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ABSTRACT

Fixed point theory is the powerful tool for solving many real-world
problems since many problems can be transformed to the fixed point problem.
A fundamental theorem in fixed point theory is the Banach contraction mapping
principle. This principle has many applications in several branches and so it was
extended in many directions. However, almost all such results dilate upon the
existence and uniqueness of a fixed point for self-mappings on some appropriate
space such as a metric space, a norm space, an inner product space, and etc. In
the case of nonself-mappings, the fixed point problem might have no solution and
hence the concept of a best proximity point is introduced for approximating the
best solution. This concept is also an important tool for investigating the global
optimization problems. In this thesis, we introduce several various new types
of generalized contraction mappings covering many types in the literature and
give the idea of several tools for proving the best proximity point results. Based
on the new tools, we establish the best proximity point results for the purposed
generalized contraction mappings in partial metric spaces by using two methods
including the fixed point method and the direct method. Our results improve

the main results of Su and Yao [Su Y. and Yao, J. C. (2015). Further generalized
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contraction mapping principle and best proximity theorem on metric spaces. Fized
Point Theory Appl., 2015:120.], Azizi et al. [Azizi, A., Moosaei, M., and Zarei,
G. (2016). Fixed point theorems for almost generalized C-contractive mappings
in ordered complete metric spaces. Fized Point Theory and Appl., 2016:80.], and
Nashine et al. [Nashine, H. K., Kadelburg, Z., Radenovi¢, S., and Kim, J. K.
(2012). Fixed point theorems under Hardy-Rogers contractive conditions on 0-
complete ordered partial metric spaces. Fized Point Theory and Appl., 2012:180.]
and many results in the literature. Moreover, we will give some example for
supporting our results while many results in the literature can not be applied in

such example. This guarantees the proper real generalization of our results.

Keywords: IC),-property, O-continuity, almost generalized PC-contractions,

weak 1)-¢-contractions, generalized p-Hardy-Rogers contractions
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CHAPTER 1

INTRODUCTION

In this chapter, we separate to two sections. First, we describe the
history of fixed point and best proximity point results, and we give some works
which are the inspiration of this thesis. Second, we give the overview described

the objectives and the content of this thesis.

1.1 Literature review

Fixed point theory is an important tool for solving many problems,
and it has many applications in several areas. Several problems can be changed

as an equation of the form
e =rT" (1.1.1)

where T is a self-mapping defined on a subset of a metric space, a normed linear
space, a topological vector space or some suitable space. A point x satisfying

(1.1.1) is called a fixed point of T" (see some example in Figure 1.1).

v
H

Figure 1.1: A fixed point for a mapping 7: R — R
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The first important metric fixed point result, that is, the Banach con-
traction mapping principle, was celebrated by Banach in his thesis in 1922. This
principle concerns with the Banach contractive condition of self mappings on com-

plete metric spaces as follows:

Theorem 1.1.1 (The Banach contraction mapping principle [2]). Let (X,d) be
a complete metric space and T': X — X be a Banach contraction mapping,

that is, there exists k € [0,1) such that
d(Tx,Ty) < kd(x,y) (1.1.2)

for all z,y € X. Then T has a unique fixed point.

The important theoretical applications of the Banach contraction map-
ping principle are the proof of the existence and uniqueness of solutions of ordinary
differential equations, partial differential equations, integral equations, and linear
algebraic equations. The process for finding the solutions of mentioned problems
can be converted to the form of the fixed point problem for some Banach contrac-
tion mappings in metric spaces. Based on the above applications, this principle
was expanded and developed in many ways and then many fixed point results were
made. Some interested ways of extending and improving the Banach contraction

mapping principle are

(1) to extend the contractive condition (1.1.2) to more general contractive con-

ditions,
(2) to replace the metric space (X,d) by certain generalized metric spaces,

(3) to extend the self-mapping 7" to more general nonself-mappings.

In the first mentioned direction, the first results were due to Kannan
[12], Chaterjea [5], Zamfirescu [24], and many others. In addition, many investiga-
tions extend the Banach contractive condition by using several control functions
such as works of Geraghty [9], Hardy and Rogers [10], Berinde [4], Suzuki [20] and

many authors. In recently, Yan [22] introduced new contraction mappings with
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control functions and then Su and Yao [21] extended the idea in [22] by given the
improved contraction mappings and established the fixed point theorem for such
new generalized contraction mappings in metric spaces. Most recently, Azizi et
al. [1] introduced the concept of an almost generalized C-contraction mapping
by using two control functions which is more general than the weak contraction
mapping due to Berinde [4]. Moreover, they established the existence of fixed

point theorems in metric spaces.

In the second mentioned direction, many mathematicians introduced
new generalized metric spaces. For instant, Matthews [14] introduced the concept
of a partial metric space as a one of generalizations of the concept of a metric
space. The notion of a partial metric space as a part of the study of denotational
semantics of data-flow networks. Moreover, he established new fixed point results
for some contractions in partial metric spaces. Afterward, several authors have
focused on fixed point theorems in partial metric spaces such as Heckmann [11],
Kopperman et al. [13], Romaguera [17], and Rus [18]. In 2012, Nashine et al. [15]
established a fixed point theorem for some contraction mappings in 0-complete

order partial metric spaces.

In the last mentioned direction, the motivation of this derection based
on the fact that some problem cannot change to the form of a self-mapping. So
we will consider in the sense of a nonself-mapping 7': A — B, where A and B are
two nonempty subsets of a metric space (X,d). If AN B =, then the equation
Tx = x might have no solution. Under this circumstance, it is meaningful to find

a point x € A such that d(z,Tx) is minimum. If
d(x,Tx) =d(A,B) :=inf{d(a,b) : a € A,b € B}, (1.1.3)

then d(z,Tx) is the global minimum value d(A, B) and so x is an approximate
solution of the equation Tx = x with the least possible error. Such a solution is
known as a best proximity point of the mapping 7" and thus a point x € A
is called the best proximity point of T if d(z,Tz) = d(A, B) (see the idea of this
point in Figure 1.2). On the another view, a best proximity point of 7" is a point

x € A such that d(x,Tx) is a global minimizing of the following problem:
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mind(z,Tx) subject to x € A

7:4—2B X

d(A,B)= infid(a,b): ae A, be B}

Figure 1.2: The idea of a best proximity point

In 1969, Fan [6] initiated the notion of the best proximity point and
established a classical best approximation theorem. Afterwards, several authors
prove the existence and the uniqueness of best proximity point results in some
distance spaces. In recent time, many mathematician investigated best proximity
point results in metric spaces and partial metric spaces by using the fixed point

method and the directed method.

The aim of this thesis is to prove the best proximity point theorems
in partial metric spaces which are the extending and improving of the fixed point

results of the following mathematicians:

(1) Su and Yao [21];
(2) Azizi et al. [1];

(3) Nashine et al. [15].
The useful tools for proving the main results in this thesis consists two
methods, that is, the fixed point method and the direct method. Moreover, we

illustrate to support our results by showing the example which cannot be applied

by the results in the literature.
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1.2 Overview

The objectives of this thesis are

(1) to extend fixed point results of Su and Yao [21] to best proximity point

results in partial metric spaces;

(2) to extend fixed point results of Azizi et al. [1] to best proximity point results

in partial metric spaces;

(3) to extend fixed point results of Nashine et al. [15] to best proximity point

results in partial metric spaces.

