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CHAPTER 1

INTRODUCTION

Throughout this thesis, No, Z* (or N), Z, Q, R{,RT, R, C and N,,, de-
note the set of nonnegative integers, positive integers, integers, rational numbers,
nonnegative real numbers, positive real numbers, real numbers, complex numbers,
and the set of all integers greater than or equal to ng, respectively. Also, B4

denotes the family of all functions map from a set A # () into a set B # ().

1.1 Literature review

The functional equations have been studied by d’Alembert more than
260 years ago, but many papers concerning functional equations were published
during the last 60 years. In 1812, Cauchy first found general continuous solution

of the following additive Cauchy functional equation

flz+y)= flz)+ f(y),

where f is mapping from R into R. He also studied three other types of functional

equations as follows:

flz+y)=f(@)f(y),
flzy) = f(x)+ f(y),
fey) = f(2)f(y).

These equations are called the exponential Cauchy functional equation, the log-
arithmic Cauchy functional equation, and the multiplicative Cauchy functional

equation, respectively.

The problem of stability of functional equations is one of the essential
results in the theory of functional equations. Also, it is connected with pertur-
bation theory and the notions of shadowing in dynamical systems and controlled

chaos (see in [8] and [15]). The starting point of the stability theory of functional



equations was the problem of Ulam concerning the stability of group homomor-

phism in 1940.

Question 1.1.1 ([18]). Let (G1,%1), (Ga2,%2) be two groups and d : Gy x G —
[0,00) be a metric group. Given € > 0, does there exist a § > 0 such that if a

function h : G7 — G9 satisfies the inequality
d(h(z *1y),h(x) %2 h(y)) <6
for all x,y € G, then there is a homomorphism H : G; — G2 with
d(h(z),H(z)) <€
for all x € G17

In 1941, Hyers [9] gave partial answer of Ulam’s question and estab-

lished the stability result as follows:

Theorem 1.1.2 ([9]). Let Ey1,Ey be two Banach spaces and f: E1 — Ea be a

function such that
If(z+y) = f@) = Fll <o (1.1.1)
for some & >0 and for all x,y € Ey. Then the limit
Az) = Jim 2k Q")
exists for each x € Ey, and A: E1 — Es is the unique additive Cauchy function
such that
1f () = A(z)]| <0

for all x € Ey. Moreover, if f(tx) is continuous in t for each fized x € Ey, then

the function A is linear.

In view of this result, the additive Cauchy equation f(x+y) = f(x)+
f(y) is said to have the Ulam-Hyers stability on (Ep,E2) if for each function
f: E1 — E5 satisfies the inequality (1.1.1) for some § > 0 and for all z,y € Ej,
there exists an additive function A : Fy — FEs such that f — A is bounded on Fj.



In 1950, Aoki [1] proved the following stability result for functions that

do not have bounded Cauchy difference.

Theorem 1.1.3 ([1]). Let Ey and Ey be two Banach spaces and f : E1 — Ea be a

function. If f satisfies the following inequality

1z +y) = fx) = F) < Ol )P+ llyll”) (1.1.2)

for some 8 >0, p is a real number with 0 <p <1 and for all x,y € F, then there

exists a unique additive Cauchy function A : Ey — Fo such that

20
527

If () = A(2)]| < [Ed ke (1.1.3)

for each x € Ejy.

In 1978, Rassias [13] gave the complement of Theorem 1.1.3 as follows.

Theorem 1.1.4 ([13]). Let Ey and Es be two Banach spaces and f: Ey — Ey be

a function. If f satisfies the following inequality

1f(z+y) = f@) = fFI < O=l”+ lly[”) (1.1.4)

for some 0 >0, p is a real number with 0 < p <1 and for all x,y € E1, then there

exists a unique additive Cauchy function A : E1 — Ea such that

If (z) = A(z)]| < l[” (1.1.5)

2-—2p
for each x € Ey. Moreover, if f(tx) is continuous in t for each fized x € E, then

the function A is linear.

Note that Theorem 1.1.4 reduces to the first result of stability due to
Hyers [9] if p=0. In [14], Rassias note that the proof of Theorem 1.1.4 can be

applied to the proof of the following result.

Theorem 1.1.5 ( [14]). Let Ey and Es be two Banach spaces and f: Ey — E be
a function. If f satisfies the following inequality

1 (z+y) = f (@) = F) < Oz l”+ [ly[") (1.1.6)



for some 8 >0, p is a real number with p <0 and for all z,y € E1\{0}, then there
exists a unique additive Cauchy function A : Ey — Fo such that

20
2-2p

If () = A(z)]| < ][ (1.1.7)

for each x € Ey. Moreover, if f(tz) is continuous in t for each fizred x € E1\{0},

then the function A is linear.

Afterward, Gajda [7] obtained this result for p > 1 and gave an example

to show that Theorem 1.1.5 fails whenever p = 1.

Theorem 1.1.6 ([7]). Let Ey be a normed space, Ea be a Banach space and
f: E1— Ey be a function. If f satisfies the functional inequality

1f(z+y) = f(@) = F)l < 0= ]”+ lyl”) (1.1.8)

for some 0 >0, p is a real number with p # 1 and for all x,y € Ey, then there
exists a unique additive Cauchy function A : Ey — Fo such that

20

15() =A@ < =g

” (1.1.9)

for each x € Ey. Moreover, if f(tx) is continuous in t for each fized x € Ey, then

the function A is linear.

Subsequently, several mathematicians studied and extended Hyers-
Ulam stability in many functional equations such as the exponential Cauchy func-
tional equation, the logarithmic Cauchy functional equation, the multiplicative
functional equation, the cosine functional equation and the sine functional equa-
tion, and they also proved general solutions. In addition, many mathematicians
studied the hyperstability in many type of functional equations such as additive
Cauchy functional equation , general linear functional equation, and Jensen func-

tional equation.

In 2011, Brzdek et al. [3] proved the existence of fixed point theorem
for nonlinear operator. Also, they used this result to study the stability of function
equation in non-Archimedean metric spaces and obtained the fixed point result in

arbitrary metric spaces (see Theorem 1.1.7).



Theorem 1.1.7 ([3]). Let X be a nonempty set, (Y,d) be a complete metric space

and A : ]Ri( — Rf be non-decreasing operator satisfying the following hypothesis:
nh—>HoloA5n =0 for every sequence {6n}nen in Rf with nli_>rr010(5n =0.
Suppose that T : YX =YX is an operator satisfying the inequality
d(TE) (@), (Tp) (@) < MAE ) (x), EpeYtreX, (1.1.10)
where A : (YX)2 = ]Ri( is a mapping which is defined by

A€ p)(z) == d(E(x),p(2)), EpeYrzeX (1.1.11)

and function € : X — Ry and ¢ : X — Y are such that

d(Te)(z),0(z)) <e(z), r€X (1.1.12)
and
= Z:O(A"s)(x) <o, z€X. (1.1.13)

Then for every x € X, the limit

Iia (R OO) (Ol KA, T (1.1.14)

n—oo

exists and the function i € YX, defined in this way, is a fized point of T with

d(p(z),¥(x)) <e*(z), zeX (1.1.15)

In the same year, Brzdek et al. [2] gave the stability results by using

the new fixed point theorem which is proved bythemselves as follows:

Theorem 1.1.8 ([2]). Let U be a nonempty set, (Y,d) be a complete metric space,
fiyoofte : U —= U and Ly,...,L, : U — Ry be given mappings. Suppose that T :

YUY 5 YU is an operator satisfying the inequality

k
d(T€)(x), (Tp)(z)) < ;Li(fv)d(ﬁ(fi(x)),M(fi(w))) (1.1.16)
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for all £,0 €YY and x € U. Assume that there are functions € : U — Ry and
w:U =Y fulfil the following condition for each x € U :

d((T)(x), (x)) < e(x)

and
[o.9]
e*(x) == (A")(z) < oo,
n=0
where A : RS{ — RE{ is defined by
k

(Ad)(z) := > Li(x)é(fi(=))

=1

for all 6 € Rg and x € U. Then there exists a unique fixed point v of T with

d(p(x),9(x)) < e (x)

for all x € U. Moreover, (x):= lim (T"¢)(z) forallz €U.

In 2013, Brzdek [4] proved the stability results of the additive Cauchy
functional equation by using the special case of Theorem 1.1.8 in the following

from:

Theorem 1.1.9. Let U be a nonempty set, (Y,d) be a complete metric space and
f1, fo be a self mapping on U. Assume that T :YY = YU is an operator satisfying
the inequality

d((TE)(x), (Tp)(x)) < d(€(f1(x)), u(f1(x))) +d(E(f2(2)), p(fa(2)))  (1.1.17)

for all &,u €YY and x € U. Suppose that there exist functions € : U — Ry and
p:U =Y such that for each v € U,

d(Te)(x), () < e(x)

and
e¥(x) := ij:o(A”e)(x) < 00,

where A : Rﬂ{ — RE{ is an operator defined by

(A0)(z) :==0(f1(z)) +6(fa(x)) (1.1.18)



for all § € Rg and x € U. Then there exists a unique fixed point ¢ of T with

d(p(x), () <" (x)

for all x € U. Moreover, ¢(x) := lim (T"¢)(x) for z € U.

On the other hand, Piszczek [10] proved hyperstability results by using

the following fixed point result which is a special case of Theorem 1.1.8

Theorem 1.1.10. Let U be a nonempty set, Y be a Banach space, f1,..., fr: U —
U and L1, ...,Ly : U = R be given mappings. Suppose that T : YV =YV is an

operator satisfying the inequality

k

I(TE) () - Z 2)[[E(fi(x)) — p(fi(x))]] (1.1.19)

for all &, €YY and x € U. Assume that there are functions € : U — Ry and

p:U =Y fulfil the following condition for each x € U :

I(Te) (@) —p(@)|| < (=)

and
Rl S — Z_:O(A”E)(:E) < 00,
where A : RE{ — Rz is defined by
k
(Ad)(z) := > Li(x)d(fi(x)) (1.1.20)
i=1

for all 6 € Rg and x € U. Then there exists a unique fized point 1 of T with

lp(x) = (z)[| < ()

for all x € U. Moreover, ¢(x):= nlgrgo(T"w)(x) forallzeU.

1.2 Overview

In this thesis, we investigate stability and hyperstability of various
functional equations by using fixed point theorem of Brzdek in the forms like
Theorem 1.1.9 and 1.1.10. First topic, we use the fixed point method of Brzdek

(Theorem 1.1.9) to prove the stability results for the following functional equations:



e radical quadratic functional equation of the form
fVa2+y?) = f(z)+ f(y), (1.2.1)
where f is is mapping from R into R and a,b € N,
e generalized logarithmic Cauchy functional equation of the form
F(l2] [yl = af (@) +bf (y),
where f is mapping from R into R and a,b € N,
e generalized additive Cauchy functional equation of the form

filaz +by) = afi(z) +bf1(y),

where f; is mapping from R into R and generalized Cauchy functional equa-

tion of the form
falaz*by) = afa(x)obfa(y),

where fy is a mapping from a commutative semigroup (Gp,*) to a commu-

tative group (Ga,¢) and a,b € N.

Second topic, we use the fixed point method of Brzdek (Theorem
1.1.10) to prove the hyperstability results for the following functional equations:

e general linear functional equation of the form
g(az +by) = Ag(z) + By(y), (1.2.2)
where g : X — Y is a mapping and a,b € F\{0}, A, B € K,
e Drygas functional equation of the form
fla+y)+fle—y) =2f()+ fy) + f (=),

where f maps from X into Y and z,y € X with x+y,z—y € X.

Stability and hyperstability results in this thesis generalize and extend

several results concerning classical researchs in this field.



CHAPTER 2

PRELIMINARIES

2.1 Binary operation

Definition 2.1.1. A binary operation on a set S is a mapping * whose domain
is a subset of S x S and whose range is a subset of S. We will denote this:

x:5 xS — S, and the image *(a,b) will be denoted by a *b.
Example 2.1.2. Addition and multiplication are binary operations on Z.

Example 2.1.3. Let n € N. Define Z,, = {0,1,2,...,n— 1} and binary operation

on Zj, are following:

1. addition modulo n: a+b= c if and only if a+b = ¢(mod n) for all a,b,c € Zy,.

2. multiplication modulo n: a-b = ¢ if and only if a-b = c¢(mod n) for all

a,b,c € Z,.
For instance in Z3 :={0,1,2}, we get
0+0=0, 0+1=1, 042=2, 1+1=2, 14+42=0, 242=1

0-0=0, 0-1=0, 0-2=0, 1-1=1, 1.2=2 2.-2=1.

2.2 Fields

Definition 2.2.1. The set F is called a field when two binary operations + and
- on IF, which we call addition and multiplication, satisfy the following conditions

for all a,b,c € F:

1. atb=b+aand a-b=b-a;

2. (a+b)+c=a+(b+c)and (a-b)-c=a-(b-c);
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3. there exists an element Op € IF such that a+ O = a;
4. there exists an element 1 € F such that a-1p = a;
5. for each a € F, there exists an element —a € F such that a+ (—a) = Op;
6. if @ # 0, then there exists an element =1 € F, such that a-(a™!) = 1;
7. a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-a.

Example 2.2.2. (Q,+,), (R,+,-) and (C,+,-) are fields under the usual addition
and multiplication. Note that (Z,+,) is not field because 3 has no multiplicative

inverse.

Example 2.2.3. (Z,,+,-) is a field, where p is a prime, +, is addition modulo p

and - is multiplication modulo p.

2.3 Vector spaces

Definition 2.3.1. The set V is called a vector space over a field F when the
vector addition +: V' x V' — V and scalar multiplication - : F x V — V satisfy the

following properties for every u,v,w € V and «, (5 € F:

1. u+v=v+u;

2. (ut+v)+w=u+(v+w);

3. there exists an element 0 € V' such that u+0 = u;

4. for each u € V, there exists an element —u € V' such that u+ (—u) = 0;
5. (afB)u = a(Bu);

6. a(u+v)=au+av;

7. (a+p)u = au+ Pu;

8. lpu =u.
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The vector space X is called a real vector space when F =R and a

complex vector space when F = C.

Example 2.3.2. The set My, xn(F) of all m x n matrices with entries from a field

F is a vector space under two algebraic operations defined by
A+ B = (aij +bij)mxn,

a-A=(a-aij)mxn

for A= (aij)mxn,B = (bij)mxn € Mmxn(F) and each scalar a.

For instance in May2(R)

A 4 6 6 9
- = ,

oG 3 2 4 7
Bid 15 12
o2 3 6

Example 2.3.3. The set R" is a real vector space over a field R with the two
algebraic operations defined by

u+v = (up +v1,u2 +v2,+ -, Up +vp),

au = (auy,aug+,+ -+, quy)

for each u = (uy,ug, -, up),v = (v1,v2,- -, v,) € R™ and each a € R.

Example 2.3.4. The set of all real valued continuous functions on [0, 1] is vector

space over a field R with the two algebraic operations defined by

(f+9)(x) = fz)+g(x),

(af)(2) = af(z)

for all continuous functions f,¢:[0,1] = R, @ € R and for all = € [0,1].
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2.4 Normed spaces

Definition 2.4.1. Let V be a real or complex vector spaces. A function ||- || :

V — R is called a norm on V if the following conditions hold for every u,v € V:

1. ||u|| =0 if and only if u = 0;
2. ||au|| = |a|||u|| for all scalars «;

3. [lutvll < flull + [lvfl

The ordered pair (V,||-||) is called normed space.
Remark 2.4.2. In a normed space (V|| -]|), we obtain that ||u|| >0 for all u € V.

Definition 2.4.3. A sequence {z,,} of element in a normed space (V.|| -||) is said
to be converge to a point x € V if, for every € > 0, there exists N € N such that
|xr, — x| < € for all n > N, denoted by Jim zn, = x or, simply, z, — . If the

sequence {z,} converges, it is said to be convergent.

Remark 2.4.4. A sequence {x,} of element in a normed space (V,]|-]|) is con-

vergent sequence if and only if lim ||z, —z| = 0.

Definition 2.4.5. A sequence {z,} of element in a normed space (V, || -||) is called
Cauchy sequence if, for every € > 0, there exists N € N such that ||z, — x| <€

for all n,m > N.

Remark 2.4.6. A sequence {z,} of element in a normed space (V|| -||) is Cauchy

sequence if and only if m,l%gloo”xm —zp|| =0.

Definition 2.4.7. A normed space (V|| -||) is called complete if for every Cauchy

sequence in V' converges.

Definition 2.4.8. A complete normed vector space over field I is called a Banach

space.
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Example 2.4.9. The set R" (or C") is a real (or complex) Banach space with
normed defined by

ull := a2+ Jual2 4 -+ un |2
where u = (u1,u2,...,u,) € R" (or C").

Example 2.4.10. The set R" (or C") is a real (or complex) Banach space with
normed defined by

n ’
= (3t
i=1
and
HUHOO = max{|u1|,|u2|,...,|un|},
where u = (uy,ug,...,up) € R” (or C") and 1 < p < 0.

In this case, ||- ||, is called p-norm and || - ||« is called infinity norm

or maximum norm.

Example 2.4.11. Let p > 1 be a fixed real numbers and V' be the set of all
sequence of real (or complex) numbers, that is, each element of V' is a real (or

complex) sequence
U =M SRR Dt vasire= T 4 —="2"2 )

such that § |uilP < co. Define a function ||| : V xV — R by
i=1

N
= (3l
i=1
where uw = {u;} € V. Then (V|| -]|) is a Banach space with is denoted ¢?.

