3,—1,2,-3, I]T that satisfy conditions (i) and (ii) of Theo-
rem[d.T| with s = 3, we can construct a unique real symmetric doubly arrow matrix A of

the form (I.T)) with the required properties, as follows:

-4 0 10 0 0 O
O -1 -6 0 0 O
10 -6 -16 0 0 21
A=
0 O 0 3 0 —4
0 O 0 0O 2 3
0O 0 21 -4 3 39

AW =7 2@ =3 A0 =—1 AW=3 2100 =5 A0 =9

and the real vector x = [5,3,5,1,2,5]7 that satisfy conditions (i) — (vi) of Corollary
with s = 3, we can construct a unique nonnegative real symmetric doubly arrow matrix

A of the form (1.1)) with the required properties, as follows:



7.0000
0.0000
2.0000
0.0000
0.0000
0.0000

0.0000
3.0000
3.6000
0.0000
0.0000
0.0000

2.0000
3.6000
2.7400
0.0000
0.0000
2.1000

0.0000
0.0000
0.0000
3.0000
0.0000
1.2000

0.0000
0.0000
0.0000
0.0000
5.0000
1.6000

0.0000
0.0000
2.1000
1.2000
1.6000
6.0200
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CHAPTER 5
SOLUTION TO PROBLEM 3

In this chapter, we solve Problem 3 and give the necessary and sufficient
conditions for the existence of unique real symmetric doubly arrow matrices from the
two eigenpairs. In our work, we are interested in constructing three different forms of

a real symmetric doubly arrow matrix. Those are the matrices A, B, and C of the form

(L.1), (I.2)), and (I.3)), respectively.

5.1. Constructing Doubly Arrow Matrix A

In this subsection, we construct a doubly arrow matrix A of the form (1.1)).
Assume that (A,x) and (i, y) are eigenpairs of matrix A. Thatis, Ax = Ax and Ay = uy.

We can rewrite these as

arx; +bixg = Axy,

(5.1.1)
ayyy +brys = Uy,
arxy +brxg = Axo
’ (5.1.2)
azyz +bays = Uy,
ag—1X5—1 +byg_1x3 = Axs_1,
s—1As—1 s—1As s—1 (5.1.5_1)
ag—1Ys—1 "‘hv—l)’s = Uys—1,
bix1+byxo+ -+ bs_1x5—1 +asxs + bsxp, = lxw
(5.1.8)
biy1 +boys + -+ +bs_1Y51 + asys + bsyn = Hys,
g1 X1+ bsi1Xy = Axgi1,
el T Pl T e (.1s+1)
As11Ys+1 + Ds1Yn = UYs+1,
Ap—1Xp—1+bp_1Xy = AXp_1, (5.1n-1)

An—1Yn—1+by_1yn = Uyn—1,



byXs+ by 1 X1+ bp_1Xp—1 + apXpy = Axy,

bsys +bsi1ys1+ - +by_1Yn—1+ anyn = Uyn.

To solve this system, we denote all variables as follows:

T
o= [a17b17a27b27'” 7a57bSa"' 7an717bnflaan] 9

24

(5.1.n)

0
€ = s
1
Xi
Zi: ’ l:1727 1,
| Vi
Ax; 651)
C= = iy = o2 it
. (2)
_.UYI C;
T (1) (2 (1) (@ ) (2 n @17
y=|c{" e e e el e el D]
X X
Bi,S: l ’ » l:1727 7S—1,
_yi Vs
Xg X
Bs7n: s n’
| Vs Yn|
Xi Xp
B, = ; i=s+1,s+2,...,n—1,
_yi yn_
Di,s = de’[(Bm); i=1,2,...,s—1,
Dy, = det(By ),
Dj,=det(B;,); i=s+1,54+2,...,n—1,
(1) (1)
¢’ X X, C;
pW = T p® T T s
’ (2) hS (2)
G s Yi ¢
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1 1
(a cg)—blxl—...—bs_lxs_l Xn (b Xs C§)—b1X1—...—bs_1xs_1
Ds,n: 2) ) Ds,n: 2) )
cs ' —biyr—...—bs_1y5-1 Yn Vs €5 —biyr—...—bs_1ys_1
(1) (1)
C: X, X; C:
DE‘;): ’(2) n, DEZ): l ’(2); i=s+1,s+2,....,n—1,
¢; Yn Yi ¢
and
Bl,s
BZ,S
Bsfl,s
H= |Zel Z,el ... Z, el B,, ,
Bs—i—l,n
anl,n
Zel Z,.¢l ... Z, ¢ B,,

A 2nx2n—1

where B,, , = Z,,. We now simply rewrite the linear system of equations (5.1.T) -
as

Ho =7. (5.A)
Observe that the solvability of the system (5.A) is equivalent to that of Problem 3.