In the first mentioned topic, we introduce the new type of mappings
which is called a weak 1-¢-contraction mapping and then we establish the fixed
point theorems for such mappings in partial metric spaces. Next, we present some
example and numerical result for the main result. By providing this example,
we show that our main result is a real generalization of the fixed point results
of several mathematicians in the literatures. Moreover, we apply the fixed point
result to prove the existence theorems of best proximity points results for the
nonself-mappings in partial metric spaces. All of these results are the improved

work of Su and Yao [21].

In the second mentioned topic, we introduce the new generalized con-
traction mapping which is called the almost generalized PC-contraction mapping
and then we establish some common fixed point theorem for such mappings in par-
tial metric spaces. Moreover, we use the common fixed point result to prove the
extence theorems of common best proximity point results for the nonself-mappings
in partial metric spaces. All of these results are the improved work of Azizi et al.
[1].

In the last mentioned topic, we define the concept of a generalized
p-Hardy-Rogers contraction mapping in the framework of partial metric spaces.

Also, we introduce the new concept of continuity is called 0-continuity in partial
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metric spaces and establish the existence of best proximity points result for p-
Hardy-Rogers contraction mappings in 0-complete partially ordered partial metric
spaces by using the purposed continuity. All of these results are the improved work

of Nashine et al. [15].
Next, we are going to clarify the content of this thesis.

In Chapter 1, we describe about history of fixed point and best prox-
imity point results which are the motivation of this thesis, and give the overviews

of this thesis.

In Chapter 2, we describe about all of notations, definitions, theorems,

and useful tools for using in next chapter.

In Chapters 3,4,5, we describe about main results of this thesis. We
introduce new generalized contraction types and establish best proximity point
results in partial metric spaces by using two methods including the fixed point
method and the direct method. Our results improve the main results of Su and Yao
[21], Azizi et al. [1], and Nashine et al. [15] and the obtained results can be applied
in the global optimization problems. In addition, we will give some example for
supporting our result which is a real generalization of several mathematicians in

the literatures.

In Chapter 6, we describe about some conclusions and advantages of

the main results of this thesis.
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CHAPTER 2

PRELIMINARIES

In this chapter, we give some notations, definitions, properties, exam-
ples and other useful tools for using in this thesis. First of all, we denote some

notations as follows:

7 denotes the set of integers,

N denotes the set of positive integers,

R denotes the set of real numbers,
e R~ denotes the set of negative real numbers,

R™ denotes the set of positive real numbers,

R, denotes the set of nonnegative real numbers,

Q denotes the set of rational numbers.

2.1 Partially order sets

In this section, we give the definition and examples of partially order

sets as follows:

Definition 2.1.1. Let X be a nonempty set. A binary relation < on X is called

a partial order in X if it satisfying the following conditions for all z,y,z € X:

(a) x 2z (reflezivity);
(b) if z <y and y <z, then = =y (antisymmetry);

(c) if z <y and y < z, then z < z (transitivity).
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A nonempty set X with a partial order defined on X is called a par-
tially ordered set. Two elements x and y in a partially ordered set are called
comparable if either z <y or y <z holds. A subset K of X is said to be well
ordered if every two elements of K are comparable. Moreover, the symbol x < y

means that z <y but z #y.
Example 2.1.2. (1) The ordered pair (R, <) is a partially ordered set.
(2) Let X be a set. Then (P(X), Q) is a partially ordered set.

(3) For a,b € Z, we let a|b means a divides b. Then (Z,]) is a partially ordered

set.

Definition 2.1.3. Let (X,=<x) and (Y,=y) be two partially ordered sets. A
function f: X — Y is called

(1) increasing if and only if v <x y = f(z) <y f(v);
(2) decreasing if and only if x <x y = f(y) Sy f(x);
(3) strictly increasing if and only if x <x y = f(z) <y f(y);

(4) strictly decreasing if and only if © <x y = f(y) <y f(x).

We give examples of the above definition as follows:

Example 2.1.4. Let (R, <) be a partially ordered set and f: (R, <) — (R, <) be
defined by

fla) =2
for all z € R. Then f is an increasing function (see in Figure 2.1).

Example 2.1.5. Let (R, <) be a partially ordered set and f : (R, <) — (R,<) be
defined by

fla) = —a?

for all z € R. Then f is a decreasing function (see in Figure 2.2).
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Figure 2.1: An example of an increasing function

Figure 2.2: An example of a decreasing function

Definition 2.1.6. Let (X, <) be a partially ordered set. A sequence {x,} C X is
called

(1) increasing (or nondecreasing) if x,, < z,,41 for all n € N;
(2) decreasing (or nonincreasing) if 41 <z, for all n € N;
(3) strictly increasing if =, < x,41 for all n € N;

(4) strictly decreasing if z,,+1 <z, for all n € N;

(5) monotone if it is either increasing or decreasing.

We give examples of the above definition as follows:

Ref. code: 25605809320426 TXP
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Example 2.1.7. Let {x,} be a sequence in a partially order set (R, <) defining
by

Tp="n
for all n € N. Then {z,} is an increasing sequence.

Example 2.1.8. Let {x,} be a sequence in a partially order set (R, <) defining
by

Tn=1—n
for all n € N. Then {z,} is a decreasing sequence.

Example 2.1.9. Let {x,} be a sequence in a partially order set (R, <) defining
by

zn = (-1)"~

for all n € N. Then {z,} is not a monotone sequence.

2.2 Metric spaces

In 1906, the French mathematician Fréchet [7] introduced the concept
of a metric space which is the center of several research activities. Here, we give

the definition of a metric space as follows:

Definition 2.2.1 ([7]). Let X be a nonempty set. A mapping d: X x X — R is

called a metric on X if the following conditions hold for all x,y,z € X:
(M1) d(z,y) >0 (non-negativity);

(M2) d(z,y) =0 <= = =y (identity of indiscernibles);

(M3) d(z,y) = d(y, =) (symmetry);

(M4) d(z,y) <d(z,z)+d(z,y) (triangle inequality).

The set X together with a metric d is called a metric space, which is denoted

by (X,d).
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Now, we give some examples of a metric space as follows:

Example 2.2.2. Let X be nonempty set and d: X x X — R be defined by

1 ifz#y,
d(z,y) =
0 ifx=y.

Then d is a metric on R, which is called discrete metric, and (R,d) is called a

discrete metric space.

Example 2.2.3. Let d: R xR — R be defined by

for all x,y € R. Then d is a metric on R, which is called usual metric, and (R, d)

is called a usual metric space.

Example 2.2.4. The n-dimensional set R" is a metric space with respect to the
mapping d : R" x R" — R, defined by
1
n 9 2
(o) = (3ot =)
i=1
for all © = (z1,72,...,20),y = (Yy1,92,..-,yn) € R". The function d is called a

Euclidean metric and (R",d) is called a Euclidean metric space.