Example 2.4.12. Let V be the set of all bounded sequences of real (or complex)
numbers, that is,

luil <e, Vie{l,2,..}

for all u={u;} € V, where ¢, is a real numbers which depend on u, but not depend

on i. Define a function |||/ : V' xV — R by

[[ulloo = sup |ugl,
1€EN
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where v = {u;} € V and sup denotes the supremum (least upper bound). Then

(V,]|-) is a Banach space with is denoted ¢°°.

2.5 Metric spaces

Definition 2.5.1. Let X be a nonempty set. A function d: X x X — R is called

a metric on X if the following conditions hold for all x,y,2z € X:

1. d(z,y) =0 x=1y;
2. d(z,y) = d(y,z);
3. d(z,z) < d(z,y)+d(y,z).
The ordered pair (X,d) is called metric space.
Remark 2.5.2. In a metric space (X,d), we get d(z,y) >0 for all z,y € X.

Example 2.5.3. Let d: R xR — R be defined by

d(z,y) = |z —y|

for all x,y € R. Then d is a metric on R and it is called usual or standard

metric.

Example 2.5.4. Let r >0 and d: R xR — R be defined by

d(z,y) = r|z -yl
for all x,y € R. Then d is a metric on R.

Example 2.5.5. Let X be a nonempty set and d: X x X — R defined by

Then d is a metric on X and it is called the discrete metric or the trivial

metric.
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Example 2.5.6. Let d: R xR — R be defined by
d(z,y) = |z —y|”
for all z,y € R. Then d is not a metric on R.
Example 2.5.7. Let d: R?> x R? = R be defined by
d(z,y) = |za| + |zl + ly1] + [y2l,
where z = (21,72),y = (y1,y2) € R?. Then d is not a metric on R?.

Example 2.5.8. Let d:R"” x R" — R be defined by

d(z,y) = /(z1 = 31)2 + (22— 12)2 + -+ (20 — n)?,

where x = (21,22, 2n),y = (y1,Y2," - -yn) € R". Then d is a metric on R" and it

is called Euclidian metric on R".

Example 2.5.9. Let d: C" x C" — R be defined by

d(z,y) = /|21 — 12 + |72 — g2+ -+ @0 — yul?,

where x = (21,22, Zn),y = (y1,y2," - *yn) € C". Then d is a metric on C" and it

is called Euclidian metric on C".

Definition 2.5.10. Let (X,d) be a metric space. The open ball of radius r > 0
and center = € X is the set B(x,r) C X defined by

B(z,r):={ye X :d(x,y) <r}

(see in Figure 2.1).

Definition 2.5.11. Let (X,d) and (Y,d) be two metric spaces. A function f :
X — Y is called continuous at z € X if for every r > 0, there exist s > 0 such

that
f(B(z,s)) C B(f(z),r).
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Figure 2.1: Open ball of radius r and center x in Euclidean space R?

Definition 2.5.12. A sequence {x,} of element in a metric space (X,d) is said
to be converge to a point x € X if, for every e > 0, there exists N € N such
that d(xy,,x) < € for all n > N, denoted by nh_{%ox” = x or, simply, x, — x. If the

sequence {z,} converges, it is said to be convergent.

Remark 2.5.13. A sequence {z,,} of element in a metric space (X, d) is convergent
sequence if and only if

Jbrgod(xn,x) =305

Definition 2.5.14. A sequence {z,} of element in a metric space (X,d) is called
Cauchy sequence if, for every ¢ > 0, there exists N € N such that d(xy,x;,) <€

for all n,m > N.

Remark 2.5.15. A sequence {x,} of element in a metric space (X,d) is Cauchy
sequence if and only if

m}%rgoo ($m7$n) =0.

Definition 2.5.16. A metric space (X,d) is called complete if for every Cauchy

sequence in X converges.
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2.6 Groups

Definition 2.6.1. The nonempty set S is called semigroup in which * is a binary

associative operation on S, i.e., the equation
(axb)xc=ax(bxc)
holds for all a,b,c € S.

Example 2.6.2. (Z',+) and (Z™,-) are semigroups under the usual addition and

multiplication.

Example 2.6.3. The set M, «,(R) of all real matrices n x n with multiplication

of matrix is a semigroup.

Definition 2.6.4. The nonempty set G together with a binary operation x on GG

is called a group if the following conditions hold:

1. ax(bxc) = (axb)xc for all a,b,c € G;

2. there exists an identity element e € GG such that exa =a and axe = a for all

a € G,

3. for each a € G, there exists an inverse element a~! € G such that axa ! =e

and a 1xa=c.

A notation for group G with * is denoted by (G, ).

Example 2.6.5. (Z,+), (Q,+), (R,+) and (C,+) are groups under the usual
addition.

Example 2.6.6. (Q —{0},-), (R—{0},-) and (C—{0},-) are groups under the

usual multiplication.
Example 2.6.7. (Z,,+) is a group, where + is addition modulo n .

Example 2.6.8. (Z,—{0},-) is a group, where p is a prime and - is multiplication

modulo n.
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Example 2.6.9. The set M,,»,(R) of all real matrices n x n with + as defined in
Example 2.3.2 is a group.

Example 2.6.10. (Z,-) is not group because 3 has no inverse element.

Definition 2.6.11. A group (G, *) is said to be an abelian (or commutative)

if axb=">bxa for all a,b € G.

Groups in Examples 2.6.5, 2.6.6, 2.6.7, 2.6.8, 2.6.9 are also an abelian
group.

Next, we give example of group but not abelian group.

Example 2.6.12. Let

a b
M = | a,b,c,d € R and ad —bc #0
c d
Note that binary operation - has associative property and the identity element is
10 a b
1= . Moreover, for N = € M there exists
=l clld
1 a b
=2 eM
ad—bc| . 4
such that

NN1=1=N"IN,
Then M with multiplication of matrix is a group.

Next, we will show that M with multiplication of matrix dose not have

commutative property.

1 0 0 1 1
If A= and B = , then A, B € M such that AB =
0 —1 -1 0 10
0 —
and BA = , that is, AB # BA. Then M is a group but not abelain

-1 0
group.

Definition 2.6.13. Let (Gy,-),(G2,*) be groups. The function h: Gy — Gy is
said to be homomorphism if i(a-b) = h(a)*h(b) for every a,b € Gy.
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Example 2.6.14. Let (Gy,-),(G2,*) be groups and the function h: Gy — Ga

defined by
h(a) = eq for all a € Gy,

when eg is identity of G'5. Then for every a,b € G; we have

h(a-b) = ez = egxea = h(a)-h(b).

Therefore, h is homomorphism and it is called the zero function.

Example 2.6.15. The function h: (Z,+) — (Z,+) defined by
h(a) =9a for all a € Z.
For each a,b € Z, we obtain that
h(a+b) =9(a+b) =9a+9b= h(a)+ h(b).
Therefore, h is homomorphism.
Example 2.6.16. The function i : (R,+) — (RT,-) defined by
h(a) = 3% for all a € R.
For every a,b € R, we obtain that
h(a+b) = 3(0+%) = 39.3% — h(a) - h(b).

Therefore, h is homomorphism.

2.7 Metric groups

Definition 2.7.1. Let (G,*) be a group. A metric d on G is said to be left

invariant if for every z,y,z € G,

d(y,z) =d(xxy,z*x2).

Definition 2.7.2. A group G with a left invariant metric such that inversion

1

function x — 2~ is continuous is called a metric group.

Example 2.7.3. The Euclidean space R" is a metric group.

Example 2.7.4. Any group with the trivial metric is a metric group.
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2.8 Fixed point basics

Definition 2.8.1. Let X be a nonempty set. A point x € X is called fixed point
of f: X — X if and only if fx ==z (see in Figure 2.2).

y=f

/ 7 rifi

Figure 2.2: x1,x9,x3 are fixed points of f: R — R.

Example 2.8.2. Let f: R — R be defined by
fr=x>—4z+6
for all x € R. Then z =2 and 3 are fixed point of f.

Example 2.8.3. Let f: R — R be defined by
fr=2*+z+1

for all x € R. Then f has no a fixed point.

2.9 Some functional equations

In this section, we give definitions and results of some classical func-

tional equations.
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Definition 2.9.1. The function f:R — R is said to be an additive Cauchy

function if it satisfies the additive Cauchy functional equation

fx+y) = f(x)+f(y) (2.9.1)
for all z,y e R.

Definition 2.9.2. A function f:R — R is called a linear function if and only

if it is of the form
flz) =cx
for all z € R and ¢ is an arbitrary constant.

Definition 2.9.3. A function f:R — R is said to be rational homogeneous if

and only if
flrz) =rf(z)
for all x € R and r € Q.

Example 2.9.4. Let f: R — R be a linear function. Then f satisfies the additive

Cauchy functional equation. Moreover, f satisfies the rational homogeneous.

Theorem 2.9.5 ([17]). Let f: R — R be a continuous function satisfying the
additive Cauchy functional equation (2.9.1). Then f is linear, that is, f(z) = cx

where ¢ is an arbitrary constant.

Remark 2.9.6. Let f: R — R be an additive Cauchy function. Then
1. f(0)=0.
2. f is an odd function.
3. f is rational homogeneous

4. f is linear on the set of rational numbers Q.

Definition 2.9.7. The function f:R — R is said to be an exponential Cauchy

function if it satisfies the exponential Cauchy functional equation

fx+y) = f(2)f(y) (2.9.2)

for all z,y € R.
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Example 2.9.8. Let f: R — R be defined by f(z) =n® for all x € R, where
n € R\{0} and c is an arbitrary constant. Then f satisfies the exponential Cauchy

functional equation.

Theorem 2.9.9 ([17]). If the functional equation (2.9.2), that is,

f@+y) = f(2)f(y),
holds for all real numbers x and y, then the general solution of (2.9.2) is given by
flx)=e*®@ and f(z)=0 forallzeR,

where A: R — R is an additive Cauchy function and e is the Napierian base of

logarithm.

Definition 2.9.10. The function f: R — R is said to be a logarithmic Cauchy

function if it satisfies the logarithmic Cauchy functional equation

fzy) = f(z)+ f(y) (2.9.3)

for all z,y € R.

Example 2.9.11. Let f: R" — R be defined by f(z)=log(z) for all z € RT.

Then f satisfies the logarithmic Cauchy functional equation.

Example 2.9.12. Let f:RT — R be defined by f(x) =In(z) for all z € R*. Then

f satisfies the logarithmic Cauchy functional equation.

Theorem 2.9.13 ([17]). If the functional equation (2.9.3), that is,
fxy) = f(x)+ f(y),
holds for all x,y € R\{0}, then the general solution of (2.9.3) is given by
f(z)=A(n|z]) for all z € R\{0},

where A : R — R is an additive Cauchy function.
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Definition 2.9.14. The function f:R — R is said to be a multiplicative Cauchy

function if it satisfies the multiplicative Cauchy functional equation

fzy) = f(2)f(y) (2.9.4)

for all z,y € R.

Example 2.9.15. Let f: R — R be defined by f(z) = z" for all x € R, where
n is an arbitrary constant. Then f satisfies the multiplicative Cauchy functional

equation.

In the following theorem, we need the notion of the signum function.

The signum function is denoted by sgn(x) and defined as

sgn(r) = 0, xr=0

Theorem 2.9.16 ([17]). The general solution of the multiplicative Cauchy func-
tional equation (2.9.4), that is,

flzy) = f(z)f(),

holding for all x,y € R is given by

flz)=1,
fla) =M Dsgn(a),

and

f(z) =D sgn ()| for all z,€ R,

where A: R — R is an additive Cauchy function and e is the Napierian base of

logarithm.



24

Definition 2.9.17. The function f:R — R is said to be a radical quadratic

equation if it satisfies the radical quadratic functional equation

fJa?+y2) = f(x)+ f(y) (2.9.5)

for all z,y € R.

Example 2.9.18. Let f:R — R be defined by f(x) =22 for all 2 € R Then f

satisfies the radical quadratic functional equation.

Definition 2.9.19. The function f: R — R is said to be a general linear equa-

tion if it satisfies the general linear functional equation

flaz+by) =af(z)+bf(y) (2.9.6)
for all a,b € R with a,b# 0 and for all x,y € R.

Example 2.9.20. Let f:R — R be defined by f(z) =z for all z € R Then f

satisfies the general linear functional equation.

The equation (2.9.7) was first considered in 1987 by Drygas [16]

Definition 2.9.21. The function f:R — R is said to be a Drygas if it satisfies

Drygas functional equation

flz+y)+ flz—y)=2f(z)+ f(y) + f(~y) (2.9.7)
for all z,y € R.

Example 2.9.22. Let f:R — R be defined by f(x) = czx for all x € R, where c is

an arbitrary constant. Then f satisfies the Drygas functional equation.

Example 2.9.23. Let f:R — R be defined by f(z) = c? for all z € R, where ¢

is an arbitrary constant. Then f satisfies the Drygas functional equation.

Remark 2.9.24. If f ¢g: R — R satisfy Drygas functional equation, then f+g¢ is

also satisfies the Drygas functional equation.
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The general solution of (2.9.7) was derived by Ebanks et. al [6] as
f(x) = Az) +Q(2),

where A : R — R is an additive function and @ : R — R is a quadratic function,

that is, A satisfies the additive functional equation
Az +y) = Alx) + A(y)
for all z,y € R and @) satisfies the quadratic functional equation
Qz+y)+Q(z—y) = 2Q(x) +2Q(y)

for all z,y € R.
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CHAPTER 3

STABILITY OF FUNCTIONAL EQUATIONS

In 2013, Brzdek [4] gave the fixed point results for some nonlinear
mappings in metric spaces. By using this result, Brzdek improved Hyers-Ulam-
Rassias stability of Rassias. The aim of this chapter is to prove new stability results
of several functional equations via fixed point result due to Brzdek (Theorem

1.1.9).

3.1 Stability of radical quadratic functional equation

In this section, we show that the Brzdek’s fixed point result (Theorem
1.1.9) allows to investigate new type of stability for radical quadratic functional

equation
flym 2 =) f () (3.1.1)

where f is self mapping on the set of real numbers. Our results generalize, extend
and complement some earlier classical results concerning the Hyers-Ulam-Rassias

stability for radical quadratic functional equation.

Theorem 3.1.1. Let d be a complete metric in R which is invariant (i.e., d(z+

z,y+z)=d(z,y) for x,y,z €R), and h: R — R4 be a function such that
My :={neN:s(n?*) +sn?+1) <1} #0,

where s(n) :=inf{t € Ry : h(na?) < th(x?) for all x € R} for n € N. Assume that

f R —= R satisfies the following inequality

A(F (Voo ) S0+ 1)) < )iy, (312

for all x,y € R. Then there exists a unique radical quadratic function T : R — R
such that
d(f(z),T(z)) < soh(z?), z€R, (3.1.3)
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X . 1+5(n?) u
it =1 : .
with Sg n 1—8(n2)—s(n2+1) n € My

Proof. Replacing y by mz, where z,€ R and m € N, in inequality (3.1.2) we get

d(f (m) () —i—f(mx)) < [14 s(m2)]h(z?). (3.1.4)
For each m € N, we define operators T, : R® — R¥ and A, : RY — R by
Tnb(z) = g( (1+m2)a}2> —¢(ma), zeRECRY,
Amd(z) = 5( 1 +m2)x2> 1 8(mz), zeROeRE.  (3.15)

Then it is easily seen that, for each m € N, A := A,, has the form described in
(1.1.18) with fi(z) =1/(14+m?2)z? and fo(z) = mz. Moreover, since d is invariant,

(3.1.4) can be written in the form

d(Tf (), f(@)) < [1+s(m*)]h(z®) = em() (3.1.6)
for z € R and m € N. Also, for each &, u € RR, z € R and m € N, we have
d(Trné (@), Tuplw)) = d(s( (1+m2)a?) = &(ma), /(1 +m?)e?) —u(mx))

a(&(y A+ m2)a?) - eme),~0mo) + u(y/(+m2)a2) )

(= ma) + u(y/ (T m2)a?) (L4 m2)a?) = ()

= d(e(Va+m2e?) u(a+ma?))

+d(§(m$),u(mx)>. (3.1.7)

IA

Consequently, for each m € N, (1.1.17) is valid with 7 := Ty,.

Next, we show that
A e () < [14s(m?)|h(2?)[s(m?) + s(14+m?)]" (3.1.8)

for x € R,n € Ny and m € Mjy. It is easy to see that the inequality (3.1.8) holds

for n = 0. By the definition of A,, and &,,, we can see that
Apen(z) = en ( (1—|—m2)x2> +em(me)
= [1+smH))h((1+m>)a?) + 1+ s(m?)]h(m?z?)

< [1+s(m?)][s(1+m?) 4 s(m?)]h(z?), (3.1.9)
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for x € R. From above relation, we obtain that

A?ngm(x) = Am(Amem(2))
= Apmem ( (1 +m2)x2) + Appem(mz)

< 1+ s(m2)][s(1+m2) + s(m2)]h((1 +m2)z?)
14 s(m?)][s(1+m?) + s(m?)]h(m*z?)
< 14 s(m3)][s(1 +m2) + s(m?)]s(1 +m2)h(z?)