The following theorem gives the necessary and sufficient conditions for

Problem 3 to have a unique solution matrix A.

Theorem 5.1. Problem 3 has a unique solution if and only if the following conditions

are satisfied:

() Disy#0; i=12,...,s—1,
(ii) Dyn 70,

(iii) D;, #0; i=s+1,5+2,...,n—1,
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(iv) Rank(Zy) = Rank(Zy|Cp — byZs — byi1Zsgs1 — .. —bp1Zp_1) = 1.

Proof. Since the solvability of linear system (5.A)) is equivalent to that of Problem 3,
Problem 3 has a unique solution if and only if linear system (5.A) has a unique solution.
Therefore, linear system (5.A) has a unique solution if and only if the conditions (i) —

(iv) are satisfied. O

We can find all elements of doubly arrow matrix A from the linear system of

equations (5.1.1) — (5.1.n) and all conditions (i) — (iv) in Thorem5.1|as follows. Solving
the equations (5.1.1)) — (5.1.s — T)) and using condition (i), we have

(a) ()
l)us l)ﬁs

a; = , bi=
l)ﬁs l)us

b

DY )
as = , by =

l)&n l)&n

Similarly, we can also find @; and b; fori =s+1,s42,...,n— 1 by solving the equations

(5.1.s + 1) — (5.1.n — 1)) under condition (iii). That is,

(a) (b)

l)nn l)hn
ai= —, SN e
l)hn l)Ln

Substituting bg, by 1,...,b,—1 into equation (5.1.n)), if x,, and y, are not both 0, then we
get the last entry @, under condition (iv) as follows:

Xn—1

i, # 0, then a, = 2 — b, — by b, and
Xn Xn X,
lfyn # 07 Xp = 0, then a, = ‘u —bs& _bs+1ys+] _ _bn_l)’n—l ‘
n Yn Yn

5.2.Constructing Doubly Arrow Matrix B

Now, we construct a doubly arrow matrix B of the form (1.2). Assume that

(A,x) and (u,y) are eigenpairs of matrix B. That is, Bx = Ax and By = uy. We can
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rewrite these as

aixy +bixg = Axq,

(5.2.1)
ayy1 +brys = Uy,
arxy +boxs = Axy,
’ (5.2.2)
azyr +boys = Wy,
As—1X5—1 +bs_1x5 = Axsfla (525-1)
asg—1Ys—1 ‘Jl‘bsflys = Hys—1,
bixi 4+ bs_1xs—1 +asxs + bsxs+1 ‘|’bs+1xs+2 +- ot bp1xp = A’X_SW (5.2.5)
biy1+ -+ bs_1ys—1 +asys + bsysi1 +bsi1ysi2+ -+ bp_1yn = Wy,
bsxs + g1 X541 = AXst1,
=AY * (525 + 1)
bsys +asi1ys+1 = Uys+1,
bp—1Xs + apXy = AXy, (5.2.n)

byp_1ys+anyn = Hyn.

To solve the system, we denote

o= [ahbl?aZabZa"' 7a57b57"' 7an—17bn—17an]T7
1
€ = 5
0
0
€ = )
1
Xi
7, = ; 1=1,2,...,n,
| Vi
Ax; cgl)
Ci: = s 1= 172a- y 1y
, (2)
| HYi C;
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gl) 2) (1) (2) () () m 1"

Y=|c yC1 1€y 3Cy "y, Cs ,Cs Ty, Cn "5 Cn )
Xi Xs
B, = ;o i=1,2,...,s—1,
Yi Vs
Xs Xi -
B, = ;o i=s+1,54+2,...,n,
Vs Vi

cgl) X X c(l)
p@ =" T pl_ Pl =12, 5 1,
i,s c(z) 1,8 ‘ 2)
i Vs Yi €
(1) (1)
(@) _ [*s G ® LS () e
i = Bk si = | @ ; i=s+1,s+2,...,n—1,
Vs C; C; Yi
and
Bl,s
B2,s
Bs—ls
L=zl Zyel ... Z, el By, Z; el ... Z, 1e] Z,el ;
Bs,s—H
Bs,nfl
I By donxon—1

where By s = Z;. We can rewrite the linear system of equations (5.2.T) - as
Lo =7. (5.B)

Observe that the solvability of the system is equivalent to that of Problem 3.
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The following corollary gives the necessary and sufficient conditions for

Problem 3 to have a unique real symmetric doubly arrow matrix B of the form (1.2).