Example 2.2.5. Let d: R? x R? — R be defined by
d(z,y) = |21 —y1| + |22 — Y2

for all z,y € R2. Then d is a metric on R?, which is called the I*-metric. It’s also
referred to informally as the taxicab metric because it’s the distance one would

travel by taxi on a rectangular grid of streets.
Example 2.2.6. Let d: R? x R? — R be defined by
d(z,y) = max{|z1 — 1|, |z2 — y2[}

for all z,y € R2. Then d is a metric on R?, which is called the 1°°-metric, or the

maximum metric.
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Example 2.2.7. Let C(K) be the set of continuous functions f: K — R, where
K CR is compact; for example we could take K = [a,b] to be a closed, bounded

interval. For all f,g € C(K), define

d(f,g) = sup | f(z) —g(z)|.

reK
The function d: C(K) x C(K) — R is well-defined, since a continuous function on

a compact set is bounded; in fact, such a function attains it maximum value, so

we could also write

d = - :

(£.9) = max | £(z) — g(a)

Then d is a metric on C'(K), called Chebyshev distance or maximum metric.

Definition 2.2.8. Let (X,d) be a metric space, a € X and r > 0. Then the set
By(a) :={r e X :d(z,a) <r}

is called a neighborhood (or an open ball) with centre a and radius r.

Definition 2.2.9. Let (X,d) be a metric space. A set G C X is said to be open

if, for each x € G, there exists an r > 0 such that B,(a) C G.

Definition 2.2.10. Let (X,d) be a metric space. A set G C X is closed if it is

the complement of an open set.

Definition 2.2.11. Let (X,d) be a metric space and a set G C X.

(1) The interior of G is the union of all open subsets of G and it is denoted by
int(G) or G°.

(2) The closure of G is the intersection of all closed sets that contain G and it

is denoted by cl(G) or G.

Definition 2.2.12. Let (X,d) be a metric space and {z,,} be a sequence in X.

(1) A sequence {x,} is called Cauchy sequence if for every ¢ > 0 there exists

a positive integer N such that
d(zp,zm) <€

for all n,m > N.
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(2) A sequence {z,} is called convergent to a point x in X if for every ¢ > 0

there exists a positive integer N such that
d(zp,z) <€
for all n > N. Denoted by x,, — x as n — oo or

lim z, = .
n—oo

(3) A metric space (X,d) is said to be complete if every Cauchy sequences in

X converges to an element of it.
Lemma 2.2.13. A sequence {z,,} in a metric space (X,d) converges to x € X if

and only if d(zy,z) — 0 as n — oo or lim d(zn,z)=0.

Lemma 2.2.14. A sequence {z,} in a metric space (X,d) is Cauchy sequence if

and only if d(zp,zm) — 0asn,m - oo or lim d(zp,zm)=0.
,M—00

We will show some examples of a complete metric space as follows:
Example 2.2.15. (1) The usual metric spaces R and C are complete.
(2) The usual metric space Q is not complete.
(3) The Chebyshev metric space is complete.
(4) The discrete metic space is complete.

Definition 2.2.16. Let (X,d) be a metric space. A limit point of a set G in X

is an element T € X for which there is a sequence in G that converges to T.

Definition 2.2.17. Let (X,dx) and (Y,dy) be metric spaces. A mapping 7T :
X — Y is called continuous if, for every x € X and € > 0, there exists > 0 such

that

y € X with dx(z,y) <0 = dy(Tz,Ty)<e.
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Remark 2.2.18. A mapping T is continuous if and only if a mapping T is sequen-
tially continuous, that is, whenever {x,} is convergent to x, {T'z,} is a convergent

to Tx.

Definition 2.2.19. Let (X,d) be a metric space. A mapping T : X — R is said
to be lower semi-continuous at zg € X if for each sequence {z,} C X with

Ty — To as n — 00, we have
Txo < linrgigéf Tz,.
Example 2.2.20. Let (R,d) be a metric space and T": R — R be defined by

0 ifz<O0,
Ty =

1 ifxz>0.
Then T is a lower semi-continuous at x = 0.
Definition 2.2.21. Let (X,d) be a metric space. A mapping 7" : X — R is said

to be upper semi-continuous at g € X if for each sequence {z,} C X with

Ty — To as n — 00, we have

limsup Tz, <Txg.

n—oo

Example 2.2.22. Let (R,d) be a metric space and T": R — R be defined by

O bifse: S "0
=
1 ifz>0.

Then T’ is a upper semi-continuous at z = 0.

Definition 2.2.23. The partially order metric space (X,d,=<)! is called regular
if it has the following properties:

(a) if {x,} is any nondecreasing sequence in X converging to x, then z,, < x for

any n € N;

(b) if {x,} is any nonincreasing sequence in X converging to z, then x,, = z for

any n € N.

L(X,d) is a metric space and < is a partially order set
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2.3 Partial metric spaces

In 1994, Matthews [14] introduced the concept of a partial metric space

as a one of generalizations of the concept of a metric space as follows:

Definition 2.3.1 ([14]). Let X be a nonempty set. A mapping p: X x X — [0,00)

is called a partial metric on X if the following conditions hold for all x,y, 2z € X:

(P1) p(z,x) < p(z,y);

(P2) v =y < p(z,x) =p(r,y) = p(y,y);

(P3) p(z,y) =p(y.2);

(P4) p(x,y) <p(z,2)+p(zy) —p(z,2).

The pair (X,p) is called a partial metric space.

Remark 2.3.2. From (P1), (P2) and (P3), if p(x,y) =0, then x =y. But the

converse need not be true.

Now, we give some examples of a partial metric space as follows:
Example 2.3.3. Let X =[0,00) and p: X x X — [0,00) be defined by
p(z,y) = max{z,y}
for all z,y € X. Then (X,p) is a partial metric space.

Example 2.3.4. Let X = {[a,b]: a,b € R,a <b} and p: X x X — [0,00) be defined
by

p([a,b],[c,d]) = max{b,d} —min{a,c}
for all [a,b],[c,d] € X. Then (X,p) is a partial metric space.

Each partial metric p on a nonempty set X generates a Tp-topology 7,

on X which has the family of open p-balls {B,(z,€) : x € X : € > 0}, where

By(z,€) :={y e X :p(x,y) < p(z,z)+¢€}
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for all z € X and € > 0, forms a base of 7,. The concepts of the closeness and the

closure of a set in partial metric spaces are taken from topological space (X, 7).

Definition 2.3.5 ([14]). Let (X,p) be a partial metric space and {z,} be a se-

quence in X.

(1) A sequence {z,} is called convergent to a point z € X if and only if

nh_{lgop(xn,x) = p(z,x), which is denoted by x,, — x as n — oo or nh_)rléoxn = .

(2) A sequence {x,} is called a Cauchy sequence if and only if . }%Il)loop(xn, Tm)

exists and is finite.