+[1+ s(m2)][3(1 +m2) + 3(m2)]5(m2)h(3:2)

= [14s(m?)][s(1+m?) + s(m?)]?h(z?).
By similar method, we get
Amem(@) < [L+s(m*)]h(z?)[s(m?) + s(1+m?)]"

for x € R,n € Ng and m € My. Here, we obtain that

[e.e]

en(z) = ;(A’%Em)(l“)

< (1+ 8(m2))h(x2) Z (s(m2) +s(1 +m?2))"

n=0

(1+5(m?))h(z?)
(1—s(m?) — s(1+m?))’

for x € R,m € My. By using Theorem 1.1.9 with X =Y =R and ¢ = f, we have
the limit

Tn(z) := lim (7 f)(z)
exists for each x € R and m € My, and

(1+s(m?))h(z?)

d(f(x),Tm(x)) < (1= s(m2) —s(1+m2)’ r € R,m € M. (3.1.10)
Now we show that
AT f( 22 +9y2), T f(2) + T f(y)
< [s(m?) + s(1+m?)]"(h(z?) + h(y?)) (3.1.11)

for every z,y € R,n € Ny and m € My. Since the case n =0 is just (3.1.2), take
k € Ny and assume that (3.1.11) holds for n =k and every x,y € R,m € M. Then
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for each x,y € R,m € My, we get

A(TE G T @)+ T )

IA

IN

a(Thr (Vi) - 7 (e o),

Tt (Vi) T+ 7 (L 02)7) - Thr o)
(T (Ve ) Tt (),

Tt (V22 ?) + T g (- m2)a2) + Ths ( <1+m2>y2)>

+d<— n’if( m2<m2+y2))+’fn’§f( (1+m2)x2)+Tn’§f( (1+m2)y2),

Thus by induction we have shown that (3.1.11) holds for every z,y € R,n € Ny

and m € My. Letting n — oo in (3.1.11), we obtain the equality

T\ 22+ y?) =Tn(2) + T(y), z,y € Rym € M. (3.1.12)

This implies that T;, : R — R, defined in this way, is a solution of the equation

T(x)=T ( (1 —|—m2)x2) —T(mz). (3.1.13)

Next, we prove that each function 7" : R — R satisfying the inequality

d(f(z),T(z)) < Lh(z%), z€R (3.1.14)
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with some L > 0, is equal to T}, for each m € M. To this end, fix mg € My and
T :R — R satisfying (3.1.14). From (3.1.10), for each x € R, we get

d(T (), T (x))

IN

d(T(x), f(z)) +d(f(x), Ty (z))
Lh(xZ) + & ()

IN

Lh(x?) 4 [1 + s(md)] Z s(m2) 4+ s(1+md)|"

oo

= h(@)(L+[1+s(md)] 3 [s(mf) + s(1+m)]")

n=0
o0

= Loh(z?) z_:o[s(mg)+s(1+m3)]”, (3.1.15)

where Lo = L[1 —s(m3) — s(1+m3)] +[1+s(md)] > 0 (the case h(x) =0 is trivial,
so we exclude it here). Observe yet that 7" and T5,, are solutions to equation
(3.1.13) for all m € M.

Here, we show that for each j € Ny, we have

d(T (), Ty () < Loh(z?) f[s(mg) +s(14+m3)", z€R. (3.1.16)
n=j

The case j =0 is exactly (3.1.15). So, fix [ € Ny and assume that (3.1.16) hold for
j=1. Then, in view of (3.1.15), for each x € R, we get

d(T (), Ty (x)) = d( ( (1+md) x2> T(mox), Ting
)-

( )
= d< (\/ 1+md)x? ) — T (mox), mo( (1+m%)az2>—T(m0w))
T,

< Lo h( (1+mg)x2>}i[s(mg>+s(1+mg)]”
n=I[
+Loh(mox) Y _[s(m) + s(1+mg)]"
n=l
= Lo [ (U H ) + hlamo)]| S lstmd) + s(1-+mR)"
n=|
< Lo[S(m3)+8(1+m3)]h(x);[8(m3)+5(1+m3)]"

o0

= Loh(x) Z [s(m%)—l—s(l—l—mg)]”.
n=I[+1



31
Thus we have shown (3.1.16). Now, letting j — oo in (3.1.16), we get
T =Ty, (3.1.17)

Thus we have also proved that T, = T}y, for each m € My, which (in view of

(3.1.10)) yields

(1+5(m?))h(2?)
(1—s(m?2) —s(1+m?2))’

d(f(x), Tin, (7))

IN

x € R,m e M. (3.1.18)

This implies (3.1.3) with T":=T,,,; clearly, equality (3.1.17) means the uniqueness
of T" as well. This completes the proof. O]

Next, we give the subsequent corollary yielded by Theorem 3.1.1.

Corollary 3.1.2. Let d be as in Theorem 3.1.1 and h: R — (0,00) be such that

o 1 2.2
lim inf sup h(n®z®) +h((1+n)“x*)

=0. 3.1.19
i A (3.1.19)

Assume that f: R — R satisfies(3.1.2). Then there ezists a unique radical quadratic
function T : R — R such that

d(f(z),T(z)) < h(z?), zeR. (3.1.20)

Proof. By the definition of s(n), we can see that

’I’LZ.T2 n2x2 n2 1'2
() ey Sapty s e
and
7’L2 ,I? 7’L21’2 TL2 1’2
R R

Combining inequalities (3.1.21) and (3.1.22), we get

h(n222) + h((1+n?)z?
5(n2)+8(n2+1)§2?€1§( >+h<£g)+ )z?)

From, (3.1.19), there is a sequence {n;} of positive integer such that

2.9 2\ 2
lim sup h(ngz®) +h((1+ng)z?)

=0
k—00 R h($2)
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and then we have

lim (s(n3)+s(nz+1)) =0.

k—o00
This implies that
lim s(n?) =0,
k—o0
and consequently
1 2
lim ;_ S(nk)Q =
k—o0 1 —s(ny) —s(nj+1)
This mean that so = 1. This finishes to the proof. O

3.2 Stability of generalized logarithmic Cauchy functional equation

In this section, we consider the following generalized logarithmic Cauchy

functional equation
F(z® %) = af () +bf (y) (3.2.1)

where f is mapping from R into R and a and b are two fixed positive integer
numbers. We investigate the new generalized Hyers-Ulam of generalized logarith-
mic Cauchy functional equation by using fixed point result of Brzdek’s (Theorem

1.1.9). Our results generalize some known outcomes.

Theorem 3.2.1. Let (R,d) be a complete metric space such that d is invariant
(i.e., d(z+z,y+=z) =d(z,y) for x,y,z € R) and a,b be two given positive integer

numbers and h: R — R be a function such that
My:={neN:s(n)+s(a+bn) <1} #0,
where s(n) :=inf{t € Ry : h(z™) < th(x) for all x € R} for n € N. Suppose that
d(kz,ky) = d(z,y) (3.2.2)
for all z,y € R and for all k € {a,b}. If f:R — R satisfies the following inequality

d(f(z*y°).af(z)+bf(y)) < ah(z)+bh(y), (3.2.3)
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for all z,y € R\{0}, then there ezists a unique function T : R — R such that it
satisfies the generalized logarithmic Cauchy functional equation (3.2.1) with respect

to a and b for all x,y € R\{0} and

d(f(x),T(x)) <soh(x), zeR\{0}, (3.2.4)

X . a+bs(n) o
t =1 : .
with Sp = 1N 1—3(n)—s(a+bn) n € Mo

Proof. For each m € N and « € R\{0} note that (3.2.3) with y = 2™ gives

d(f (™), af(z) +bf(z™)) < (a+bs(m))h(z). (3.2.5)
Define operators Ty, : REM0} 5 RRMO0} ang A, - R]E\{O} _af RE\{O} by

Tak(@) = - [6@™)~b6E™)], meN,z €R\[0}, R,
Amd(z) = 8™ +6(z™), xeR\{0},8 € R (3.2.6)

Now we can see that, for each m € N, A := A, has the form described in (1.1.18)
with fi(x) = 2%t and fo(z) = 2™. Since d is invariant and d satisfies condition

(3.2.2), inequality (3.2.5) follows that

AT (&), f@)) = d(aTnf(x),af(x))
= d{f (e — bf (&™), af ()
= d(f(@"T™),af (x) +bf(z™))
< (a+bs(m))h(x) =1en(x), xeR\{0}, (3.2.7)

and

ATnbe), Tane)) = (5 [60Hm) =be(a™)] = [(@ ) = bya(a™)]
= () = (™), ()~ b))
< (g — b, —bE(™) + (e
HA(=BE(™) (), () b))
= A ), pla ) + () b))
= AT, p )+, p) (328)
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for all m e N, &, pp e RRMO} 4 ¢ R\{0}. This implies that for each m € N, (1.1.17)
is valid with X :=R\{0}, Y :=R and T :=Tp,.

Here, we will prove that
Al em(z) < [a+bs(m)|[s(m)+ s(a+bm)]"h(x) (3.2.9)
for all n € Ng, m € My and « € R\{0}. Now, we have

Amem(z) = em(@™) +em(@™)

= [a+bs(m)]h(z™) + [a+ bs(m)]h(z™)

< la+bs(m)]s(a+bm)h(x) +[a+bs(m)]s(m)h(z)

< [a+bs(m)][s(m)+ s(a+bm)|h(x). (3.2.10)

It follows that

A2en(x) = Ap(Amem(z))
— Amem($a+bm)+Am5m($m)

[a-+bs(m)][s(m) + s(a+ bm) h(z* ™)

IA

+la+bs(m)][s(m) + s(a+bm)|h(z™)
[a+bs(m)][s
+la+bs(m)][s(m) + s(a+bm)|s(m)h(x)

IN

(
[
(m)+ s(a+bm)]s(a+bm)h(z)
[
(

< [a+bs(m)][s(m)+ s(a+bm)]*h(z).
By similar method, we obtain that
Al em(x) < [a+bs(m)][s(m)+ s(a+bm)]"h(zx)
for all € R\{0},n € Ng and m € M. Here, we obtain that

er () = iA%am(x)

< [a+bs(m)]h(x) i)[s(m) +s(a+bm)]"
(a-+ bs(m) h(x)
1—s(m)—s(a+bm)’
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for all x € R\{0},m € Mp. By using Theorem 1.1.9 with X =R\{0}, Y =R and
@ = f. We have the limit

T () := lim (75 f) ()

n—oo

exists for each z € R\{0} and m € My, and

d(f(z), T (x)) < (a+bs(m))h(z)

~ 1—s(m)—s(a+bm) (3:2.11)

for all z € R\{0} and m € Mj. Next, we will claim that
d(Ton f(2"-4°),aT £ () +0Tr () < [s(m) +s(a+bm)]" (ah(z) +bh(y)) (3.2.12)

for all z,y € R\{0}, n € Ny and m € My. From (3.2.3), we get inequality (3.2.12)
holds for the case n = 0. Assume that (3.2.12) holds for n = k and every z,y €
R\{0},m € My. Then we obtain that
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d(Tw ' f (o), aT ™ f (@) + 0T f ()
= (TR 0T A (™),
(0T £ — ab T (™) 0T ) ~PTE™))
= d([Thrtar -y —oTE (g™,
QT (@) — T (@) + DT £ (™) = BT (™)
A(THA (@ gy ™) = bTEF( 97)™),
BT ()™ +aTE @)+ BTE F )

IN

+d( —UTAF (4" + QT f @) TR (),
AT F@) = T (@) + OTE F (") = BT ™))

— A TSy aTh @) T )
+A(UTEF (@@ 1)) T (a") + BT (™))

— d( T plaettm) Hortm) oTh f(aothm) 4 bTE f(ytm)
(BT ), T F@) + T ™))

— d( T (et Mo m) T (o) Tk ()

+a(TAF ™ 4™), aTE ™) +OTEF ™))

[s(m) + s(a+bm)]*[ah(z*T0™) + bh(y* ™))

IN

IN

[

+[s(m)+ s(a+bm)]F[ah(z™) +bh(y™)]
[
]

s(m) + s(a+bm)]*las(m)h(z) + bs(m)h(y)]
= s m)—l—s(a—i—bm)] [s(m)+ s(a+bm)](ah(z)+bh(y))

= [s(m)+s(a+bm)]*[ah(z) + bh(y)].

(
[
[s(m) + s(a+bm)|*[as(a+bm)h(z) + bs(a+bm)h(y)]
+
(
(

By mathematical induction, we have shown that (3.2.12) holds for every z,y €
R\{0}, n € Ny and m € My. Letting n — oo in inequality (3.2.12), we obtain that

T (2% 4%) = aT () 4+ T} (y) (3.2.13)
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for all z,y € R\{0}, m € My and the function T, : R\{0} — R, defined in this way,

is a solution of the equation
aT(z) = T(x%0™) —bT (™). (3.2.14)

Next, we prove that each generalized logarithmic Cauchy function 7": R\{0} — R
satisfying the inequality

d(f(x),T(z)) < Lh(z), z€R (3.2.15)

with some L > 0, is equal to T}, for each m € M. To this end, fix mg € My and
T : R — R satisfying (3.2.15). Then we observe that

(T (), Tino ())

IN

d(T (), f(x)) +d(f (), T, (x))

oo

Lh(x)+ (a4 bs(mg))h(x) Z:O(s(mo) +s(a+bmg))"

IN

oo

= h(x)[L+ (a+bs(myp)) Z(S mo) +s(a+bmyg))"]
n=0

= h(z)Lo Y _ (s(mo)+ s(a+bmg))" (3.2.16)
n=0

where Lo = L(1 —s(mg) —s(a+bmyg)) + (a+bs(mp)) (the case h(z) =0 is trivial,
so we exclude it here). Note that T" and T, are solutions to equation (3.2.14) for

all m € My. Here we will show that for each j € Ny, we have

AT (@), Tong () < h@) Lo 3 (bs(mo) + s(a-+bmo))", « €R\{0}.  (3.2.17)

n=j
The case j =0 is just (3.2.16). So, fix [ € Ny and assume that (3.2.17) hold for
j=1. For x € R\{0}, we get
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d(T(x),Tne(2)) = d(aT(x),aTmy(2))
= (T (x%T0m0) — b (2™0), Tppy (22T070) — BT, (™))
< d(T(z70m0) — bT(2™0), —bT(2™0) + Tipyy (24T0M0))
Hd(=bT(2™0) 4 Ty (20H0M0) B0 (£70) = BTy (27))
= d(T(xT0) T (20F00)) 4 d(BT (270, 6T} (2°))

= d(T(zF™0), Ty (z700)) 4 d(T(2™™), Trng (2™))
< h((a+bmo)z)Lo > _[s(mo)+ s(a+bmy)]"
n=lI
+h(x™) Ly io: [s(mo) + s(a+bmg)]"
n=I
s((a+bmg))h(z)Lg i [s(mo) + s(a+bmg)]"

n=I

IN

+s(mo)h(x)Lg i[s(mo) + s(a+bmg)|"

= [s(a+bmg)+s(mo)|h(z)Lo Y _[s(mo) + s(a+ bmg)]"

n=I
o)

< h(x)Lo Y _[s(mo) + s(a+bmg)]"

n=l
< h(z)Ly i [bs(mo) + s(a+ bmg)]™.
n=I[+1

Therefore, (3.2.17) holds for all n € Ny. Letting j — oo in (3.2.17), we get
= (3.2.18)

This implies that T}, = T}y, for each m € My. So inequality (3.2.11) yields that

(a+bs(m))h(z)
(1—s(m)—s(a+bm))’

d(f (@), Tyng (z)) < zeR\{0},me My.  (3.2.19)

This implies (3.2.4) with T":= T},,; clearly, equality (3.2.18) means the uniqueness
of T" as well. This completes the proof. O

Corollary 3.2.2. Let d be as in Theorem 3.2.1 and h: R — (0,00) be such that

n a+bn
liminf sup hz") + b )
n=—

nfsup ) —0. (3.2.20)
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Assume that f:R — R satisfies (3.2.3) for all x,y € R\{0}. Then then there
exists a unique function T : R — R such that it satisfies the generalized logarithmic

Cauchy functional equation (3.2.1) for all z,y € R\{0} and
d(f(x),T(z)) <ah(x) (3.2.21)
for all x € R\{0}.

Proof. It follows from (3.2.20) that there is a subsequence {n;} of positive integer

such that
ng a+bny,
lim sup h(:c ) A h(x >

—0. (3.2.22)

Using the property of infimum for s(ny) and s(a+bny), we get

h(x™k h(x™k h a+bny,
s(ng) = sup ) < sup Sl 1 ) (3.2.23)
zeR P(T) T zer\{0} h(z)
and
h(xaHm’“) h(xnk) +h(xa+bnk)
s(a+bng) =sup———= < sup 3.2.24
N T A () (3224
Letting k — oo in (3.2.23) and (3.2.24), we obtain that
lim s(ng) =0 (3.2.25)
k—o0
and
lim s(a+bng) = 0. (3.2.26)
k—o0
It follows that
: a+bs(ng)
lim =a.
k—oo 1 —s(ng) — s(a+bny)
This implies that sg = a. O

Note that Theorem 3.2.1 and Corollary 3.2.2 yield the following results

concerning the stability of logarithmic Cauchy functional equation.

Corollary 3.2.3. Let (R,d) be a complete metric space such that d is invariant
and h: R — Ry be a function such that

My:={neN:s(n)+s(l+n) <1} #0,
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where s(n) := inf{t € Ry : h(z"™) < th(z) for all x € R} for n € N. Assume that
f R —= R satisfies the following inequality

d(f(z-y), f(x)+f(y)) < h(z)+h(y) (3.2.27)

for all x,y € R\{0}. Then there exists a unique function T : R — R such that it
satisfies the logarithmic Cauchy functional equation (2.9.83) for all x,y € R\{0}

and

d(f(x),T(z)) < soh(x) (3.2.28)

' 1+s(n)
for all x € R\{0}, where sg := inf T s(n) —s(17) :n€ My .