Corollary 5.2. Problem 3 has a unique solution if and only if the following conditions

are satisfied:

(i) Dis#0; i=12,...,5—1,
(i) Ds; #0; i=s+1,54+2,...,n

(iii) Rank(Zs) = Rank(Zy|Cy—b1Zy —b2Zy — ... —bs 1ZLs 1 —bsLy1 —bs 1Ly 2 —
BT =T

Proof. From the above observation, Problem 3 has a unique solution if and only if linear
system (5.B)) has a unique solution. That is, linear system satisfies conditions (i)
— (ii1) []

All elements of doubly arrow matrix B can be found from the linear system

of equations (5.2.1)) — and all conditions (i) — (iii), in a similar fashion to that

used in finding doubly arrow matrix A. We obtain

(a) (b)
D: D:
aj; = - ) bi: o ; i:1727 ,S—l,
Dz,s Dz,s
(a) (b)
a~:Ds’i bi 1=Ds’i' i=s+1,5+2 n
i Ds7i ) i— Ds,i s ) ) 370y

and if x; and y are not both 0, then we obtain the last entry a; as follows:

ifx, £0, then ag=A — b — by 2~ —p B2 _p By 2 and
Xg Xs Xs Xs Xs
ifys £0, x, =0, then @y =t —b1d —by2% — .. —by 2 _p Yt p 2
Vs Vs Vs Vs Vs

5.3. Constructing Doubly Arrow Matrix C

In this part, we construct a doubly arrow matrix C of the form (1.3]). Assume

that (A,x) and (u,y) are eigenpairs of matrix C. That is, Cx = Ax and Cy = uy. We
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can rewrite these as

aixy1 +bixy +boxz+...+be_1x5 = Axy,

(5.3.1)
aiy1 +biy2 +bays+...+bs_1ys = Uy,
bix1 +axx, = Axy, (53.2)
biyi +axxy = Ay,
by _ox1+as 1x5_1 = Axs_1,
s—24X1 s—1As—1 s—1 (5.3.8—1)
bs_2y1 +as_1ys—1 = UYs—1,
bs—1x1 +agxs+bgxgi1+ ... +byp1Xn = Ax;, (53.5)
by 1y1+asys +bsxgi1 + ... +by1yn = Wys,
bsxs+ ag1x501 = Axsiq,
sAs s+14s+1 s+1 (5.3.8 + l)
bsys +as+1Ys+1 = HYs+1,
by 1xs + apxy, = Axy,
n—14s nin n (5311)

bp_1ys+anyn = Uyn.

To solve the system, we denote

o= [alablaa27b27'” 7aS7bS7“' 7an71abn717an]T7
1
€ = ’
0
Xi
Z;, = ; 1=1,2,...,n,
| Vi
;LX,' Cl(l)
Ci: - B 1= 1727' 1,
2)
| 1LY C;

(2 (1) (2 (1) (2) m 1"

Y= Cl 4C1 "yCy "5Cy "y 3 Cs "5Cs "y, Cp ", Cpy ’



and

where By ; = Z;. We now simply rewrite the linear system of equations (5.3.1)) —

as

;o 1=23,...,s,
Vi
X

; i=s+1,s+2,...,n,
Vi

7~:det(B1,i); i =228 R 3

;=det(By;); i=s+1,54+2,...,n,

(1) (1)
C.: C: X
A p\) = ") . =23, 51,
cs —bsxsr1— ... —bp_1xp (b) _ |Cs —bsxs11 —
¢s —Dbsyst1— .. —bu_1yn 7 cs’ —bgxgy1 —
(1) (1)
G by _|% X .
C(Z) ; o — C(z) Ik i=s+1,54+2,...,n,
i i i
B] 1 Zze{ Zs_le{
B2
B

T T
Bl,s Zs+1e1 Z,,_lel

Bs,s+1

Bs,n—l

Mo =v.

. —by_1x,

. ofe —bn,lx,,
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Observe that the solvability of the system (5.C)) is equivalent to that of Problem 3.

The following corollary gives the necessary and sufficient conditions for

problem 3 to have a unique real symmetric doubly arrow matrix C of the form (1.3).

Corollary 5.3. Problem 3 has a unique solution if and only if the following conditions

are satisfied:
(i) D1;#0; i=23,...,s
(i) Ds; #0; i=s+1,54+2,...,n
(iii) Rank(Z,) = Rank(Z|Cy —b1Zy —byZ3 — ... — by Zs) = 1.