(3) The partial metric space (X,p) is said to be complete if and only if every
Cauchy sequence {z,} in X converges, with respect to 7, to a point = € X

such that

pla,z) = Hm p(zn, ;).

Remark 2.3.6. A limit of a sequence {z,,} in a partial metric space (X,p) need
not be unique. Moreover, if {x,} and {y,} are sequences in a partial metric space
(X,p) such that z, — x € X and y,, — y € X, then p(x,,y,) need not be converges

to p(z,y), that is, p need not be continuous.

Next, we give an example which supports the above remark.
Example 2.3.7. Let X =[0,00) and p: X x X — [0,00) be defined by
p(z,y) = max{z,y}

for z,y € X. Then (X,p) is a partial metric space. Define the sequence {z,} in

X by x, =2 for all n € N. For each x > 2, we obtain
p(an,x) = p(z, )
for all n € N. It implies that

Jim p(an, ) = p(a,2)
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for all # > 2, that is, {zy,} converges to a point > 2. Thus the limit of {x,} need

not be unique. Also, if x,, — 4 as n — oo, then

Jim p(an,xn) =2 # p(4,4),

which yields that p need not be continuous.

If p is a partial metric on a nonempty set X, then the mapping d, :

X x X — [0,00) given by

dp(z,y) = 2p(2,y) — p(z,7) — p(y,y) (2.3.1)

is a metric on X. Furthermore, a sequence {x,} in X converges to z € X in the

sense of a metric space (X,d)) if and only if

DR "= nli_g)lop(x,mn) ki, 1y ) (2.3.2)

,M—00
Example 2.3.8. Let X =[0,00) and p: X x X — [0,00) be defined by
p(z,y) = max{z,y}

for z,y € X. Then (X,p) is a partial metric space. The corresponding metric

dy: X x X —[0,00) is defined by
dp(z,y) = 2max{z,y} -z —y =z —y|
for all z,y € X.

Example 2.3.9. Let (X,d) be a metric space and ¢ > 0. Then a mapping p :
X x X — [0,00) which is defined by

p(z,y) =d(z,y)+c

for all z,y € X, is a partial metric on X. So the corresponding metric dp : X x X —
[0,00) is defined by
dp<37>?/) - Qd(l',y)

for all z,y € X.
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Here, we give the relations between the concepts of a Cauchy sequence
(the completeness) in a partial metric space (X,p) and a Cauchy sequence (and

the completeness) in the corresponding metric space (X, d,).

Lemma 2.3.10 ([14]). Let (X,p) be a partial metric space.
(1) A sequence {x,} in X is a Cauchy sequence in (X,p) if and only if it is a
Cauchy sequence in the metric space (X, dp).

(2) A partial metric space (X,p) is complete if and only if the metric space
(X,dp) is complete.

Lemma 2.3.11 ([23]). Let (X,p) be a partial metric space and d, the induced
metric. If {z,},{yn} C X converge to x € X, and y € X, with respect to dy, then

{p(zn,yn)} converge to p(z,y) as n — oo.

Definition 2.3.12 ([17]). Let (X,p) be a partial metric space.

(1) A sequence {z,} in (X,p) is called a 0-Cauchy sequence if and only if

n,rl)izgloop(xn’xm) = 0-

(2) The partial metric space (X, p) is said to be O-complete if and only if every
0-Cauchy sequence {z,} in X converges, with respect to 7, to a point x € X

such that
p(z,x) = 0.

Remark 2.3.13. It’s easy to see that every closed subset of a 0-complete partial

metric space is 0-complete.

Lemma 2.3.14 ([17]). Let (X,p) be a partial metric space.

(1) Every 0-Cauchy sequence in (X,p) is Cauchy sequence in (X, d,).

(2) If (X,p) is complete, then it is O-complete.
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Example 2.3.15 ([17]). The set X = [0,00) NQ with the mapping p: X x X —
[0,00) defined by

p(x,y) = max{z,y}

for all z,y € X, is a 0-complete partial metric space, but it is not complete because
dy(z,y) = |z —y| and (X,d,) is not complete. Moreover, the sequence {z,} with
xn =1 for all n € N is a Cauchy sequence in (X,p), but it is not a 0-Cauchy

sequence.

Definition 2.3.16. The partially order partial metric space (X,p,<)? is called

regular if it has the following properties:

(a) if {x,} is any nondecreasing sequence in X converging to x, then z, < x for

any n € N;
(b) if {x,} is any nonincreasing sequence in X converging to z, then x,, > z for

any n € N.

2.4 Fixed point and common fixed point basics

In this section, we give some definitions, notations, and examples of

fixed points and common fixed points as follows:

Definition 2.4.1. Let XY be a nonempty sets and 7': X — Y be a mapping. A
point z € X is called a fixed point of T if

Tr=uzx.
Example 2.4.2. Let X =R and a mapping 7" : X — X be defined by
Tr==x

for all x € X. Therefore, the fixed points of T" are —1,0,1.

2(X,p) is a partial metric space and < is a partially order set
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Example 2.4.3. Let X =R and a mapping T : X — X be defined by
Tr=a2>+z+1
for all x € X. Therefore, T' has no fixed points.
Example 2.4.4. Let X =R and a mapping T : X — X be defined by
Tx = cos(x)

for all x € X. Therefore, T" has a fixed point, as one can see by looking at the
Figure 2.3.

Figure 2.3: The function Tx = cos(z)

Next, we will give the definition of a common fixed point as follows:

Definition 2.4.5. Let X be a nonempty set and S,T : X — X be two mappings.

A point x € X is called a common fixed point of S and T if
Sx=Tx=zx.

Example 2.4.6. Let X =[0,1] and S,7: X — X be two mappings defined by

$2

8

Sz =

o8
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for all z € X and

To=2
T3

for all x € X. Therefore, the common fixed point of S and 7" is 0.

Example 2.4.7. Let X =[0,00) and S,T: X — X be two mappings defined by

4 if0<z <1,
St =

 ifl<z<oc

and

3 it (< &
iler' —

2—17—13 if 1<z <o0.

Therefore, the common fixed point of S and 7" is 1.

2.5 Best proximity point and common best proximity point basics

In this section, we give some definitions, notations, and examples fo

best proximity points and common best proximity points as follows:

Definition 2.5.1. Let A, B be two subsets of a metric space (X,d) and T: A— B

be a mapping. A point x € A is called a best proximity point of T if
d(z,Tz)=d(A,B),

where d(A, B) :=inf{d(a,b) : a € A and b € B}.

Remark 2.5.2. In the case of A and B are equal, the best proximity points reduce
to the fixed points.

Example 2.5.3. Let A=[—1,0] and B = [0,1] be two subsets of a usual metric
space (R,d). Define a mapping 7: A — B by

-5 ifzeA,
Tx =

—x ifzxeB.