Corollary 3.2.4. Let d be as in Corollary 3.2.3 and h : R — (0,00) be such that

n 14+n
liminf sup UTYg ol &)

=0. 3.2.29
S LU (3.2:29)

Assume that f:R — R satisfies (3.2.27). Then then there exists a unique function
T :R — R such that it satisfies the logarithmic Cauchy functional equation (2.9.3)
for all z,y € R\{0} and

d(f(x),T(x)) < h(z) (3.2.30)

for all x € R\{0}.

3.3 Stability of generalized additive Cauchy functional equation

In this section, we investigate new type of stability results for general-

ized Cauchy functional equation of the form

filax+by) = afi(x)+bfi(y),

where f; is mapping from R into R and generalized Cauchy functional equation

of the form
folaxxby) = afo(x)obfa(y),

f2 is a mapping from a commutative semigroup (G1,*) into a commutative group

(Ga,¢) and a,b € N by using Brzdek’s fixed point theorem (Theorem 1.1.9).
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3.3.1 Stability of generalized additive Cauchy functional equation by
Brzdek’s technique on R

In this subsection, we prove the new type of stability for the generalized

additive Cauchy functional equation of the form

flax+by) = af(x)+0f(y),
where f is mapping from R into R. Here, we give the main result in this subsection.

Theorem 3.3.1. Let (R,d) be a complete metric space such that d is invariant
(i.e., d(x+z,y+2) =d(z,y) for z,y,z € R) and a,b be two given positive integer

numbers and h: R — R be a function such that
My:={neN:s(n)+s(a+bn) <1} #0,
where s(n) :=inf{t € Ry : h(nz) < th(x) for all x € R} for n € N. Suppose that
d(kz,ky) =d(z,y) (3.3.1)
for all z,y € R and for all k € {a,b}. If f:R — R satisfies the following inequality
d(f(az+by),af(z) +bf(y)) < ah(z)+bh(y) (3.3.2)

for all x,y € R, then there exists a unique generalized additive Cauchy function

T:R — R such that
d(f(x),T(z)) < soh(z), zeR, (3.3.3)

X . a+bs(n) I
L =1 : .
with Sg :=1n 1= s(n)—s(a+bn) n < Mo

Proof. For each m € N and = € R note that (3.3.2) with y = mx gives
d(f((a+bm)x),af(x)+bf(mx)) < (a+bs(m))h(x). (3.3.4)
Define operators Ty, : RR — RF and A, : R]}f — RE by

Tmé(z) = 1 [£((a+bm)x) —bé(mz)], meN,zeREeRE,

Amd(z) = 8((a+bm)z)+d(mx), z€R,§eRE. (3.3.5)
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Then it is easily seen that, for each m € N, A := A,,, has the form described in
(1.1.18) with fi(z) = (a+bm)z and fo(x) =mz. Since d is invariant and d satisfies
condition (3.3.1), inequality (3.3.4) follows that

d(Tm f(x), f(2)) = d(aTnf(x),af(z))
= d(f((a+bm)x) =bf (mz),af(z))
< (a+bs(m))h(z) =1ep(x), xR, (3.3.6)

and

ATnb(@), Taa()) = d (5 [6((a+bm)a) —be(ma), - [n((a-+ b)) —bya(m)
d(&((a+bm)x) —bE(mz), u((a+bm)x) —bu(mz))

< d(&((a+bm)x) —bs(mz),—bl(mx) + u((a+bm)x))

= d(&((a+bm)x), u((a+bm)z)+d(bE(mx), bu(mx))
( )z)

(
(
+d(=bE(ma) + p(a-+bm)a), u((a+bm)a) - bu(mz)
(
= d(E((a+bm)a), u((a+bm)a) + d(E(ma), p(mz))  (3.3.7)

for all m € N,¢,p € RR, 2 € R. Consequently, for each m € N, (1.1.17) is valid
with X =R, Y:=Rand T :=Tp.

Next, we show that
A em(z) < (a+bs(m))h(x)(s(m)+s(a+bm))" (3.3.8)
for n € Ny (nonnegative integers), m € My and = € R. Now, we have

Amem(z) = en((a+bm)z)+epm(me)
= [a+bs(m)]h((a+bm)x)+ [a+ bs(m)|h(mz)
< Ja+bs(m)]|[s(a+bm)+ s(m)]h(zx). (3.3.9)
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From above relation, we obtain that

Aem(z) = Ap(Amem(T))

= Apem((a+bm)x)+ Apep(ma)

IA
B
_|_
=
»

—~
W
S|

+
=
3
+
2
=
=
+
=
2

IA
=)
+
j—
VA
—~
g
VA
— —~ — —~
S
+
=
)
+
V)
—
=
VA
—
IS
_I_
=
g
>
—
~

= [a+bs(m)|h(x)[s(a+bm)+s(m)]?.
In the same way, we get
Al em(z) < [a+bs(m)]h(z)[s(m)+ s(a+bm)]", (3.3.10)

for n € Ng, m € My and x € R.

For m € My and =z € R, we get

er(x) = iA”mem(x)

oo

< [a+bs(m)]h(z) > [s(m)+s(a+bm)]"

n=0
[a+bs(m)]h(x)
1—s(m)—s(a+bm)’

Now, we can use Theorem 1.1.9 with X :=R, Y :=R and ¢ := f. According to it,

the limit
T (z) := lim (7, f)(z)

n—oo

exists for each m € My and x € R, and

(3.3.11)

for all m € My and x € R.

Next, we show that
d(T f(ax +by), Ty f () + 6T f (y))

< [s(m)+s(a+bm)]" (ah(x)+bh(y)), (3.3.12)
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for all z,y € R, n € Ny and m € My. Since the case n =0 is just (3.3.2), take

k € Ny and assume that (3.3.12) holds for n =k and every =,y € R,m € My. Then

d (T flax+by),aTh ™ )+ 0T (1))

VAN

IA

IN

([T ((a+ b az -+ b))~ 0T f oo+ b))

(0T f((atbm)a) — b T () + VT (- bm)y) T ()
AT (a+ bm)(az +by) VT4 (m(aw + b)),

AT (0 bm)a) — abT,k f (ma) + BT ((a -+ b)y) — T f(my))

A( T ((a+bm) (az+by)) =BT Fm(aw +by)),

—HToe (a2 +by)) + T ((a+bm)a) + VT (0 +bm)y)
+d<—bT,fo(m(a:r:ery))+a7',§f((a+bm)x)+b7',fo((a+bm)y),

T F((a-+bm)a) = abTik f(ma) + 6T (0 + bm)y) — BT (my))

A( T ((a+bm)(az +y)),aT ((a-+ bm)e) + 5T ((a-+ bm)y))

+d (VT (a2 + by), abTo f (ma) + 2T (my))

A( Tk (a-+bm) (a2) + (a-+ bm) (b)), a T (a+bm)a) + UTEf (a+ bm)y) )
+d(bﬁ,’§f(amx+bmy),abfrnﬁf(m@+b2T£f(my)>

A( T (o bm) az) + (a+ bm) (by)), a T F((a -+ b)) + BT ((a+ b))
+d( T fama+ bmy), T (ma) + VT (my)

[s(m) + s(a+bm)|*[ah((a+bm)z) + bh((a+bm)y)]

+[s(m)+ s(a+bm)]¥[ah(ma) + bh(my)]

[s(m) + s(a+ bm)¥las(a + bm)h(x) + bs(a -+ bm)h(y)]
ls(m) + s(a-+ bm) Flas(m)h(x) + bs(m)h(y)

s(m) + s(a+bm)]¥[s(m) + s(a+bm)](ah(x) + bh(y))

(

s(m) + s(a+bm)**ah(x) + bh(y)).

[
[

By induction, we have shown that (3.3.12) holds for every x,y € R, n € Ny and
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m € My. Letting n — oo in (3.3.12), we obtain the equality
Tm(azx+by) = aTp(z) +bTn(y), (3.3.13)

for all z,y € R, m € My and the function T}, : R — R, defined in this way, is a

solution of the equation
aT(x)=T((a+bm)x) —bT (mx). (3.3.14)

Next, we prove that each generalized additive Cauchy function 7": R — R satisfying
the inequality
d(f(z),T(z)) < Lh(z), xz€R (3.3.15)

with some L > 0, is equal to T}, for each m € M. To this end, fix mg € My and
T :R — R satisfying (3.3.15). Then observe that

d(T (), T ()

IN

d(T(x), f(2)) +d(f(x), Tmo (2))

o0

Lh(z)+ (a+bs(mg))h(x) z_:o(s(mo) + s(a+bmg))"

IN

oo

= h(z)[L+ (a+bs(mg)) D (s(mo) + s(a+bmg))"]
n=0

= @)Lo S (5(mo) + s(a-+bmp))" (3.3.16)
n=0

where Ly = L(1— s(mg) — s(a+bmyg)) + (a+bs(mg)) (the case h(z) =0 is trivial,
so we exclude it here). Observe yet that 7" and T,,, are solutions to equation

(3.3.14) for all m € My. Here we will show that for each j € Ny, we have

d(T(z), Tiny(x)) < h(x)Lg i‘(bs(mo) +s(a+bmp))", xeR. (3.3.17)
n=j

The case j =0 is exactly (3.3.16). So, fix [ € Ny and assume that (3.3.17) hold for



46

7 =1. For x € R, we get
d(T(x), Tmo () = d(aT(x),aTm,(x))
= d(T((a+bmo)x)—bT (moz), T, ((a+bmg)x) — bTp,(mox))

< d(T((a+bmg)x) —bT (moz), —bT (mox) + Ty ((a + bmg)z))

— o~

IA
=8
=
+
=
=
(=]

Nh(z)Lo Y [s(mo)+ s(a+bmg)]"

=
0

+s(mo)h(x) Ly Z[s(mo) +s(a+bmg)|"

n=I
= [s(a+bmg)+ s(mg)]h(x)Lg i[s(mo) + s(a+bmo)]"

n=l
0

< h(z)Lo Y _[s(mo) + s(a+ bmg)]"

n=I
oo

< h(z)Lo > [bs(mo)+ s(a+bmg)]".
n=I[+1

Thus we have shown (3.3.17). Now, letting j — oo in (3.3.17), we get
T silp (3.3.18)

Hence, we have also proved that T}, = T}y, for each m € My, which (in view of
(3.3.11)) yields

(a+bs(m))h(x)
(1—s(m)—s(a+bm))’

d(f(z), Ty (z)) < r € R;m € M. (3.3.19)

This implies (3.3.3) with T :=T,,,; clearly, equality (3.3.18) means the uniqueness
of T as well. N

Corollary 3.3.2. Let d be as in Theorem 3.3.1 and h: R — (0,00) be such that

o h(nz)+h((a+bn)z)
liminfsu
S ek h(z)

—0. (3.3.20)
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Assume that f: R — R satisfies (3.3.2). Then there exists a unique generalized
additive Cauchy function T : R — R such that

d(f(x),T(x)) <ah(x), xeR. (3.3.21)

Proof. From (3.3.20), there is a subsequence {n;} of positive integer such that

lim sup h(ngx) 4+ h((a+bny)x)
k—00 zecR h(l’)

—0. (3.3.22)

By the property of infimum for s(ny) and s(a+ bng), we get
h(new) _ _ h(ngx) + h((a+ bry)x)

s(ng) =su 3.3.23
(i) xeﬁ h(z) ~ zeR h(x) ( )
and
h((a+bng)z) h(ngz) + h((a+bng)z)
s(a+bng) =sup ————= <su ) 3.3.24
R T 6D 3320
Taking limit as k — oo in (3.3.23) and (3.3.24), we obtain that
lim s(ng) =0 (3.3.25)
k—o0
and
lim s(a+bng) = 0. (3.3.26)
k—o00
This implies that
. a+bs(ng)
lim =0
k—oo 1 —s(ng) — s(a+bny)
It follows that sgp = a. O

It is easy to see that Theorem 3.3.1 and Corollary 3.3.2 yield the fol-

lowing results concerning the stability of additive Cauchy functional equation.

Corollary 3.3.3. Let (R,d) be a complete metric space such that d is invariant
and h: R — Ry be a function such that

My:={neN:s(n)+s(1+n) <1} #0,

where s(n) := inf{t € Ry : h(nx) < th(x) for all x € R} for n € N. Assume that
f R —= R satisfies the following inequality

d(f(z+y), f(x)+f(y) < h(x)+h(y) (3.3.27)
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for all x,y € R. Then there exists a unique additive Cauchy function T : R — R
such that
d(f(z),T(x)) < soh(z), x€R, (3.3.28)

1+ s(n)
1—s(n)—s(l+n)

with so := inf :n € My

Corollary 3.3.4. Let d be as in Corollary 3.3.3 and h: R — (0,00) be such that

lim inf sup @ TSR
N0 LR h(z)

= 0. (3.3.29)

Assume that f: R — R satisfies (3.3.27). Then there ezists a unique additive
Cauchy function T : R — R such that

d(f(z),T(z)) < h(x), z€R. (3.3.30)

3.3.2 Stability of generalized additive Cauchy functional equation by
Brzdek’s technique on arbitrary group

In this subsection, we present a new type of stability results for gener-

alized Cauchy functional equation of the form

flarxby) = af(x)obf(y),

where a,b € N and [ is a mapping from a commutative semigroup (G1,%*) to a

commutative group (Gg,).

Theorem 3.3.5. Let (G1,*) be a commutative semigroup, (Ge,) be a commuta-

tive group, (Ga,d) be a complete metric space such that d is invariant, that is,
dxoz,yoz)=d(z,y)

for all x,y,z € Ga, and let a,b be two fixed natural numbers and h: G1 — Ry be a

function such that

My:={neN:s(n)+s(a+bn) <1} #0,
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where s(n) :=1inf{t € Ry : h(nx) <th(x) for all x € G1} for n € N. Suppose that
d(z,ay) =d(z,y) (3.3.31)
and
d(kz,ky) =d(z,y) (3.3.32)
for all x,y € Gy and for all k € {a,b}. If f: Gy — Gy satisfies the following
inequality
d(f(axxby),af(z)obf(y)) < ah(x)+bh(y) (3.3.33)
for all z,y € G, then there exists a unique generalized Cauchy function T : G1 —
Go such that
d(f(z),T(x)) < soh(x) (3.3.34)

a+bs(n)
for all x € G1, where sg := inf 1—s(n)—s(a+bn):n€MO )

Proof. For each m € N and x € G note that (3.3.33) with y = mx gives

d(f(axbm)z),af(x)obf(mz)) < (a+bs(m))h(z). (3.3.35)
Define operators Ty, : GS* — GS* and A,, : RSt — RS by

Tné() = &((a+bm)z)obé(ma)]™!, meNzeGEeGy?,

And(z) = 6((a+bm)z)+d(mz), meNzeG,0 RS, (3.3.36)
Then it is easily seen that, for each m € N, A := A,, has the form described in
(1.1.18) with fi(z) = (a+bm)z and fo(z) = ma. Since d is invariant and d satisfies
condition (3.3.31), inequality (3.3.35) follows that

d(Tonf(x), f () = d(Tn f (2),af (x)) < (a+bs(m))h(z) =: em(x)  (3.3.37)
for all z € Gy, and
d(Té (), Tmpa(2)) = d(E((a+bm)z) o [bE(ma)] ™, p((a+bm)a) o [bu(ma)]) ™)

< d(&((a+bm)z)o[bg(ma)] ", [b€(ma)] ™" o p((a+bm)z))

= d(&((a+bm)x), u((a+bm)z)+d(bE(mx),bu(mx))

(
(
+d([bE(ma)] Lo p((a+bm)x), u((a+bm)z) o [bu(mz)] ™)
(
= d(&((a+bm)x), u((a+bm)z) +d(E(mzx), p(mz))  (3.3.38)
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forallmeN, & e Ggl, x € G1. Consequently, for each m € N, condition (1.1.17)
is valid with X :=G1, Y := G and T :=Tp,.

Next, we will show that
Ay em(z) < (a+0bs(m))h(x)(s(m)+ s(a+bm))" (3.3.39)

for all n € Ng, m € My and = € Gy. It is easy to se that condition (3.3.39) holds

for n =0. From (3.3.36), we have

Apmem(z) = emn((a+bm)x)+epm(me)
= [a+bs(m)]h((a+bm)z)+ [a+bs(m)|h(mz)
< Ja+bs(m)|[s(a+bm)+s(m)h(z) (3.3.40)

for all m € My and x € G;. From the above relation, we obtain that

Aem(@) = Am(Amem(@))
= Amem((a+bdm)x)+ Apem(mz)
< la+bs(m)][s(a+bm)+s(m)]h[(a+bm)z]
+a+ bs(m)][s(a+bm) + s(m)]h(ma)
< [a+bs(m)][s(a+bm)+ s(m)]s(a+bm)h(z)
+la+bs(m)][s(a+bm) + s(m)]s(m)h(z)
= [a+bs(m)]h(z)[s(a+bm) +s(m)]”

for all m € My and = € GG1. In the same way, we get
AV em(z) <[a+bs(m)]h(x)[s(m)+ s(a+bm)]" (3.3.41)

for all n € Ng, m € My and x € (G1.

For m € My and = € G, we get

[0.9]
em(z) = D Alem(z)
- o0
< la+bs(m)|h(z) D [s(m)+s(a+bm)]"
n=0

(a+bs(m))h(z)
1—s(m)—s(a+bm)
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Now, we can use Theorem 1.1.9 with X =G, Y = G2 and ¢ = f. According to

it, the limit
Tn(x) == lim (T, f)(z)

exists for each m € My and x € G1, and

[a+bs(m)]h(x)
d(f(l')mi(x)) < 1— s(m) — 3(a+bm>

for all m € My and x € Gy.