Proof. Since the solvability of linear system (5.C) is equivalent to that of Problem 3,
Problem 3 has a unique solution if and only if linear system (5.C) has a unique solution.
Therefore, linear system (5.C) has a unique solution if and only if the conditions (i) —

(iii) are satisfied. O

All elements of doubly arrow matrix C can be found from the system of
equations (5.3.1) — and all conditions (i) — (iii), in a similar manner to that used

in finding doubly arrow matrix A. We obtain

(a) (b)
Dl,i Dl,i :
aj = ; bi = s i=23,...,5—1,
Dy Dy ;
(a) (b)
a~=Ds’i b; :Ds’i' i=s+1,54+2 n
i Ds7i’ i—1 Ds7j, ) gyl
(a) (b)
ad; = DLS —= DLS
s Dl,s’ s—1 Dl,s‘

If x; and y; are not both 0, then we obtain the last entry a; as follows:

ifx; £0,then aj =A —b12 —by> — ... — by 1% and
X1 X1 X1
if y; #0, x; =0, then a; :u—bly—z—bzyi—...—bkly—s.

Y1 Y1 V1
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Next, we give some examples to illustrate our results.

Example 5.1. Given the two real numbers A = 1, g = —7 and two nonzero real vectors
x=[-1,-4,1,-2,-2)", y=[1,-4,-3,6,0]", using Theoremwith s =3 we can

construct a real symmetric doubly arrow matrix A of the form (1.1]) as follows:

>
I
S O b O W

|

o0

W

=)

—_

(@)

Example 5.2. Given the two real numbers A = —1, y = 3 and two nonzero real vectors
x=[1,-3,-2,2,—-1]7,y=3,1,0,—1,-2]7, by using Corollarywith s =3 we can

construct a real symmetric doubly arrow matrix B of the form (1.2)) as follows:

3 0 2 0 O
0O 3 -6 0 O
B=1|2 -6 14 4 -2
0O 0 4 3 0
0O 0 -2 0 3
Example 5.3. Given the two real numbers A = 1, g = —2 and two nonzero real vectors

x =0,1,2,3,-2]", y = [-1,1,-3,1,—1]7, using Corollary [5.3| with s = 4 we can
g y

construct a real symmetric doubly arrow matrix C of the form (1.3)) as follows:

33 3 -9 5 0
3 1 0 0 0

()]
(e} ) )
)
|
(O8]
|
(@)



CHAPTER 6
CONCLUSIONS AND FUTURE WORK

This thesis focused on three inverse eigenvalue problems for constructing a

real symmetric doubly arrow matrix of the form:

a 0 -+ 0 b, "NLY P . 0
0 ao - 0 by o - 0 0
0 0 as_1 b1 0 0 0
b1 b2 bs,1 dg 0 0 bs
0 0 0 0  ag 0 by
0 0 0 0 0 an—1 by
O O 0 b; bs—‘,—] bn—l al’l

from three types of spectral information.

The first inverse eigenvalue problem was to construct the doubly arrow ma-
trix from the minimal and maximal eigenvalues of all leading principal submatrices. We
solved this problem by giving the sufficient condition for the existence of such a matrix.
In addition, the sufficient conditions for the existence of the nonnegative doubly arrow

matrix and the unique doubly arrow matrix were also given.

The second inverse eigenvalue problem was to construct the doubly arrow
matrix from one of the eigenpairs and eigenvalues of all leading principal submatrices.
The sufficient condition for the existence of such a unique matrix was given. We also

gave the sufficient condition for the existence of the nonnegative doubly arrow matrix.

The third inverse eigenvalue problem was to construct the doubly arrow
matrices from the two eigenpairs. For this problem, we gave the necessary and sufficient
conditions for the existence of such a unique matrix. In particular, we were interested in

constructing other real symmetric doubly arrow matrices that were introduced by other



researchers. These are

ai

and

The necessary and sufficient conditions for the existence of such unique matrices have

also been given.

For all inverse eigenvalue problems, we presented examples to illustrate our

results.

Future Work: The following are possible extensions of this thesis.

1. We are interested in finding an explicit formula of eigenvectors for the

0 by 0
as—1 by 0
bs—1 ds by

0O b,.1 O
by_1 0
0 0
dg by
bs asq1
b,_1 O

real symmetric doubly arrow matrices.

2. As described in this thesis, the spectral information concerned may
consist of complete or only partial information on eigenvalues or eigenvectors. We will

investigate other spectral information that can be used to construct our matrix.

ap

an
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3. We may consider inverse eigenvalue problems for constructing other

matrices that have a certain form.
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