Therefore, the best proximity point of 7" is 0. In this case, 0 is also a fixed point

of Tand 0 e ANB.
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Example 2.5.4. Let X =R? and d be a metric on X defined as
d(z,y) = [z1 — 2|+ [y1 — v2]

for x = (z1,11), y = (22,y2) € X. Let

A={(z,1):0<z <1},
B={(z,-1):0<z <1},

and T : A — B be defined as follows:
z
b/ 1))=(=,—-1
(@)= (3-1)
for all (z,1) € A. Therefore, the best proximity point of 7" is a point (0,1) € A.

Definition 2.5.5. Let A, B be two subsets of a metric space (X,d) and S,T: A —
B be two mappings. A point x € A is called a common best proximity point

of S and T if
d(xz,Sz) =d(z,Tx) = d(A, B),
where d(A, B) := inf{d(a,b) : a € A and b € B}.

Remark 2.5.6. In the case of S and T are equal, the common best proximity

points reduce to the best proximity points.

Example 2.5.7. Consider the space R with the usual metric and let A ={—4,0,4},
B ={-2,-1,2}. Define two mappings S,T7: A — B by

S(0)=-1, SM4)=2, S(-4)=-2 and T(x)=-1

for all x € A, respectively. Then the common best proximity point of S and 7T is

0.

Example 2.5.8. Consider the space R with the usual metric and let A = [1,00),
B = (00, —1]. Define two mappings S,T: A — B by

Sr=-1, Tr=—x
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for all z € A and define the mappings F,G : B — A by

1 if y is rational,
Fy = Gy=—y

2 otherwise,

for all y € B. Therefore, the common best proximity point of S and T is 1. Also,

the common best proximity point of F' and G is —1.

Example 2.5.9. Let X =10,1] x [0,1] and d be the Euclidean metric. Let

A={(0,y):0<y <1},
B={(L,y):0<y <1},

and S,T : A — B be defined as follows:
S(0,y)=(lL,y) foralye A and T(0,y)= <1, Z) for all y € A.
Therefore, the common best proximity point of S and 7" is a point (0,0).

In partial metric spaces, the concepts of a best proximity point and a
common best proximity point has the same sense in metric spaces. Next, we give

the details of these concepts.

Definition 2.5.10. Let A, B be two subsets of a partial metric space (X,p) and

T :A— B beamapping. A point x € A is called a best proximity point of 7" if
p(z,Tx) =p(A, B),
where p(A, B) :=inf{p(a,b) :a € A and b € B}.

Lemma 2.5.11. Let A, B be two subsets of a partial metric space (X,p) and
T:A— B beamapping. If A= B and a point x € A is a best proximity point of
T, then z is a fixed point of T'.

Proof. Since A= B and a point z € A is a best proximity point of T, we get

p(l‘,T%) :p(A,B) :p(A,A).
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By using (P1) and the definition of p(A, A) = inf{p(a,a) : a € A}, we get
p(z,Tzr) <p(z,z) <p(z,Tz) (2.5.1)
and
p(z,Tx) <p(Tx,Tz) <p(z,Tx). (2.5.2)
It follows from (2.5.1) and (2.5.2) that
Bl == (i se)i— 0 ( T in).
By using (P2), we obtain Tz = x. This completes the proof. H

Definition 2.5.12. Let A, B be two subsets of a partial metric space (X,p) and
S,T: A— B be two mappings. A point x € A is called a common best proximity

point of S and T if
p(z,5z) = p(z,Tz) = p(4, B),

where p(A, B) :=inf{p(a,b) :a € A and b € B}.

2.6 Contractive conditions with fixed point results

2.6.1 The classical results

The fundamental contractions are given by many researchers such as
Banach [2], Kannan [12], Chatterjea [5], Zamfirescu [24], Hardy and Rogers [10],
Berinde [4], and Geraghty [9]. The first importance contractive condition was

introduced by Banach [2] as follows:

Definition 2.6.1 ([2]). The self-mapping 7" on a metric space (X,d) is called a

Banach contraction mapping if there exists k € [0,1) such that
d(Tz,Ty) < kd(z,y) (2.6.1)

for all z,y € X.
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Moreover, he established a unique fixed point theorem as follows:

Theorem 2.6.2 ([2]). Let (X,d) be a complete metric space and T': X — X be

a Banach contraction mapping. Then T has a unique fixed point.

Example 2.6.3. Let (R,d) be a usual metric space and T': R — R be defined by
x
Tr=—-—+45
x 5 +

for all z € R. Then (R,d) is a complete metric space and T is a Banach contraction

mapping. By Theorem 2.6.2, T" has a unique fixed point.

Example 2.6.4. Let X = [1,2], d be a usual metric on X and 7' : X — X be
defined by

iE1=—= (1+x)%

for all z € R. Then (R,d) is a complete metric space and 1" is a Banach contraction

mapping. By Theorem 2.6.2, T" has a unique fixed point.

Example 2.6.5. Let X = 0,1}, d be a usual metric on X and 7' : X — X be
defined by

Tz = cos(z)

for all z € R. Then (R,d) is a complete metric space and T is a Banach contraction

mapping. By Theorem 2.6.2, T" has a unique fixed point.

In 1969, Kannan [12] introduced new contraction mappings and estab-
lished a unique fixed point theorem for such mappings in complete metric spaces

as follows:

Definition 2.6.6 ([12]). The self-mapping 7" on a metric space (X,d) is called a

Kannan contraction mapping if there exists k € [0, %) such that
A(Tx, Ty) < k{d(z, Tx) + d(y, Ty) (2.6.2)

for all z,y € X.
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Theorem 2.6.7 ([12]). Let (X,d) be a complete metric space and 7' : X — X be

a Kannan contraction mapping. Then T has a unique fixed point.

Example 2.6.8. Let X =[0,1], d be a usual metric on X and T: X — X be
defined by

ifxe [0,%),

18

Tr =
if v € [3,1].

a8

Then (R,d) is a complete metric space and 7" is a Kannan contraction mapping.

By Theorem 2.6.7, T has a unique fixed point.

The Kannan fixed point result is not an extension of the Banach con-
traction mapping principle. In 1972, Chatterjea [5] introduced a new contraction
mapping which is not an extension of a Banach contraction mapping and a Kannan

contraction mapping as follows:

Definition 2.6.9 ([5]). The self-mapping 7" on a metric space (X,d) is called a

Chatterjea contraction mapping if there exists k € [0, %) such that
d(Tx,Ty) < kld(z,Ty)+ d(y, Tx)] (2.6.3)
for all x,y € X.
Also, he established a unique fixed point result for Chatterjea contrac-

tion mappings in complete metric spaces as follows:

Theorem 2.6.10 ([5]). Let (X,d) be a complete metric space and 7" : X — X be

a Chatterjea contraction mapping. Then T has a unique fixed point.

Example 2.6.11. Let X = [0,1], d be a usual metric on X and T: X — X be
defined by

ifxe [0,18—5),

U=

Tr =
, ifxe 1]

Wl

Then (R, d) is a complete metric space and 7" is a Chatterjea contraction mapping.