Next, we show that

(3.3.42)

d(Tn f(axxby),aTy f(2) 00Ty f(y)) < [s(m) +s(a+bm)]" (ah(z)+bh(y)) (3.3.43)

for all x,y € Gy, n € Ny and m € My. Since the case n =0 is just (3.3.33), take

k € Ny and assume that (3.3.43) holds for n =k and every z,y € X,m € My. Then



o2

d (T flaw by), aTE (@) bTE (1))

IN

IN

IN

AT (o bm)(awby)) o (6T (mlaa+by)|

AT f((a-+bm)a) o [abT,k f(ma)] ™ obTF((a+bm)y) o (2T (my)] )
A( T ((a bm) @z xby)) o BT Fm (o by)))

(6T, (m(a < by))) " 0T ((a-+bm)a) obT f((a -+ bm)y) )

+d( T (m(aw «by))| " 0T f((a+bm)a) obT £ (a+bm)y),

AT ((a-+bm)a) o [abT,k f ()]~ obTF((a+bm)y) o (P T f (my)] )
A( T (a+bm)(az by)), T (0 +bm)a) SWTA (a-+ bm)y))

+a (BT F(m{az xby)), abTf (ma) o VT f (my) )

A( T ((abm) az) = (a+bm) (by),a TS ((a+ bm)a) o VT ((a+ bm)y)
+d(Thflame «bmy),aTh f (ma) o VT Fmy)

s m)+s(a~|—bm)] h((a+bm)x)+bh((a+bm)y)]

( [a
+[s(m) + s(a+bm)]*[ah(mz) + bh(my)]
[s(m) + s(a+bm)]*[as(a+bm)h(z) + bs(a -+ bm)h(y)]
+[s(m) + s(a+bm)]*[as(m)h(z) + bs(m)h(y)]

[s(m) + s(a+bm)]*[s(m) + s(a+bm))(ah(z) + bh(y))

(

[s(m) + s(a+bm)]* [ah(z) +bh(y)].

By introduction, we have shown that (3.3.43) holds for every z,y € Gy,

n € Ng and m € M. Letting n — oo in (3.3.43), we obtain the equality

Tin(azxby) = aTy,(x) 0T (y) (3.3.44)

for all z,y € G1, m € My and the function T}, : G — G2, defined in this way, is a

solution of the equation

aT(z) = T((a+bm)x)o [bT (mz)] L. (3.3.45)

Next, we prove that each generalized Cauchy function 7": G; — G9 satisfying the
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inequality

d(f(x),T(z)) < Lh(z), z€Gy (3.3.46)

with some L > 0, is equal to T}, for each m € My. To this end, fix mg € My and
T : G — G satistying (3.3.46).

Then we observe that

(T (), Tino (7))

IN

d(T(x), f(2)) +d(f(x), Ty ()

o0
Lh(z)+ (a+bs(mg))h(z) > (s(mo) + s(a+bmg))"
n=0

IN

o0

h(z)[L+ (a+bs(mg)) Y _ (s(mo) + s(a+bmy))"]

n=0

o0

= h(z)Lo Y _ (s(mo) + s(a+bmo))", (3.3.47)
n=0

where Ly = L(1— s(mg) — s(a+bmyg)) + (a+bs(mg)) (the case h(z) =0 is trivial,
so we exclude it here). Observe yet that T" and T;,, are solutions to equation
(3.3.45) for all m € My. We will show that for each j € Ny,

AT (@), T () < W) Lo 3 (Bs(mo) + s(a+bmo)", s €Gi.  (3.3.48)

n=j

The case j =0 is exactly (3.3.47). So, fix [ € Ny and assume that (3.3.48) hold for
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j =1. Then, in view of (3.3.47), for each a,b€R, m,mg€ My

d(T(x),Tng(x)) = d(aT(x),aTn,(z))
= d(T((a+bmg)z) o [bT (mox)] ™", Ty ((a+bmo)z) (BT, (mox)] )
< d(T((a+bmo)z) o [bT (mox)] ", BT (mox)] " o Trng ((a + bmo)))
+d([T (moz)] ™" 0 Tyng (@ +bmo)x), Tyng ((a+bmo)x) © [T (mox)] )
= d(T((a+bmo)z), Timy((a+bmg)x)) 4+ d(OT (moz), bTm, (mox))

< h((a+bmo)r) Lo Y. [s(mo) + s(a+ bmo)]"

n=l

)
— (T ((a+bmo)), Ty ((a-+bmo)a)) +d(T(moe), Ty (o))
)

+h(moz) Lo i [s(mo) + s(a+bmg)]"
n=l

s((a+bmg))h(z) Lo Z[s(mo) + s(a+bmp)]|"

=

IN

+s(mg)h(x) Lo i[s(mg) + s(a+bmg)]"

= [s(a+bmg)+ s(mo)]h(x)Lg Z[s(mo) + s(a+bmg)|"
n=I
< h(z)Lo i[s(mo) + s(a+bmo)]"
=]

< h(z)Lo > [s(mo)+ s(a+bmg)]".
n=I[+1

Thus we have shown (3.3.48). Now, letting j — oo in (3.3.48), we get
I (3.3.49)

Thus we have also proved that T, = T),, for each m € My, which (in view of
(3.3.42)) yields

(a+bs(m))h(x)

d(f (), Tmo (7)) < (1—s(m)—s(a+bm))’

z€Gy,m e M. (3.3.50)

This implies (3.3.34) with T":= T,,,; clearly, equality (3.3.49) means the uniqueness
of T" as well. This completes the proof. O]

Remark 3.3.6. A bit more involved example of an invariant metric d on group

G2 satisfying conditions (3.3.31) and (3.3.32) we obtain taking n € Nand a =b:=
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n+1, group (Ga,¢) := (Zy,+), where Z,, is the set of integers mod n, and d is a
discrete metric on Ga.

Corollary 3.3.7. Let d be as in Theorem 3.3.5 and h: G1 — (0,00) be such that

liminf sup hna) +hi(a +bn)z)
n—00 en h(I)

—0. (3.3.51)

Assume that f: G1 — Gy satisfies (3.53.84). Then there exists a unique generalized
Cauchy function T : G1 — G2 such that

d(f(z),T(x)) < ah(x) (3.3.52)
for all x € Gy.

Proof. From (3.3.51), there is a subsequence {ny} of positive integer such that

i h(ngz) + h((a+bng)x)

=0. 3.3.53
k—)OOmeGl h(x) ( )

By the property of infimum for s(ny) and s(a+ bng), we have

h(ngz) _ - h(ngz) + h((a + bny)z)

s(ng) = su 3.3.54
R b ) (3354
and
h((a+bng)z) h(ngz)+ h((a+bng)z)
s(fa+bng) = sup ————= < su . 3.3.55
O R (@) (3:3:55)
Taking limit as k — oo in (3.3.54) and (3.3.55), we get
lim s(ng) =0
k—o0
and
lim s(a+bny) =0.
k—o0
This implies that
_ a+bs(ng)
lim =a.
k—oo 1 —s(ng) — s(a+bng)
It follows that sy = a. This completes the proof. n

It is easy to see that Theorem 3.3.5 yields the recent result in [4].
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Corollary 3.3.8 ([4]). Let (G1,%) be a commutative semigroup, (Ga,¢) be a com-
mutative group, (Ga,d) be a complete metric space such that d is invariant and

h:Gy— Ry be a function such that
My:={neN:s(n)+s(l+n) <1} #0,

where s(n) :=inf{t € Ry : h(nz) < th(x) for all x € G1} for n € N. Assume that
f: G1 — Go satisfies the following inequality

d(f(zxy), f(x)o f(y)) < h(x)+h(y) (33.56)

for all x,y € G1. Then there exists a unique generalized Cauchy function T : G1 —
G such that
d(f(2),T(z)) < soh(z) (3.3.57)

1+s(n)
for all x € G, where sg := inf 1—s(n)—3(1+n):n€M0 )

Corollary 3.3.9 ([4]). Let d be as in Corollary 3.5.8 and h: G1 — (0,00) be such

that
1
limint sup h(nz)+h((1+n)x)
n—oo JJEGl h(l’)
Assume that f: G — Gy satisfies (3.53.56). Then there exists a unique generalized

=0. (3.3.58)

Cauchy function T : G1 — Go such that
d(f(z),T(z)) < h(z) (3.3.59)

for all x € G.

It has been pointed out in some studies that several results of the
stability of many kinds Cauchy functional equations can be concluded from our
main results in previous section related with commutative semigroup (G, *) and

commutative group (G2,¢). By using Corollary 3.3.8, we get the following result.

Corollary 3.3.10. Let (R,d) be a complete metric space such that d is invariant
and h: R — Ry be a function such that

My:={neN:s(n)+s(l+n) <1} #0,
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where s(n) := inf{t € Ry : h(nx) < th(x) for all x € R} for n € N. Assume that
f R —= R satisfies the following inequality

d(f(z+y), f(x)+ f(y)) < h(z)+h(y) (3.3.60)

for all x,y € R. Then there exists a unique additive Cauchy function T : R — R
such that
d(f(z),T(x)) < soh(x) (3.3.61)

ll R, wh inf L) M,
for all x € R, where sg:=in 1—s(n)—s(1+n)'n€ 0.

Proof. This result can be obtained from Corollary 3.3.8 by take commutative

semigroup (G1,*) = (R,+) and commutative group (Gg,0) = (R,+). O

Corollary 3.3.11. Let d be as in Corollary 3.5.10 and h: R — (0,00) be such that
e h(nz)+h((1+n)x)
=0 2eR h(SC)

Assume that f: R — R satisfies (3.3.60). Then there exists a unique additive

—0. (3.3.62)

Cauchy function T : R — R such that
d(f(z),T(z)) < h(z) (3.3.63)
for all x € R.

Corollary 3.3.12. Let (R\{0},d) be a complete metric space such that d is in-

variant and h: R — Ry be a function such that
My:={neN:s(n)+s(l+n) <1} #0,
where s(n) ;= inf{t € Ry : h(nz) < th(x) for all x € R} for n € N. Assume that

f: R —R\{0} satisfies the following inequality

d(f(z+y), f(x)f(y)) < h(z)+h(y) (3.3.64)

for all z,y € R. Then there exists a unique exponential function T : R — R\{0}
such that
A(f(2), T(2)) < s0h() (3.3.65)

1+s(n)
for all x € R, where sg := inf 1—s(n)—s(1+n):n€M0 )
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Proof. This result can be obtained from Corollary 3.3.8 by take commutative

semigroup (G1,%) = (R,+) and commutative group (Gz,¢) = (R\{0},-). O

Corollary 3.3.13. Let d be as in Corollary 3.3.12 and h: R — (0,00) be such that

limint sup h(nx)+h((1+n)z)

=0. 3.3.66
minfsup =—— ) (3.3.66)

Assume that f:R — R\{0} satisfies (3.3.64). Then there exists a unique expo-
nential function T : R — R\{0} such that

d(f(z),T(x)) < h(z) (3.3.67)
for all z € R.

Corollary 3.3.14. Let (R,d) be a complete metric space such that d is invariant
and h:R\{0} = R be a function such that

My:={neN:s(n)+s(1+n) <1} #0,

where s(n) := inf{t € Ry : h(nx) < th(x) for all x € R} for n € N. Assume that
f:R\{0} — R satisfies the following inequality

d(f(zy), f(x)+ f(y)) < h(z)+h(y) (3.3.68)

forallz,y e R\{0}. Then there exists a unique logarithmic function T :R\{0} - R

such that
d(f(x),T(z)) < soh(x) (3.3.69)
1+ s(n)
for all x € R\{0}, where so := inf{ T s() —s(Ln) ‘n € MO}.

Proof. This result can be obtained from Corollary 3.3.8 by take commutative

semigroup (G1,%*) = (R\{0},-) and commutative group (G2,0) = (R,+). O

Corollary 3.3.15. Let d be as in Corollary 3.3.14 and h: R\{0} — (0,00) be such
that

1
liminf sup h(nz)+h((1+n)x)

=0. 3.3.70
n—00 :EG]R\{O} h(m) ( )
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Assume that f:R\{0} — R satisfies (3.3.68). Then there exists a unique logarith-
mic function T : R\{0} — R such that

d(f(x),T(x)) < h(x) (3.3.71)
for all x € R\{0}.

Corollary 3.3.16. Let (R\{0},d) be a complete metric space such that d is in-

variant and h: R — Ry be a function such that
My:={neN:s(n)+s(l+n) <1} #0,

where s(n) ;= inf{t € Ry : h(nx) < th(x) for all x € R} for n € N. Assume that
f:R — R\{0} satisfies the following inequality

d(f(zy), f(2)f(y)) < h(z)+h(y) (3.3.72)

for all x,y € R. Then there exists a unique multiplicative function T : R — R\{0}
such that
d(f(z),T(z)) < soh(z) (3.3.73)

1+s(n)
for all x € R, where sg := inf 1—s(n)—s(1+n):n€MO ;

Proof. This result can be obtained from Corollary 3.3.8 by take commutative
semigroup (G1,*) = (R,-) and commutative group (Go,¢) = (R\{0},-). O
Corollary 3.3.17. Let d be as in Corollary 3.3.16 and h : R — (0,00) be such that

liminf sup h(nx)+h((1+n)z)
=0 zeR h(SE)

—0. (3.3.74)

Assume that f:R — R\{0} satisfies (3.3.72). Then there exists a unique multi-
plicative function T : R — R\{0} such that

d(f(z),T(x)) < h(x) (3.3.75)

for all z € R.
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CHAPTER 4

HYPERSTABILITY OF FUNCTIONAL EQUATIONS

The purpose of this chapter is to prove new hyperstability of general
linear and Drygas functional equations via fixed point result due to Brzdek (The-

orem 1.1.10).

4.1 Hyperstability of general linear functional equation

4.1.1 Hyperstability results

Let F,K be two fields of real or complex numbers and X,Y be two
normed spaces over F, K, respectively. In this subsection, we use a modification of
Brzdek’s method in [4] to obtain two generalized hyperstability results for general

linear equation of the form

glax +by) = Ag(z) + Byg(y), (4.1.1)

where g : X — Y is a mapping and a,bA € F\{0}, A,B € K. Our results are

improvement and generalization of main results of Piszczek [10].

Theorem 4.1.1. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b € F\{0}, A,B €K and h: X — R be a function such that

1 1
My := {n eN:|Als ((n+1)) +|B|s (—bn) < 1} is an infinite set,
a

where s(n) :=1inf{t € Ry : h(nx) <th(x) for all v € X} for n € F\{0} such that
lim s(n)=0 and lim s(—n)=0. (4.1.2)

n—oo n—oo

Suppose that g : X —'Y satisfies the following inequality

lg(ax +by) — Ag(z) — Bg(y)|| < h(x) +h(y), =,y X\{0}. (4.1.3)

Then g satisfies the equation

glax+by) = Ag(x)+ Bg(y), =z,y€ X\{0}. (4.1.4)
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Proof. Replacing x by l(m—l— 1)z and y by —%mx for m € N in (4.1.3), we get
l9(@) = Ag (3 (m +1)z) = By (~jma)|

< (1(m+ 1)) +h (—imx) (4.1.5)
a
for all z, € X\{0}. For each m € My, we will define operator T, : Y X\ —
YXMO} by
Toél(a) = At ( (m+1)z ) + B¢ <—2m$) . rex\{0}ee v\ (416

Further put

il = i (i(m—i— 1)3:) +h (—2mx>
s (;‘(m+ ) +s (—2m)} W), zeX\{0}. (417)

<

Then the inequality (4.1.5) takes the form
[Tmg(x) = g(@)|| < em(z), =€ X\{0}.
For each m € M), the operator A, ]RX\{O} f\{o} which is defined by
Awit(@) i= 4l (5 m+1)2)) + |Bly (—me) . 1 e Rz e X\(0}

has the form (1.1.20) with k=2 and fi(z) = %(m—i—l) fo(x) = m:L’ Li(z) =
|A|, Lao(z) = |B| for z € X. Moreover, for every &,y € YA\ 2 e X\ {0}, we have

[Tmé(x) = Trp()|
= HA§ (Cll(m—l— 1):6) + B¢ <—11)m:c) —Au (Cll(er 1)&:) — Bpu (—ll)mx) ’
< 4] H§ (1 (m+ 1)x> — 1 <61L(m—|— 1)50) +|B| H£ (—2mx> — 1 (—2mx>

= ZL WECSi(x)) = ulfi(x))])-

By using mathematical induction, we will show that for each z € X\{0} we have

Al < [ (i(erl)) s <—2m)] 14l ( (m+1)) +1B]; <—2m)]nh(9§)
(4.1.8)
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for all n € Ny. From (4.1.7), we obtain that the inequality (4.1.8) holds for n = 0.
Next, we will assume that (4.1.8) holds for n =k, where k € Ng. Then we have

Aﬁj—lgm(x) = Am(Af:ngm(x))
= |A|AE e, (1(m—|— 1):5) +|B|AF e, (—27713:)
a

Ao (4n)]

Lo ) 1) 1)
aflomen) ()]

(G n) it (L))
(Lm0 -] o) 1)

This shows that (4.1.8) holds for n = k+ 1. Now we can conclude that the in-

IN

+|
¢

IN

equality (4.1.8) holds for all n € Ny. From (4.1.8), we get

e*(x) = i} Al em(x)

< Ebim) Gl G

n=0

[p(Glm+2) +5(=3m)| Ala

1—|Als (2 (m—i—l))—\B]s(—gm)

for all x € X\{0} and m € Mj. Thus, according to Theorem 1.1.10, for each m € M
there exists a unique solution Gy, : X\{0} — Y of the equation

Gon() = AG, <a(m—i—1) )>+BGm(—me>

such that

(2 +1) ()

, e X\{0}.
1—[Als (L(m+1)) —|Bls (~m) MO

l9(z) = Gm(2)]| <

We now show that
[ Tmg(ax +by) — ATng(x) — BT 9(y)ll

< (1415 (em 1) +1Bls (~3m)] (hta) + Aiw) (4.19)
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for every z,y € X\{0}, n € Ng. If n =0, then (4.1.9) is simply (4.1.3). So take
r € No and suppose that (4.1.9) holds for n =r and z,y € X\{0}. Then we have

175+ g(az +by) — AT+ g(x) — BT ()
= HA’TJLg 1(m+1)(am+by))+B7;Zg<—lljm(ax+by)>
1
—~A%T g (m—|—1) ) ABmg(—bmx>
1
_BAm<( (m+ 1)) = BT )]

IN

Al T (5 0n+ Dtaz-+00) - ATag (< m+ 1)) — BT2g((

+B1 | Tig (~gmiaa +0)) = ATig (~gma) = BT ()|

4111 ( (me+1)) +|Bls (—2m)]" ((h(l(er 1)z) +h( (m+1)y))

a

+1B] [|A|s< (m+1)>+\B|s<—2m)]n(h (—Zl)mx)+h(—ll)my>>
< [|A|s( (m+1))—|—]B|s<—2m>r+1(h(x)+h(y)).

Letting n — oo in (4.1.9), we obtain that

1(m—i— 1)y>”

a

IN

Gm(az +by) = AGm(z) + BGm(y), =,y € X\{0}.

So, we have a sequence {G, }menr, of functions satisfying equation (4.1.4) such

that
[s(2m+1))+5(—3m)| h(=)
z)—Gp(2)] < r e X\{0}.
lg(x) (@)]] 1—’A|S( (m+1)) ’B|S( % ) € X\{0}
It follows, with m — oo, that g also satisfies (4.1.4) for z,y € X\{0}. O

In 2015, Brzdek [5] proved the following result.

Lemma 4.1.2 ([5]). Assume that X is a linear space over a field F, Y is a linear

space over a field K, a,b e F\{0}, A,B€K, and g: X =Y satisfies
glax +by) = Ag(x) + By(y), x,y€ X\{0}.
Then g satisfies the equation

glax+by) = Ag(z) + Bg(y), =y€X.
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By using Theorem 4.1.1 and Lemma 4.1.2, we get the following result.

Theorem 4.1.3. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b € F\{0}, A,B€K and h: X — Ry be a function such that

1
My = {n eN:|Als (1(n+1)) +|Bls (—bn) < 1} is an infinite set,
a
where s(n) :=inf{t € Ry : h(nz) <th(x) for all x € X} for n € F\{0} such that
lim s(n)=0 and lim s(—n)=0. (4.1.10)

n—oo n—oo

Suppose that g : X =Y satisfies the following inequality

lg(az +by) — Ag(x) = Bg(y)|| < h(z)+h(y), x,y € X\{0}. (4.1.11)
Then g satisfies the equation

glax+by) = Ag(x)+ Bg(y), =,yeX. (4.1.12)
Remark 4.1.4. If g satisfies (4.1.11) with A = B =0, then, by Theorem 4.1.3,
glaz+by) =0
for all z,y € X, whence, it follows that
g(x) =0

for x € X.

By using Theorem 4.1.1, Lemma 4.1.2 and the same technique in the
proof of Corollary 4.8 of Brzdek [5], we get Corollary 4.1.5. Then, in order to

avoid repetition, the details are omitted.

Corollary 4.1.5. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b € F\{0}, A,B€eK, C: X xX =Y be a given mapping and
h: X — Ry be a function such that

1 1
My = {n eEN:|Als ((n—l—l)) +|B|s (—bn) < 1} is an infinite set,
a
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where s(n) :=inf{t € Ry : h(nx) <th(x) for all x € X} for n € F\{0} with
nh_)rrolos(n) =0 and nli_}rrolos(—n) =0. (4.1.13)

Suppose that g : X —'Y satisfies the following condition
lg(az +by) — Ag(z) — Bg(y) — C(z,y)|| < h(z) +h(y), =,y € X\{0}
and the functional equation
flax+by)=Af(x)+Bf(y)+C(z,y), =z,yeX. (4.1.14)
has a solution fo: X — Y. Then g satisfies the equation

g(ax+by) = Ag(z) + Bg(y) +C(z,y), =z,yeX.

Under the assumption of Corollary 4.1.5 it is easily see that in the
case A+ B # 1 and C is a constant function C(z,y) := C, we get the function
fo: X — Y, which is defined by

C

A T )

satisfies the functional equation (4.1.14). Then we get the following result.

Corollary 4.1.6. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b e F\{0}, A,B€K with A+ B#1, C€Y and h: X — R, be

a function such that

1 1
My = {n eN:|A|s <(n+1)> +|B|s (—bn) < 1} is an infinite set,
a
where s(n) :=inf{t € Ry : h(nz) <th(x) for allx € X} for n € F\{0} with
lim s(n)=0 and lim s(—n)=0. (4.1.15)

n—oo n—oo

Suppose that g : X =Y satisfies the following condition
lg(az +by) — Ag(x) — Bg(y) — C|| < h(z) +h(y), =,y € X\{0}.
Then g satisfies the equation

glar+by) = Ag(x) + Bg(y) +C, =,y € X.
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Next, we prove new generalized hyperstability results for general linear
equation along with the modified Brzdek’s technique in [4] Also, we show that the
hyperstability results of Piszczek [11] can be derived from the following result.

Theorem 4.1.7. Let X and Y be two normed spaces over fields F and K, respec-
tively, a,b € F, A,B € K\{0} and u,v: X — Ry be a function such that

1
MO._{neN.’A

B
s1(a+bn)s2(a+bn)+ ’A

s1(n)sa(n) < 1} is an infinite set,

where

s1(n) :=inf{t € Ry : u(nz) <tu(zx) for all x € X}

and

so(n) :=inf{t € Ry :v(nx) < tv(x) for allx € X}

for n € F\{0} such that sy, s2 satisfies the following the conditions:
(W1) nlL%Sl(in)SQ(in) =0;

(Ws) nli_>rrolosl(n) =0 or nh_{%OSQ(n) =0

Suppose that g : X — 'Y satisfies the following inequality

|g(az +by) — Ag(z) — Bg(y)|| < u(z)v(y), =,y € X\{0}. (4.1.16)

Then g satisfies the equation
glar+by) = Ag(x) + Bg(y), =,y € X\{0}. (4.1.17)

Proof. First we notice that without loss of generality we may assume that Y is a

Banach space, because otherwise we can replace it by its completion.

From the condition (W3), we may assume that Jim s2(n) =0. Replac-

ing y by ma for m € N in (4.1.16) we get
|lg(ax +bmx) — Ag(x) — Bg(mz)|| < w(z)v(mz), = X\{0} (4.1.18)

and

B

— 19 < Ul‘ u(z)v(mz), =€ X\{0§4.1.19)

| Spota-+bma) — (@) - Zgtma)
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We now define operator 7y, : yX\0} _y y XA\ {0} by

Toé(x) = ;f((a+bm)a:) - if(mx), re X\[0}.ec YO (41.90)
and put
em(z) = ‘A‘u(x)v(mx)
< m)u(z)v(z), =€ X\{0}. (4.1.21)

Then the inequality (4.1.19) takes the form

[Tmg(x) —g(@)l| < em(z), =€ X\{0}.

For fixed natural number m € My, the operator A : RX\{O} — RX\{O} which is
defined by
Apn(x ‘A’n ((a+bm)x ‘A‘n ma) nERX\{O}xEX\{O}

has the form described in (1.1.20) with k=2 and fi(z) = (a+bm)zx, fo(x) =
Li(x ‘A ’B‘ for all z € X. Furthermore, for each &, € YX\{O} and

x € X\{0}, we obtain that

[Tmé () = Trmp(@)[| =

"Af((a+bm)x) - if(mx} > ;M((Cﬁme)x) + iu(mm)
& mllﬁ a+bm)x)—u((a+bm)x)||+‘i'Hg(mx)_ﬂ(mx)“

_ ZL JEi() = fi))

= ZL )IE =) (fi())]].

Next, we will show that for each n € Ny, we get

Ay em(z ‘i 81<m>82(m):|nSQ(m)U(LU)U(IE'),
(4.1.22)

for all z € X\{0}. It is easy to see that the inequality (4.1.22) holds for n =0. By

s1(a+bm)sa(a+bm)+

< lall
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the definition of A, and &,,, we can see that

Apem ()

IN - IA

A

Ds-\HNHtMH

em((a+bm)x)+ 1 Em(mz)
|5 satmputa+ myeyetarmya) +| 3] 5 [satmyutmeyeme)
jlsz< Js1(a+bm)sa(a+bm)u(z)o(x)
m)u(z)v(z)
[ - 51<a+bm>52<a+bm> +[5 [s10mpsaom)] sa(mputeyote)

From the above relation, we get

A%ngm(l’) = ¥ (A e m))

IA

- Gl

’i e

N emiamd)

A

s1(a+bm)sa(a+bm)+ 1

Sl(m)SQ(m):|

< [l

T e (A e >}

_’_

S

s1(a+bm)sa(a+bm)

3 \{! 1

B lsstmpsaton) | satmputoma)oma)

Al Al

1(m)sa(a+bm)u (m)v(m)}

{1l

B

B

5 81(m>82<m):|

si(a+bm)sa(a+bm)+

s1(a+bm)sa(a+bm)+

A

B lsatmsatm] s mpsat ><x>v<x>}

2

sl(m)sz(m)] so(m)u(x)v(x).

A

s1(a+bm)sa(a+bm)+

In the same way, we have

Anem(z) =

1

A

|

n

L
A

s1(a+bm)sa(a+bm)+ "

Sl(m)SQ(m)] so(m)u(x)v(x), =€ X\{0}
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for all n € Ny This yields that

e (x) = iA%sm(x)
n=0

= g‘;‘ Hjl sl(a—l—bm)sz(a—l—bm)-i-’i Sl(m)SQ(m)]n52(m)u(x)v(x)
Nk sa(m)u(z)o(z)
B ‘A‘ 1—‘i’sl(a—l—bm;§2(a—|—bm)—’ﬁ‘sl(m)SZ(m)]

for all x € X\{0} and m € My. By using Theorem 1.1.10, for each m € My there
is a unique solution Gy, : X\{0} — Y of the equation

X0 = ;Gm((a—i-bm)x) 3 ]ij(mx)

such that

sa(m)u(z)v(x)
1-— ‘%’ s1(a+bm)sa(a+bm) — ’%’Sl(m)SQ(m)

lo(2)~Gm(@)l < | 5]

] , e X\{0}.

Here we will show that for each n € Ny, we have

| Tmg(az+by) — AT 7 g(x) — BT 9(y)|l

[F
< =
i T4
for every z,y € X\{0}. If n =0, then (4.1.23) is simply (4.1.16). So take r € Ny
and suppose that (4.1.23) holds for n =r and z,y € X\{0}. Then

s1(a+bm)sa(a+bm)+ ’i s1 (m)sz(m)] y u(z)v(y) (4.1.23)
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| T g(ax +by) — AT, g(x) — BT, g(y) ||

(5 7ms (a-+bm)a) + = T ()
(s + 5Tt
< HA 5 a+bm)52(a+bm)+‘ 51 )SQ(m)T i@+ bmyz)v((a+bm)y)
HA s1(a-+bm)sa(a+bm) +'A e ): ma)v(my)
< [|x]s1tarompsatatom) |5 Lsiomysam] [ 5]s1(a+ bmysata-s bmjuta)oy
+[|[srterbmisataom)+ |2 |simpsa(m)] |5 ssmepsamayutero(y
= [| 5|t bmysatact by + m>52<m>}mu<x>v<y>.

This shows that the inequality (4.1.23) holds for all n € Ny. Letting n — oo in
(4.1.23), we obtain that

Gm(az+by) = AGm(z) + BGm(y), =,y € X\{0}.
Then {Gy, }men, is a sequence of functions satisfying equation
glaz+by) = Ag(z)+ By(y), =,y € X\{0}

such that

sa(m)u(z)v(x) z e X\{0}.

1— ‘%‘sl(a—l—bm)sQ(a—%bm) — ‘%’sl(m)@(m) 7

lo()-Gm(@)l <| 5

It follows, with m — oo, that g is a general linear equation.

On the other hand, we will assume that lim s1(n) = 0. Replacing z
by my for m € N in (4.1.16) and using similar method in the first case, it follows

that the same result. This completes the proof. O

Recently, Brzdek [5] proved that if g : X — Y satisfies the general linear
equation on X\{0}, then ¢ satisfies the general linear equation on X. By using

this observation and Theorem 4.1.7, we get the following result.
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Theorem 4.1.8. Let X and Y be two normed spaces over fields F and K, respec-
tively, a,b € F, A,B € K\{0} and u,v: X — Ry be a function such that

1 B
My := {n eN: ’A si1(a+bn)sa(a+bn)+ ‘ s1(n)sa(n) < 1} is an infinite set,

A

where

s1(n) :=inf{t € Ry : u(nz) < tu(x) for all x € X'}

and

so(n) :=inf{t € Ry :v(nx) <tv(x) for allx € X}

for n € F\{0} such that sy, s2 satisfies the following the conditions:
(W1) nli_>rrolosl(:|:n)52(:|:n) =)
(Ws) nlgrgosl(n) =0 or nlLHQlQSQ(TL) =0
Suppose that g : X —'Y satisfies the following inequality
lg(az +by) — Ag(z) — Bg(y)|| < u(z)v(y), =,y € X\{0}.
Then g satisfies the equation
glax +by) = Ag(x)+ By(y), x,yeX.
Remark 4.1.9. From Theorem 4.1.8, if A= B =0 and ¢ satisfies (4.1.16), then
glaz+by) =0

for all z,y € X. This implies that g(z) =0 for all x € X.

According to Theorem 4.1.7 and the same technique in the proof of
Corollary 4.8 of Brzdek [5], we get the following hyperstability results of inhomo-

geneous functional equations.

Corollary 4.1.10. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F, A,B € K\{0}, C: X x X =Y be a given mapping and u,v :
X — Ry be a function such that

1 B
My = {n eN: ’A si1(a+bn)sa(a+bn)+ ‘ s1(n)sa(n) < 1} is an infinite set,

A
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where

s1(n) :=inf{t € Ry : u(nz) <tu(z) for all x € X}

and

sa(n) :=inf{t € Ry : v(nz) <tv(z) for all x € X'}
for n € F\{0} such that sy, s2 satisfies the following the conditions:
(W1) nli_>1r01051(j:n)52(j:n) =0;
(Ws) nlgrgosl(n) =0 or nlLIlgOSQ(TL) ()
Suppose that g : X —'Y satisfies the following inequality
lg(az +by) — Ag(x) = Bg(y) = C(z,y)|| <u(z)v(y), =y e X\{0}
and the functional equation
flaz+by)=Af(z)+Bf(y)+C(z,y), z,y€X. (4.1.24)
has a solution fo: X — Y. Then g satisfies the equation
glax+by) = Ag(x)+ Bg(y) +C(x,y), z,yeX.

Corollary 4.1.11. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F, A,B € K\{0}, C: X x X =Y be a given mapping and u,v :
X — Ry be a function such that

1 B
My = {n eN: 'A s1(a+bn)sa(a+bn)+ ‘

A

s1(n)sa(n) < 1} is an infinite set,

where

s1(n) :==inf{t € Ry : u(nz) < tu(x) for all x € X'}

and

so(n) :=inf{t € Ry :v(nx) < tv(x) for allx € X}

for n € F\{0} such that s1,s2 satisfies the following the conditions:

(W1) JLII&OSl(in)SQ(:IZTL) =0;
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(W3) Jgrréosl(n) =0 or nli_>l’rolo$2<n) =0.
Suppose that g : X — 'Y satisfies the following inequality
lg(az+by) — Ag(x) — Bg(y) — Cl| < u(x)o(y), =,y € X\{0}.
Then g satisfies the equation
glax+by) = Ag(x)+ Bg(y)+C, z,ye X.

Proof. Note that the function fy: X — Y, which is defined by

C
W47 A — P

satisfies the functional equation (4.1.24). By using Corollary 4.1.10, we get this
result. O

To the end of this subsection we give another simple application of

Theorem 4.1.8.

Corollary 4.1.12. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F\{0}, A,B € K\{0} and u,v: X — Ry be a function such
that

1
M@—{nENwA

B
s1(a+bn)sa(a+bn)+ ’ s1(n)sa(n) < 1} is an infinite set,

A

where

s1(n) :=inf{t € Ry 1 u(nz) < tu(x) for all z € X}

and

so(n) :=inf{t € Ry : v(nx) <tv(z) for all x € X'}
for n € F\{0} such that sy, s2 satisfies the following the conditions:
(W) lim si(£n)sz(+n) = 0;

(Ws) Jgrr&osl(n) =0 or nli_>1101052(n) =0.
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Suppose that H : X x X —Y is a mapping with H(w,z) # 0 for some w,z € X

and it satisfies the following inequality
[H (z,y)l| < u(z)o(y), z,ye X\{0}.
Then the functional equation
h(ax+by) = Ah(x)+ Bh(y)+ H(z,y), z,yeX (4.1.25)

has no solutions in the class of functions h: X —Y.

Proof. Suppose that h: X — Y is a solution to (4.1.25). Then (4.1.16) holds,
and consequently, according to Theorem 4.1.8, h is general linear. This implies
that H(w,z) =0 for all w,z € X, which is a contradiction. This completes the

proof. O

4.1.2 Some particular cases

According to Theorem 4.1.3, Corollary 4.1.5 and Corollary 4.1.6 with
h(z) :=c||z||P for all z € X, where ¢ >0 and p < 0, we get the improvement of the

main result of Piszczek [10] as follows.