By Theorem 2.6.10, 7" has a unique fixed point.
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Afterward, Zamfirescu [24] extended the contractive conditions of Ba-
nach [2], Kannan [12], and Chatterjea [5] to a new generalized contractive condition

as follows:

Definition 2.6.12 (][24]). The self-mapping 7" on a metric space (X,d) is called

a Zamfirescu contraction mapping if there exists £ € [0,1) such that
1 1
d(Tz,Ty) < {max {d(x, y) 5ld(z, Tx) +d(y, Ty)], 5 [d(w, Ty) + d(y, Tx)]}
for all z,y € X.

Remark 2.6.13. It is easy to see that the Zamfirescu contraction mapping im-

prove the following mappings:

(1) the Banach contraction mapping in [2];
(2) the Kannan contraction mapping in [12];

(3) the Chatterjea contraction mapping in [5].
Then he established the new results for Zamfirescu contraction map-

pings in complete metric spaces as follows:

Theorem 2.6.14 ([24]). Let (X,d) be a complete metric space and 7": X — X

be a Zamfirescu contraction mappings. Then T has a unique fixed point.

Example 2.6.15. Let X = [0,1], d be a usual metric on X and 7: X — X be
defined by

if z €0,1),

wiNo

Ty =
0 ifz=1.

Then (R, d) is a complete metric space and T is a Zamfirescu contraction mapping.

By Theorem 2.6.14, T' has a unique fixed point.

In 1973, Hardy and Rogers [10] introduced the new contractive condi-
tion covering the contractive conditions of Banach [2], Kannan [12], and Chatterjea

[5] and established the fixed point theorem as follows:

Ref. code: 25605809320426 TXP



28

Theorem 2.6.16 ([10]). Let (X,d) be a complete metric space and T be a self-

mapping of X satisfying the following condition:
d(Tz,Ty) < ad(x,Tx) +bd(y,Ty) + cd(x, Ty) + ed(y, Tx) + fd(z,y)  (2.6.4)

for all x,y € X, where a,b,c, e, f are nonnegative real numbers with a+b+c+e+

f < 1. Then T has a unique fixed point.

In the same year, Geraghty [9] introduced the new generalized contrac-
tive condition which is called Geraghty-contractive condition and established the
famous fixed point theorem for mappings satisfying such contractive condition in

metric spaces as follows:

Definition 2.6.17 ([9]). Let (X,d) be a metric space and f: [0,00) — [0,1) be a

function satisfying the following condition:
B(tp) > lasn—00 = t,—0asn— 0.

The mapping T : X — X is called a Geraghty-contraction mapping if and only
if
d(Tz,Ty) < B(d(z,y))d(z,y)

for all z,y € X.

Remark 2.6.18. If we take §(t) =k € [0,1) in the above definition, it reduces to

the concept of the Banach contraction mapping.

Theorem 2.6.19 ([9]). Let (X,d) be a complete metric space and T: X — X be

a Geraghty-contraction mapping. Then T has a unique fixed point.

Example 2.6.20 ([3]). Let X =[0,00), d be a usual metricon X and 7: X — X
be defined by

o
14z

for all z € X and :[0,00) — [0,1) by

Tz
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Then (R,d) is a complete metric space and T is a Geraghty-contraction mapping.

By Theorem 2.6.19, T has a unique fixed point.

In 2004, Berinde [4] extended the contractive conditions due to Banach
[2], Kannan [12], Chatterjea [5], and Zamfirescu [24] and established the fixed point

results for mappings satisfying such condition as follows:

Definition 2.6.21 ([4]). The self-mapping 7" on a metric space (X,d) is called a
weak contraction mapping if there exist a constant § € [0,1) and some L >0

such that
d(Tx,Ty) < dd(x,y)+ Ld(y,Tx) (2.6.5)
for all x,y € X.

Theorem 2.6.22 ([4]). Let (X,d) be a complete metric space and 7" : X — X be

a weak contraction mapping. Then T has a fixed point.

In addition, he imposed an additional contractive condition for proving

the uniqueness of the fixed point of a weak contraction mapping as follows:

Theorem 2.6.23 ([4]). Let (X,d) be a complete metric space and 7" : X — X be
a weak contraction mapping for which there exist 6 € [0,1) and some L; > 0 such

that
d(Tz,Ty) <0d(z,y)+ Lid(z,Tx)

for all z,y € X. Then T has a unique fixed point.

Example 2.6.24 ([4]). Let X =[0,1], d be a usual metric on X and 7: X — X
be identity mappings, i.e.,

Tr=x

for all z € X. Then (R,d) is a complete metric space and T is a Geraghty-
contraction mapping. By Theorem 2.6.22, T has a fixed point.
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In 2008, Suzuki [20] proved a fixed point theorem that is a generaliza-

tion of the Banach contraction mapping principle [2] as follows:

Theorem 2.6.25 ([20]). Let (X,d) be a complete metric space and T" be a map-

ping on X. Define a nonincreasing function ¢ from [0,1) onto (%, 1] by
1 if0<r<(v5-1)/2,
0(r)=4(1—r)r2 if(V5-1)/2<r<272

(1+r)1 if2l2<p<1.

Assume that there exists r € [0,1) such that
O(r)d(z,Tx) <d(z,y) = d(Tz,Ty)<rd(z,y) (2.6.6)
for all z,y € X. Then T has a unique fixed point z € X.

Example 2.6.26 ([20]). Let X ={(0,0),(4,0),(0,4),(4,5),(5,4)} and d: X x X —
R be defined by

d((z1,22), (y1,92)) = |T1 —y1| + |72 — Y2

for all (z1,22),(y1,y2) € X. Then (X,d) is a complete metric space. Define a
mapping 1" by
([L’l,O) 1% (% 7"
T(xy,72) =

(0,1’2) if xr1 > I2.

Then T satisfies the condition (2.6.6) in Theorem 2.6.25. Therefore, T" has a

unique fixed point.

2.6.2 The results of Su and Yao

First, we give needed notations about the class of some useful control
functions. Throughout this thesis, unless otherwise specified, I' denotes the class

of all functions 7 : [0,00) — [0,00) satisfying the following conditions:

(a) ~y is continuous and nondecreasing;
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(b) v(t) =0 if and only if ¢t = 0.

In 2012, Yan et al. [22] established a new fixed point theorem by
extending the Banach contraction mapping principle and using some control func-

tions as follows:

Theorem 2.6.27 ([22]). Let (X, =) be a partially order sets and suppose that
there exists a metric d on X such that (X,d) is a complete metric space. Suppose

that T': X — X is a continuous and nondecreasing mapping such that

d(Tz,Ty)) < ¢(d(z,y)) (2.6.7)

for all z,y € X with x = y, where v € I and ¢ : [0,00) — [0,00) is a continuous
function with v(¢) > ¢(t) for all £ > 0. If there exists 29 € X such that zo < Txo,
then T has a fixed point.