Corollary 4.1.13. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b € F\{0}, A, B€K, ¢>0, p<0 and g: X =Y satisfies the

following inequality
lg(az +by) = Ag(x) = Bg(y)l| < cll=|” +[yll), =,y € X\ {0} (4.1.26)
Then g satisfies the equation
glaz+by) = Ag(z) + Bg(y), =yecX.

Corollary 4.1.14. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b € F\{0}, A, B€K, c>0,p<0and C: X xX —Y be a given
mapping. Suppose that g: X — 'Y satisfies the following inequality

lg(azx +by) — Ag(x) — Bg(y) — C(z,y)|| < c(z||P+1lylIP), =,y € X\{0}
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and the functional equation
flax+by)=Af(x)+Bf(y)+C(z,y), =z,yeX. (4.1.27)
has a solution fo: X — Y. Then g satisfies the equation
glax+by) = Ag(xz)+ Bg(y)+C(x,y), z,y€X.

Corollary 4.1.15. Let X be a normed space over a field F, Y be a Banach space
over a field K, a,b e F\{0}, A, BeK with A+ B#1,¢>0,p<0 and C€Y.
Suppose that g : X —'Y satisfies the following inequality

lg(az+by) — Ag(x) — Bg(y) = Cl| < c([[=]|P +[[ylIP), .,y € X\{0}.
Then g satisfies the equation

glaz +by) = Ag(x) + Bg(y) +C, =z,yeX.

Next, we show that hyperstability result of Piszczek (Theorem 2.1 in
[11]) and hyperstability result of inhomogeneous general linear equations can be

derived from our main results.

Corollary 4.1.16 ([11]). Let X andY be two normed spaces over fields F and K,
respectively, a,b € F, A,B € K\{0}, c>0, p,g e R withp+q<0 andg: X =Y

satisfies the following inequality
lg(az +by) — Ag(x) = Bg(y)|| < cll=|"llyl?), =,y € X\{0}. (4.1.28)
Then g satisfies the equation
glax+by) = Ag(x)+ Bg(y), w,yeX.
Proof. Let u,v: X — R, be defined by

w(x) = s|z]|? and o(r) = r|z],
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where s,t € Ry with sr =c. Now we have
si(n) = inf{t € Ryju(nz) <tu(z) for all z € X}

= inf{t € Ry|s||nz||P < ts||z|]P for all x € X}

= inf{t € Ry||n|P||z||P < t||z||P for all z € X'}

= inf{t e Ry||n|P <t}

= |nf
and

so(n) = inf{t € Ry|v(nz) <tw(z) for all z € X}

= inf{t € Ry|r|nz||? < tr|z|| for all z € X'}

= inf{t € Ry||n|?||z||? < t||z|? for all x € X}

= inf{t e Ri||n|? <t}

= |n|%
Then we obtain that

i = i ptq

Jlim_ s1(£n)sz(£n) = lim |nfP™ = 0.
Next, we will claim that nlgrgosl(n) (Rt nlgrgosz(n) = 0. Since p,q € R with
p+q<0,weget p<0org<0. If p<0, we get

A, o1(n) = ligg |nl” =0.
On the other hand, if ¢ <0, then
: L q_
dim sp(n) = lim |n|? =0.

It is easy to see that M is an infinite set. All conditions in Theorem 4.1.8 now

hold. Therefore, we obtain this result. This completes the proof. O

Corollary 4.1.17. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F, A,B € K\{0}, ¢c>0, p,g e R withp+¢<0 and C: X x X —

Y be a given mapping. Suppose that g: X —'Y satisfies the following inequality

lg(az +by) — Ag(x) — Bg(y) — C(z,y) | < cll=[Pllyll?, 2,y € X\{0}.
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and the functional equation
flax+by)=Af(x)+Bf(y)+C(z,y), z,yeX.

has a solution fo: X —Y. Then g satisfies the equation
glax+by) = Ag(x)+ Bg(y)+C(x,y), xz,y€X.

Corollary 4.1.18. Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F, A, B € K\{0}, ¢ >0, p,g € R with p+q<0 and C €Y.

Suppose that g : X — 'Y satisfies the following inequality
lg(az +by) — Ag(z) — By(y) = C|| < cll=|Pllyll?, =,y € X\{0}.
Then g satisfies the equation

glaz+by) = Ag(z) + Bg(y) +C, =z,y€ X.

4.1.3 Open problems

The following hyperstability also have been studied by Piszczek in [11].

Theorem 4.1.19 ([11]). Let X and Y be two normed spaces over fields F and
K, respectively, a,b € F\{0}, A,B € K\{0}, ¢ >0, p,q € R with p+q >0 and
g: X =Y satisfies the following inequality

lg(az +by) = Ag(x) = Bg(y)|| < c(ll=|"llyl|?), =,y € X\{0}. (4.1.29)
If (4> 0 and |a|PT@ #|A|) or (p>0 and |b|PT # | B|), then g satisfies the equation
glaz+by) = Ag(x) + By(y), z.y€X.

Theorem 4.1.20 ([11]). Let X and Y be two normed spaces over fields F and K,
respectively, a,b € F\{0}, A,B€ K\{0}, ¢>0, p,¢>0 and g: X =Y satisfies the

following inequality
lg(az +by) — Ag(z) — Bg(y)|| < c([=["llyl|T), z,y€X. (4.1.30)
If |a|PT2 £ |A] or |b|PT9 £ |B|, then g satisfies the equation

glax+by) = Ag(z) + Bg(y), =,y€X.
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The study of the improvement of Theorems 4.1.19 and 4.1.20 along

with the similar technique in this paper still open for interested mathematicians.

4.2 Hyperstability of Drygas functional equation

Let X be a nonempty subset of a normed space such that 0 ¢ X and X
is symmetric with respect to 0 (i.e., z € X implies that —z € X ) and Y be a Banach
space. The purpose of this work is to study two new generalized hyperstability

results of the Drygas functional equation of the form

fla+y)+flz—y) =2f(x)+ f(y) + f(~y),

where f maps from X into Y and x,y € X with z+y,z—y € X. Our first main re-
sult in this section is an improvement of main results of Piszczek and Szczawinska
[12] Moreover, the corresponding hyperstability results of inhomogeneous of Dry-

gas functional equation can be derived from our main results.

4.2.1 Hyperstability results

In this subsection, we give two generalized hyperstability results of Dry-
gas functional equation under the appropriate conditions of domain and codomain

of unknown function. We now give the first main result in this work.

Theorem 4.2.1. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X is symmetric with respect to 0 and Y be a Banach space. Suppose that
there exist ng € N with nx € X for allx € X, n € Ny, and a function h: X — R4

satisfying
My :={neNy,:2s(n+1)+s(n)+s(—n)+s(2n+1) <1} is an infinite set,

where
s(n) :=inf{t € Ry : h(nz) < th(z) for all z € X'}

and it satisfies the following condition for n € N:

lim s(n)=0 and lim s(—n)=0. (4.2.1)

n—oo n—o0
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If f: X =Y satisfies the following inequality

1f(x+y)+ flx—y)—2f(z) = f(y) = F(=y)|| < h(z)+h(y) (4.2.2)

for all x,y € X with x+y,x—y € X, then f satisfies the equation

fle+y)+fle—y)=2f(2)+ f(y) + f(~y) (4.2.3)

forall z,y € X.

Proof. Replacing = by (m -+ 1)x and y by mx for m € My in (4.2.2), we get

12f ((m+1)z) + f(mz) + f(=mzx) = f((2m+1)z) — f(2)]] < h((m+1)z) +h(mz)
(4.2.4)
for all 2,y € X. For each m € My, we will define operator T, : YX — YX by

Tk () := 26((m~+1)2) +E(ma) +E(—ma) —E(2m+1x), ze X, EeYX.
(4.2.5)
Further put
em(x) = h((m+1)x)+ h(mz)
< [s(m+1)+s(m)h(z), z€X. (4.2.6)

Then the inequality (4.2.4) takes the form
[T f(x) = f(2)]| < em(z), z€X.

For each m € My, the operator Ay, : R — R which is defined by

Apn() = 2n((m+1)2) +n(mz) +n(—mz) +n(2m+1)z), neRY zeX
has the form (1.1.20) with k =4 and fi(2) = (m+ 1)z, fo(x) = mz, f3(z) = —mz,
fa(x) = (2m+ 1)z, L1(z) =2 and La(x) = L3(x) = Ly(z) = 1 for 2 € X. For each
E,neYX, xe X, we have

[Tmé (@) = Trnp(2) | = [126((m +1)2) +&(ma) + §(—=mzx) —£((2m + 1))
—2p((m+1)z) — p(maz) — p(—mz) + p((2m+1)z)|
2[[(€ = p)((m+ 1)) || +[|(§ = p) ()]

+|I(€ ) (=mz)|| +[[(§ —p)((2m+1)z)]]

= ZL )&= mw)(filz))]]-

IN
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By using mathematical induction, we will show that for each x € X we have
A e () <[s(m+1)+s(m)][2s(m+1)+s(m)+s(—m)+s(2m+1)]"h(z) (4.2.7)

for all n € Ny. From (4.2.6), we obtain that the inequality (4.2.7) holds for n = 0.
Next, we will assume that (4.2.7) holds for n =k, where k € Ny. Then we have

Aem(@) = Ap(Ahem(e))
= 2AF e ((m+1)2) + AR e (ma) + AF e (—max) + AR e (2m+1)2)
< [s(m+1)+s(m)][2s(m + 1)+ s(m) + s(=m) + s(2m + 1)]*
2h((m+ 1)z) + h(mx) + h(—mz) + h((2m+1)z)]
)

< [s(m+1)+s(m)][2s(m+1)+s(m)+ (—m)+s(2m—|—1)]k+1h(x).

This shows that (4.2.7) holds for n = k+1. Now we can conclude that the in-
equality (4.2.7) holds for all n € Ny. From (4.2.7), we get

e*(x) = i:éo )

< > ls(m+1)+s(m)]2s(m+1) + s(m) + s(—m) + s(2m + 1)]"h(z)

n=0
[s(m+1)+s(m)]h(x)
1—-2s(m+1)—s(m)—s(—m) —s(2m+1)

for all z € X and m € Mjy. Thus, according to Theorem 1.1.10, for each m € M

there exists a unique solution F;, : X — Y of the equation
Fn(x) =2F,((m+1)z) 4+ Fyp(max) + Fp(—ma) + Fp (2m+1)x)

such that

I< [s(m+1) +s(m)]h(z)
~1-2s(m+1)—s(m)—s(—m)—s(2m+1)’

1/ () = Fm () z€X.

We now show that
| T f(@+y)+Tn f(x—y) =2T5 f(2) = T f(y) = T f (=)

< [2s(m+1)+s(m)+s(—m)+s(2m+1)]"(h(x) + h(y)) (4.2.8)
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for every z,y € X with z+y,x —y € X and n € Ng. If n =0, then (4.2.8) is simply
(4.2.2). So take r € Ny and suppose that (4.2.8) holds for n =r and z,y € X such
that x+y,xr —y € X. Then we have

[Tt f ) + T (= y) = 2T f (@) = T f(y) = T F (=)

= 1275 f((m+1)(@+y) + Ty f(m(z+y) + Ty f(=m(z +y)) = T f(2m+ 1)(z +y))
2T f((m+1)(x —y) + T f (m(z =) + T f (=m(x —y)) = T f(2m + 1) (z — y))
=227 f((m+1)x) + Ty f(mx) + Ty, f (=ma) = T f((2m+ 1))

=27 f((m+1)y) = T f(my) — T f(=my) + T f(2m+ 1)y)

—2T5 f(m+1)(=y)) = Ty f (m(=y)) = T f(=m(=y)) + T f (2m+ 1) (=y))|
[25(m+1) +s(m) + s(=m) +s(2m +1)]"

IN

[2h((m+1)x)+2h((m+1)y) + h(max) + h(my)
+h(—mx)+h(—my) +h((2m+1)z) + h((2m+ 1)y)]
= [2s(m+1)+s(m) +s(—m) +s(2m+ 1)]" T (h(z) + h(y)).
Letting n — oo in (4.2.8), we obtain that
Fm(x+y> +Fm<x oy y) o~ 2Fm(x) “_Fm(y) +Fm(_y>

for all z,y € X with 2 4+y,x —y € X. So, we have a sequence {Fy,}menm, of
functions satisfying equation (4.2.3) such that

[s(m+1) + s(m)]h(z)
1#z) = ()H_1—2s(m+1)—s( )—s(—m) —s2m+1)’

It follows, with m — oo, that f also satisfies (4.2.3) for z,y € X. O

ze X.

Next, we give the second main result. The idea of the next theorem
derived from [11] which Piszczek have studied hyperstability of the general linear

functional equation.

Theorem 4.2.2. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X be symmetric with respect to 0 and Y be a Banach space. Assume that
there exist ng € N with nx € X for allz € X, n € Ny, and functions u,v: X — Ry

satisfying

My :={n e Ny, :2s1(n+1)sa(n+1)+si1(n)s2(n)+si(—n)sa(—n)
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+s51(2n+1)s2(2n+1) < 1} is an infinite set,
where

si1(n) :=inf{t € Ry : u(nz) < tu(z) for all x € X'}

and

so(n) :=inf{t € Ry :v(nx) < tv(x) for allz € X}
such that s1,so satisfy the following the conditions for all n € N:
(W1) nli_>1r01051(:|:n)52(:|:n) =5
(W) nlgrgosl(n) =10 og nILI%OSQ(n) ==().
If f: X =Y satisfies the following inequality
1f(z+y) + (e —y) = 2f(x) = f(y) = F(=y)l| < u(z)o(y) (4.2.9)
forall x,y € X with x+y,x—y € X, then f satisfies the equation
fla+y)+ flz—y) =2/ (@) + fly) + F(-y) (4.2.10)

forall x,y € X.

Proof. Replacing x by (m+ 1)z and y by ma for m € My in (4.2.9), we get
12f((m+1)z) + f(mz) + f(—mz) = f((2m+1)z) — f(2)]

<u((m+1)z)v(mx) (4.2.11)
for all z,y € X. For each m € My, we will define operator Ty, : YX — YX by

& () :=26((m+1)z) +E(ma) + E(—ma) —E((2m+1)z), z€ X, €Y.
(4.2.12)

Further put

em(x) = u((m+1)z)v(mz)

< [si(m+1)se(m)]u(x)v(z), =€ X. (4.2.13)
Then the inequality (4.2.11) takes the form

| T f () = f(z)|| <em(z), z€X.
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For each m € My, the operator A, : ]Ri( — Ri( which is defined by
An(z) = 2n((m+ 1)x) + n(mz) +n(—mz) +n(2m+1)z), neRY,zeX

has the form (1.1.20) with k=4 and fi(x) = (m+ 1)z, fao(x) =mz, f3(z) = —mz,
fa(x)=(2m+ 1)z, L1(z) =2 and Lo(x) = L3(z) = Ly(x) =1 for x € X. For each

E,ueYX ze X, we have

[Tm€(2) = Tmp(@) || = [126((m+ 1)a) + &(ma) +E(—mx) — £(2m +1)x)
—2p((m+1)z) — p(maz) — p(—=mz) + p((2m +1)z)]|
2[[(€ = ) ((m+ 1)) +[|(§ — p) (ma)]|

+|I(§ w)(=mz)|| +[1(§ —p)((2m+1)z)]|

= ZL M = w)(filz))]]-

IN

By using mathematical induction, we will show that for each x € X we get

Arem(z) < [2s1(m+1)s2(m+ 1)+ s1(m)s2(m)+ s1(—m)sa(—m)

+s1(2m+1)s2(2m+1)]"[s1(m+ 1)se(m)]u(z)v(z) (4.2.14)

for all n € Ny. From (4.2.13), we see that the inequality (4.2.14) holds for n = 0.
Next, we will suppose that (4.2.14) holds for n = k, where k € Ny. Then we have

Afn+15m(33) = Am(Afngm(x))

= 2AF e (m+1)z) + AX e, (ma) + AF e, (—ma) + AF e (2m +1)2)

IN

[s1(m +1)s2(m)][2u((m+ 1)z)o((m+1)z)

Fu(ma)o(ma) + u(—ma)v(—ma) +u((2m + Da)o((2m+1)z)]
2s1(m+1)sz(m+1) + s1(m)s2(m) + s1(—m)sz(—m)
+51(2m+1)s3(2m +1)]F

[s1(m +1)s2(m)]u(@)v(z)[251(m +1)s2(m+ 1) + s1(m)s2(m)

+51(—m)sa(—m) + s1(2m+1)s9(2m +1)]F L.

IN

This yields that (4.2.14) holds for n = k+1. Then we can summarize that the
inequality (4.2.14) holds for all n € Ng. From (4.2.14), we get
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e(x) = io:OAnem(:v)
< [si(m+1)sa(m)ju(z)v(x)

io: [2s1(m+1)s2(m+ 1)+ s1(m)sa(m) + s1(—m)sa(—m) + s1(2m+1)sa(2m + 1)]"
n=0

[s1(m+1)sa(m)]u(z)v(z)
1—2s1(m+1)so(m—+1)—s1(m)sa(m) — s (—m)sa2(—m) — s1(2m+1)s9(2m+1)

for all x € X and m € My. Thus, according to Theorem 1.1.10, for each m € My

there exists a unique solution £, : X — Y of the equation
Fo(z) =2F((m+1)x) 4+ Fp(mx) + F(—mx) + Fi((2m + 1))
such that

ze X.

I () = Fyn(z) [8<m+1>)+im>]h<x>

I< 1—-2s(m+1)—s(m (=m) —s(2m+1)°

Next, we will show that

[T f (@ +y) + T f (@ —y) = 2T5f(2) = T f(y) = T f (=9)

< [2s1(m4+1)sa(m+1)+s1(m)sa(m) + s1(—m)sa(—m) + s1(2m+1)s2(2m +1)]"

u(z)o(y) (4.2.15)

for every z,y € X with x+y,z—y € X and n € Ng. If n =0, then (4.2.15) is
simply (4.2.9). Then take r € Ny and assume that (4.2.15) holds for n =r and
x,y € X with z+y,xr —y € X. Then we have
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IT5t @+ y) + T (e —y) = 2T f () = T f () = T (=)l

= 275/ ((m+D)(x+y)) + T f (m(z +y) + T f(=m(z +y) = Ty f(Cm+1) (2 +y))

2T f((m+1)(z—y) + T f (m(z — ) + T f (=m(x —y)) = T f(2m+ 1) (z — y))
=2QT f ((m~+1)x) + To f (ma) + Ty f(—=ma) = T f(2m + 1))

=275 f((m+1)y) =Ty f (my) = T f (=my) + T f(2m+1)y)

=27 f(m+1)(=y)) = T f (m(=y)) = T f (=m(=y)) + T f(2m~+1) (=y))]]
2s1(m+1)sa(m+1) + s1(m)s2(m) + s1(—=m)sz(—m) +s1(2m+1)s2(2m +1)]"

IA

2u((m+1)z)v((m+1)y) +u(mz)v(my)
+u(—maz)v(—my) + u((2m+ 1)z)v((2m+1)y)]
= [2s1(m+1)sa(m+1)+s1(m)sa(m)

+51(—m)sa(—m) + 51 (2m+1)so(2m+ 1)) Mu(z)v(y).
Letting n — oo in (4.2.15), we obtain that
F(z+y) + Fn(r —y) = 2F5(2) + Fin(y) + Fn(—y)

for all z,y € X with 2 4+y,v —y € X. Then, we have a sequence {F,}men, of
functions satisfying equation (4.2.10) which
1f(z) = F(2)|

< [s1(m +1)sa(m)]u(x)v(z)
~1-2s1(m+1)sa(m+1) —si1(m)sa(m) — s1(—m)sa(—m) — s1(2m+1)s2(2m+1)

for all x € X. It follows, with m — oo, that f also satisfies (4.2.10) for z,y € X. O

By using Theorems 4.2.1, 4.2.2 and the same technique in the proof
of Corollary 4.8 of Brzdek [5], we get Corollaries 4.2.3 and 4.2.4, that is, the
hyperstability results of inhomogeneous of Drygas functional equation. Then, in

order to avoid repetition, the details are omitted.

Corollary 4.2.3. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X be symmetric with respect to 0, Y be a Banach space and C : X x X —»Y

be a given mapping. Suppose that there exist ng € N with nx € X for all z € X,
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n € Ny, and a function h: X — Ry satisfying
My :={neNy, :2s(n+1)+s(n)+s(—n)+s(2n+1) <1} is an infinite set,

where

s(n) :=inf{t € Ry : h(nz) < th(z) for all z € X'}

and it satisfies the following condition for all n € N:

lim s(n)=0 and lim s(—n)=0.
n—oo n—oo

If f: X =Y satisfies the following inequality

If(z+y)+ f(z—y)—2f(2) = f(y) = f(=y) = Clz,y)|| < h(z)+h(y)

for all x,y € X with x+y,x—y € X and the functional equation

gz +y)+g(z—y)=29(z)+9(y) + 9(~y) + C(,y) (4.2.16)

has a solution gy : X — Y, then f satisfies the equation

flx+y)+flz—y)=2f(z)+ f(y) + f(~y) + C(z,y)
forall x,y € X.

Corollary 4.2.4. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X be symmetric with respect to 0 and Y be a Banach space and C: X x X =Y
be a given mapping. Assume that there exist ng € N with nx € X for all v € X,

n € Ny, and functions u,v : X — Ry satisfying
My :={ne Ny, :2s1(n+1)sa(n+1)+si(n)s2(n)+si(—n)sa(—n)

+s1(2n+1)s2(2n+1) < 1} is an infinite set,

where

s1(n) :=inf{t € Ry : u(nz) < tu(x) for all x € X'}

and

so(n) :=inf{t € Ry :v(nx) < tv(x) for allxz € X}

such that s1, s satisfy the following the conditions for all n € N:
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(W1) T}eréosl(in)SQ(j:n) =0;
(Ws) Abrlgosl(n) =0 or nlLIgOSQ(n) =0.
If f: X =Y satisfies the following inequality
Iz +y)+ flz—y) =2f(x) = f(y) = f(=y) = Cz,y)l| ulz)o(y)  (4.2.17)
for all x,y € X with v+y,x—y € X and the functional equation
gz +y)+9(z—y) =29(z) +9(y) + 9(=y) + C(z,y) (4.2.18)

has a solution go: X — Y. then f satisfies the equation

fle+y)+flz—y)=2f(z)+ f(y) + f(~y) + C(z,y) (4.2.19)

forall x,y € X.

4.2.2 Some particular cases

In this section, we show that some hyperstability results of Drygas
functional equation and some hyperstability of inhomogeneous Drygas functional

equation can be derived from our main results.

Corollary 4.2.5 ([12]). Let X be a nonempty subset of a normed space such that
0¢ X and X be symmetric with respect to 0, Y be a Banach space, ¢ >0, p < 0.
Suppose that there exist ng € N with nx € X for allz € X, ne Ny, and f: X =Y

satisfies the following inequality

1f (@ +y)+ fle—y) =2f(x) = f(y) = fF (=)l < clllz)” + lylIP) (4.2.20)

for all v,y € X with x+y,x—y € X. Then f satisfies the equation

f@+y)+fle—y)=2f(x)+ f(y) + f(~y)

forall x,y € X.
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Proof. Let h: X — R, be defined by
W) = cllzlP, veX.
For each n € N, we have
s(n) = inf{t € Ry|h(nz) <th(z) for all z € X'}
= inf{t € Ry|c||nz||P <tc|z|P for all x € X}
= inf{t € Ry||n|P||z||P < t||z||? for all z € X'}

= inf{t e Ry|n|’ <t}

— i
In the same way, s(—n) = |n|P for all n € N. So, we have
lim s(n)= lim |[n|P=0and lim s(—n)= lim |n|’=0
n—00 n—00 n—00 n—00

for all n € N. Moreover, we can see that M is an infinite set. Then all conditions

in Theorem 4.2.1 hold. Therefore, we get this result. O]

According to Corollary 4.2.3 with Corollary 4.2.5, we get the next

result.

Corollary 4.2.6. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X be symmetric with respect to 0, Y be a Banach space, ¢ >0, p <0 and
C: X xX =Y bea given mapping. Suppose that there exist ng € N with nx € X
forallz € X, ne N, and f: X =Y satisfies the following inequality

[f (e +y)+ e —y)=2f(x) = f(y) = f(=y) = Clz,y)l| < cll]” + lylI”)
for all v,y € X with x+y,x —y € X and the functional equation
gz +y)+9(z—y) =29(z) +9(y) + 9(—y) + C(z,y)
has a solution gy : X — Y. Then [ satisfies the equation

flx+y)+ flz—y)=2f(z)+ f(y) + f(—y) + C(z,y)

forall x,y € X.
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Next two corollaries can be derived from Theorem 4.2.2 and Corollary

4.2.4.

Corollary 4.2.7. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X is symmetric with respect to 0 and Y be a Banach space, ¢ >0, p,q € R
with p+q < 0. Suppose that there exist ng € N with nx € X for allz € X, n € Ny,
and f: X —Y satisfies the following inequality

If(z+y)+ flz—y)=2f(x) = fy) = (=)l < cll=]Pllyl|?) (4.2.21)

for all v,y € X with x+y,x—y € X. Then f satisfies the equation

flzt+y)+ flz—y)=2f(z)+ f(y) + f(~y)

forall z,y e X.

Proof. Let u,v: X — R4 be defined by
u(z) :=s|lz|’ and v(z):=rlz|
where s, € Ry with sr =c¢. For each n € N, we have

si(n) = inf{t € Ry|v(nz) <tv(z) for all z € X}
= inf{t € Ry|s||nz||P < ts||z||P for all x € X}
= inf{t € Ry||n|?||z||” < t||z||P for all z € X}
= inf{t e Ry||n|’ <t}

— [P
and

so(n) = inf{t € Ry|u(nz) <tu(x) for all z € X}
= inf{t € Ry|r||nz||? <tr|z[? for all x € X'}
= inf{t € Ry||n|?||z||? < t|x]|? for all x € X}
= inf{t e Ry||n|? <t}

= "
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So, we have

i = 1i PHq —
Jim s1(£n)sa(£n) = Jim |n|PT =0

for all n € N. Next, we will claim that lim s1(n) =0 or lim se(n) =0 for each
n—oo n—oo

n € N. Since p,q € R with p4+¢ <0, we get p<0 or ¢ <0. If p<0, we get
. L p_
A, 51(n) = lig [nf” = 0.
On the other hand, if ¢ < 0, then

0 . o q __
Jim so(n) = lim |n|?=0.

It is easy to see that My is an infinite set. Then all conditions in Theorem 4.2.2

now hold. Therefore, we obtain this result. This completes the proof. O

Corollary 4.2.8. Let X be a nonempty subset of a normed space such that 0 ¢ X
and X be symmetric with respect to 0 and Y be a Banach space, ¢ >0, p,qg € R
with p+q <0 and C: X x X =Y be a given mapping. Suppose that there exist
no € N withnrx € X forallzx € X, neN,, and f: X =Y satisfies the following

inequality
If(@+y)+ flz—y) =2f(x) = f(y) = f(=y) = Cla, )l < cllz|Pllyl]?)  (4.2.22)
for all x,y € X with v+y,xz—y € X and the functional equation
gz +y)+g9(z—y) =29(z) +9(y) + 9(—y) + C(z,y)
has a solution gg: X — Y .Then [ satisfies the equation

flx+y)+ fle—y)=2f(z)+ f(y) + f(—y) + C(z,y)

forall x,y € X.
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CHAPTER 5

CONCLUSION

The aim of this Chapter is to show all stability and hyperstability

results in this thesis.

In Chapter 3, we obtain the following stability results which are gen-

eralization of several well-known stability results in the literature.

1. Let d be a complete metric in R which is invariant (i.e., d(z +z,y+z) =

d(z,y) for z,y,z € R), and h: R — R be a function such that
My:={neN:sn?) +sn?+1) <1} £0,

where s(n) := inf{t € R, : h(na?) < th(2?) for all x € R} for n € N. Assume

that f:R — R satisfies the following inequality

A(f (Vo9 S@)+ 1)) < ha®)+h(e),

for all z,y € R. Then there exists a unique radical quadratic function T :

R — R such that

d(f(z),T(x)) < soh(2?), =z €R,

e 1+s(n?) o
with sgp :=1n 1—5(n2)—5(n2+1)'n6 0/-

2. Let (R,d) be a complete metric space such that d is invariant (i.e., d(z+z,y+
z) =d(z,y) for x,y,z € R) and a,b be two given positive integer numbers and

h:R — R4 be a function such that
My:={neN:s(n)+s(a+bn) <1} #0,

where s(n) :=inf{t € Ry : h(z™) < th(x) for all z € R} for n € N. Suppose
that
d(kz, ky) = d(z,y)
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for all z,y € R and for all k € {a,b}. If f:R — R satisfies the following
inequality

d(f(z y°),af(z)+bf(y)) < ah(z)+bh(y),

for all x,y € R\{0}, then there exists a unique function 7": R — R such that
it satisfies the generalized logarithmic Cauchy functional equation (3.2.1)

with respect to a and b for all x,y € R\{0} and

d(f(z),T(x)) < soh(z), «eR\{0},

a+bs(n)
with sg := inf n€ My ,.

1—s(n)—s(a+bn)

. Let (R,d) be a complete metric space such that d is invariant (i.e., d(z+z,y+
z) =d(x,y) for x,y,z € R) and a,b be two given positive integer numbers and

h:R — R4 be a function such that
My :={neN:s(n)+s(a+bn) <1} #£0,

where s(n) :=inf{t € Ry : h(nz) < th(z) for all x € R} for n € N. Suppose
that
d(kz, ky) = d(z,y)

for all z,y € R and for all k£ € {a,b}. If f:R — R satisfies the following
inequality

d(f(azx +by),af(x)+bf(y)) < ah(x)+bh(y)

for all x,y € R, then there exists a unique generalized additive Cauchy func-

tion T : R — R such that

d(f(z),T(z)) < soh(z), x€R,

" - a+bs(n) u
with sgp:=1n 1—s(n)—s(a—|—bn)'n€ 0 /-
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4. Let (G1,*) be a commutative semigroup, (G2,¢) be a commutative group,

(Ga,d) be a complete metric space such that d is invariant, that is,
d(zoz,yoz)=d(z,y)

for all z,y,z € G2, and let a,b be two fixed natural numbers and h: G; — R

be a function such that
My :={neN:s(n)+s(a+bn) <1} #0,

where s(n) :=inf{t € Ry : h(nz) <th(z) for all x € G1} for n € N. Suppose
that

d(z,ay) = d(z,y)
and

d(kz,ky) = d(z,y)

for all z,y € Gy and for all k € {a,b}. If f:G] — G2 satisfies the following
inequality

d(f(az xby),af(x) obf(y)) < ah(z)+bh(y)

for all z,y € G1, then there exists a unique generalized Cauchy function

T :G1 — Go such that

d(f(x),T(x)) < soh(z)

a+bs(n)
for all x € GG1, where sy := inf = s(n) = s(atbn) n€ My;.

In Chapter 4, we obtain the following hyperstability results which are gen-

eralization of several hyperstability results in the literature.

5. Let X be a normed space over a field F, Y be a Banach space over a field

K, a,b e F\{0}, A,B€ K and h: X — R, be a function such that

1 1
My = {n eN:|Als <(n—|—1)) +|B|s (—bn) < 1} is an infinite set,
a
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where s(n) :=inf{t € Ry : h(nz) <th(z) for all z € X} for n € F\{0} such
that

lim s(n)=0 and lim s(—n)=0.
n—oo n—oo

Suppose that g : X — Y satisfies the following inequality
lg(az +by) — Ag(x) = Bg(y)|| < h(z) +h(y), =,y < X\{0}.
Then g satisfies the equation
glax +by) = Ag(x) + By(y)

for all z,y € X\{0}.

6. Let X and Y be two normed spaces over fields F and K, respectively, a,b €
F\{0}, A,B € K\{0} and u,v: X — Ry be a function such that

1 B
My := {n eN: ’A s1(a+bn)sa(a+bn)+ ‘

A

s1(n)sa(n) < 1} is an infinite set,

where

s1(n) :=inf{t € Ry : u(nz) < tu(z) for all z € X'}

and

sa(n) :=inf{t € Ry : v(nx) <tv(z) for all z € X}

for n € F\{0} such that s1,s2 satisfies the following the conditions:
(W) nli_{%oS:[(in)SQ(in) =al);
(W3) nlgrgosl(n) =0or TLILHC}OSQ(n) =0.

Suppose that g: X — Y satisfies the following inequality

lg(az +by) — Ag(x) — Bg(y)|| < u(z)v(y), =,y € X\{0}.
Then ¢ satisfies the equation
g(azx +by) = Ag(x) + Bg(y)

for all z,y € X\{0}.
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7. Let X be a nonempty subset of a normed space such that 0 ¢ X and X is
symmetric with respect to 0 and Y be a Banach space. Suppose that there
exist ng € N with nx € X for all x € X, n € N, and a function h: X — R

satisfying
My :={neNy,:2s(n+1)+s(n)+s(—n)+s(2n+1) <1} is an infinite set,

where

s(n) :=inf{t e Ry : h(nz) < th(x) for all x € X'}
and it satisfies the following condition for n € N:
lim s(n)=0 and lim s(—n)=0.
n—oo n—oo
If f: X — Y satisfies the following inequality
1f (@ +y)+ flz—y) =2f(x) = f(y) = f (=)l < h(z) +h(y)

for all x,y € X with z+y,z —y € X, then f satisfies the equation

flx+y)+flz—y)=2f(x)+ f(y) + f(~y)

for all z,y € X.

8. Let X be a nonempty subset of a normed space such that 0 ¢ X and X be
symmetric with respect to 0 and Y be a Banach space. Assume that there
exist ngp € N with nz € X for all z € X, n € N,,; and functions u,v: X — R

satisfying
My :={ne Ny, :2s1(n+1)sa(n+1)+si(n)s2(n)+si(—n)sa(—n)

+s1(2n+1)s2(2n+1) < 1} is an infinite set,
where

s1(n) :=inf{t € Ry 1 u(nz) < tu(x) for all z € X}

and

so(n) :=inf{t € Ry : v(nx) <tv(z) for all z € X}

such that s, sy satisfy the following the conditions for all n € N:
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(W) lim s1(4n)sz(£n) = 0;
(Wa) lim s1(n) =0 or lim sy(n) =0.
If f: X — Y satisfies the following inequality
If(z+y)+ fz—y) =2f(2) = f(y) = F(=p) | <ulz)v(y)

for all z,y € X with x4+y,xr —y € X, then f satisfies the equation

fle+y)+ fle—y) =2f(2)+ )+ f(-y)

for all z,y € X.
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