In 2015, Su and Yao [21] extended the idea in [22] by given the idea of
improved contraction mappings and established the fixed point theorem for such

new generalized contraction mappings in metric spaces as follows:

Theorem 2.6.28 ([21]). Let (X,d) be a complete metric space and let T: X — X

be a mapping such that

P(d(Tz,Ty)) < o(d(z,y)) (2.6.8)

for all z,y € X, where ¢,¢:[0,00) — [0,00) are two functions satisfying the fol-

lowing conditions:

Y(an) < ¢(bn)

ap —> €, by — €

Then T has a unique fixed point and for any given xg € X, the iterative sequence

{T"xy} converges to this fixed point.
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Example 2.6.29 ([21]). The following functions satisfy the conditions (a) and
(b) in Theorem 2.6.28:

t) =t
(1) va() where 0 < o < 1 is a constant;
qbl(t) :O./t,
<2> ¢2(t) _t27
éa(t) = In(t2 +1);
P3(t) =t,
(3) 2 SR iDEE S
t) = il
70 t—3 ifi<t<oo;
8 2 v
i t ifo<t<l,
4 —
n t—2 ifl<t<oo,
ot L if0<t<1,
4 —
t— % if 1 <t< oc;
bs(t) t if & Salil,
5 ==
at? if1<t<oo,
(5) where 0 < 8 < « are constants.
450 L2 B0 e
5 —
Bt if1<t<oo,

2.6.3 The results of Azizi et al.

First, we give needed notations about the class of some useful control
functions. Throughout this thesis, unless otherwise specified, A denotes the class

of all functions A : [0,00) x [0,00) — [0,00) satisfying the following conditions:

(a) A is lower semi-continuous and nondecreasing with respect to both of its

components;

(b) A(s,t) =0 if and only if s =t =0.
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In 2016, Azizi et al. [1] extended the idea of Berinde [4] by given the
idea of almost generalized C-contractive mappings and established common fixed
point theorems for such new generalized contraction mappings in partially order

complete metric spaces as follows:

Definition 2.6.30 ([1]). Let (X,=,d) be a partially order metric space, and let
f, g be two self-mappings of X. The mapping f is said to be almost generalized
C-contraction with respect to g if there exist £ > 0 and (v,\) € ' x A such
that

Y(d(fz,g2)) < ¥(M(z,y)) = MM'(z,y), M"(z,y)) +Ey(N(z,y))  (2.6.9)

for all z,y € X with x <y, where

M(a,y) = max {d(z,y). d(w, f2). d(y.gy), LE2FAL ],
M'(z,y) = max{d(z,y),d(, fz),d(z,gy)},
M"(z,y) = max{d(z,y),d(y,9y),d(fz,y)}, and
N(z,y) = min{d(z, fx),d(y, fr),d(z,9y)}.

Theorem 2.6.31 ([1]). Let (X,=,d) be an ordered complete metric space and
f,g: X — X be two weakly increasing mappings® which f is an almost generalized
C-contraction mapping with respect to g. If either f or g is continuous, then f

and g have a common fixed point.

Example 2.6.32 ([1]). Let X =[1,00) and d: X x X — R be defined by

0 if v =y,
d(z,y) =
r+y ifx#y.

Then (X,d) is a complete metric space. Define the mappings f,g: X — X by

1 if1<2<3,
Jx=

r—2 if3<zx

3frx<gfrand gx < fgr forall z € X
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and

1 if1<z<4,

gx
r—3 ifd<ua.

Also, define v: X — X and A: X x X — X by y(t) =t* and A(s,t) = 25 for all

s,t € X, respectively. Consider a relation < on X by
Ty = ysw

for all x,y € X. Then f and g satisfy all of hypotheses in Theorem 2.6.31. There-

fore, f and g have common fixed points.

2.6.4 The results of Nashine et al.

In 2012, Nashine et al. [15] established a fixed point theorem in 0-
complete ordered partial metric spaces which is more general than the result of

Hardy and Rogers [10] as follows:

Theorem 2.6.33 ([15]). Let (X,p,=<) be a 0-complete ordered partial metric

space and T': X — X be a nondecreasing (nonincreasing) mapping such that
p(Tx,Ty) < M(z,y) (2.6.10)
for all comparable z,y € X, where
M(z,y) = Ap(z,y)+ Bp(z,Tx) + Cp(y, Ty) + Dp(y, Tx) + Ep(z, Ty),

A B,C,D,E>0and A+ B+C+ D+ E < 1. Suppose that there exists xg € X

with xg < Txg (resp. xg = Txp) and

(a) T is continuous or

(b) X is regular.

Then T has a fixed point z and p(T'z,Tz) = 0=p(z, 2).
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Example 2.6.34 ([15]). Let X =[0,00)NQ and p: X x X — [0,00) defined by

p(z,y) = max{x,y} for all z,y € X. Then (X,p) is a 0-complete partial metric

space. We endow X with the partial order < by

=y <= x=y or (zr,yel0,1] withz<y).

Define a mapping 7: X — X by

x> :
2 itz e(0,1],
Tr — 14+x

% if z>1.

Then T satisfies all of hypotheses of Theorem 2.6.33. Therefore, T has a fixed

point.
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CHAPTER 3

BEST PROXIMITY POINT RESULTS FOR WEAK
1-¢-CONTRACTION MAPPINGS

In this chapter, we improve the results of Su and Yao [21] by defin-
ing the new type of contraction mappings and extend fixed point results to best
proximity point results in partial metric spaces. That is, we introduce the new
type of mappings which is called a weak 1)-¢-contraction mapping and establish
fixed point theorems for such mappings in partial metric spaces. We present
some example and numerical result for supporting the main result. By providing
this example, we show that our main result is a real generalization of the fixed
point results of several mathematicians in the literatures. Moreover, we apply the
fixed point result to prove the existence theorems of best proximity points for the

nonself-mappings in partial metric spaces.

3.1 The weak 1-¢-contraction mappings with fixed point results

In this section, we introduce the concept of a weak -¢-contraction
mapping in the setting of partial metric spaces and prove the existence and con-
vergence theorems of fixed points for such mappings. Moreover, we present some

example and numerical result for supporting the main result.

Definition 3.1.1. Let (X,p) be a partial metric space. The mapping 7" : X — X

is called a weak ¥-¢-contraction mapping if

U(p(Tz, Ty)) < o(p(,y)) (3.1.1)

for all z,y € X, where ¥,¢: [0,00) — [0,00) are two functions satisfying the fol-

lowing conditions:

(a) a,be[0,00) with ¥(a) <¢(b) = a<b;
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(b) {an}, {bn}, {cn}, and {d,} are sequences in X such that ¥ (p(an,by)) <

o(p(en,dy)) and p(an,by) — €, p(cn,dp) > €asn—00 — e=0.

Remark 3.1.2. From Definition 3.1.1, if T" is a weak -¢-contraction mapping,

then we get
p(Tz,Ty) < p(z,y) (3.1.2)

for all z,y € X, that is, T is a nonexpensive mapping in the sense of partial metric

spaces.

Theorem 3.1.3. Let (X,p) be a complete partial metric space and T : X — X
be a weak 1-¢-contraction mapping. Then 7" has a unique fixed point. Moreover,

for any given xg € X, the iterative sequence {T"x¢} converges to the fixed point

of T.

Proof. Let g € X. We define the sequence {z,} in X by
Tt — T 1 (3.1.3)
for all n € N. From (3.1.1) and (3.1.3) we have
P(P(@ns1,7n)) = Y((T2n, Trn-1)) < G(p(2n, Tn-1)) (3.1.4)
for all n € N. From Remark 3.1.2, we have
P(Tnt1,2n) < p(Tn, Tn-1)

for all n € N. Therefore, the sequence {p(x,+1,75)} is nonincreasing and so there
exists 4 > 0 such that
p($n+1;xn) — 0 (3.1.5)

as n — oo. By using the condition (b) in Definition 3.1.1 with (3.1.4) and (3.1.5),

we have 0 = 0. From (P1), we have

p<wnyxn) < p(xmxn—i—l)
for all n € N. Letting n — oo in the above inequlity, we get

p(Tn,zn) — 0. (3.1.6)
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Next, we will show that {x,} is a Cauchy sequence in partial metric
spaces, by using Lemma 2.3.10. Assume that {z,} is not a Cauchy sequence
in metric space (X,d,). It follows that there exists e > 0 for which we can find

subsequences {y, }, {m, } with ng >my > k such that
dp(Tn,, Tm,,) > € (3.1.7)

for all £ € N. Further, corresponding to mj we can choose nj in such a way that

it is the smallest inter with ny > my, satisfying (3.1.7). Then
dp (B By | = & (3.1.8)

From (3.1.7) and (3.1.8), we have

Gea < USRS )
< dp(Tny, Tng—1) + dp(Tny—1,Tmy,)
< (NS
< 2p(Zny, Tny—1) + €.

Letting k — oo in the above inequlity, we get
kli_g)lodp(arnk,xmk) =e. (3.1.9)

By using the triangular inequality, we have

IN

dp('xnlwxmk) dP('xnk?xnk*l) + dp(xnk*hxmk*l) + dp(ajmk*l:xmk)

S 2p(xnk>xnk—1) +dp(xnk—laxmk—1) + 2p(xmk—1axmk)

and

dp(mnk_l’xmk—l) < dp(mnk_l’xnk) +dp<$nk?xmk) +dp<xmk7xmk—l)

S 2p($nk—17xnk)+dp<xnka$mk)+2p(xmkaxmk—1)-
Letting k — oo in the above two inequalities and applying (3.1.9), we have

klggodp(xnk—laxmk—l) =e. (3.1.10)
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From the definition of d,, (3.1.6), (3.1.9) and (3.1.10), we get

€

kli_}rgop(xnk,a:mk) =3 (3.1.11)
and
: €
kl;lgop(xnk_l,xmk_l) =3 (3.1.12)

respectively. From (3.1.1), we obtain

V(@ Tmy)) < O(P(Tng—15Tmy—1))- (3.1.13)

It follows from the condition (b) in Definition 3.1.1 with (3.1.11), (3.1.12) and
(3.1.13), we get € =0, which is a contradiction. This shows that {z,} is a Cauchy

sequence in metric space (X,d,).

From Lemma 2.3.10, (X,d)) is complete and so the sequence {z,} is a
convergent sequence in the metric space (X,d,). It follows that Jim dp(zp,2) =0
for some z € X. From the fact in (2.3.2), we have

p(z,2) = Jim p(zn,z) = %%Igoop(xn,xm). (3.1.14)

Since {z,} is a Cauchy sequence in the metric space (X,d,), we have

From the definition of d, and (3.1.6), we have nrlrilrgoop(xn,xm) = 0. Therefore,
(3.1.14) implies that
lingop(xn,z) r (3.1.15)

n—

Due to (P4) and Remark 3.1.2; we have
p(Tz,2) < p(Tz,Txy)+p(Txy,2)—p(Txy, Tay)
< p(z,20) +p(Tn, 2)
= p(2,2n) +p(Tn+1,2). (3.1.16)
Letting n — oo in (3.1.16), we get p(T'z,z) =0 and hence Tz = 2.

Finally, we will show that z is unique fixed point of 7. Assume that

there exists u € X such that z # v and Tu = u. From (3.1.1), we obtain

b(p(z,0)) = (p(T=2,Tu)) < d(p(z,u)).
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By using the condition (b) in Definition 3.1.1, we get p(z,u) = 0 and hence z = u,
which is a contradiction. Therefore, z is a unique fixed point of T". This completes

the proof. O

The following example shows that Theorem 3.1.3 properly generalizes

Theorem 2.1 of Su and Yao [21].

Example 3.1.4. Let X =[0,1] endowed with the partial metric p: X x X — [0,00)
defined by p(z,y) = max{z,y} for all z,y € X. Therefore, the partial metric space
(X,p) is complete because (X,d,) is complete. Indeed, for any z,y € X,

dp(z,y) = 2p(z,y) — p(z,z) — p(y,y) = 2max{z,y} —x—y = |z —y|,

thus, (X,dp) = ([0,1],]-|) is a complete metric space.
Define a mapping T : X — X and functions 1, ¢ : [0,00) — [0,00) by

g 5t
Tx = E for all x € X, ¢(t) =t for all t € [0,00) and ¢(t) = = for all t € [0,00).
Now, we will show that conditions (a) and (b) in Definition 3.1.1 hold.
First, we assume that a,b € [0,00) with ¥(a) < ¢(b). Then a =¢(a) < ¢(b) =
5b
5 <b. Next, we assume that {a,},{bn},{cn},{dn} are sequences in [0,00) with
Y(plan,bn)) < ¢(p(cn,dy)) and p(an,by) — €, p(cn,dn) — € as n — oo. For each

n € N, we get

plan,bn) = Y (p(an,by)) < ¢(p(cn,dn)) = ———= (3.1.17)

5
Taking limit as n — oo in (3.1.17), we have € < EE and so € = 0.

Next, we will show that T satisfies the condition (3.1.1). Let z,y € X.
Without loss of generality, we may assume that  >y. Thus, p(z,y) = max{z,y} =

202 2y 2
x and p(Tx,Ty) :max{g,g} i Also, we have

3

2x2_27x2 5%
3 /) 3 6

(p(T, Ty)) = ( <5 _ o) = d(p(ey)

Therefore, T is a weak 1)-¢-contraction mapping. By using Theorem 3.1.3, we can

conclude that 7" has a unique fixed point.
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In this case, z = 0 is a unique fixed point of T'. For initial points

xo =0.2,0.3,0.6,0.7 and 0.9, the value of x,, which is defined by x,, = T"xq for

all n € N and the behavior of these iterations appear in Table 1 and Figure 3.1.4,

respectively.

Table 1 Comparative results of Example 3.1.4

Step x9=0.2 x0=0.3 zo=0.6 zo=0.7 z9g=0.9
1 0.026666666667 | 0.060000000000 | 0.240000000000 | 0.326666666667 | 0.540000000000
2 0.000474074074 | 0.002400000000 | 0.038400000000 | 0.071140740741 | 0.194400000000
3 0.000000149831 | 0.000003840000 | 0.000983040000 | 0.003374003329 | 0.025194240000
4 0.000000000000 | 0.000000000010 | 0.000000644245 | 0.000007589266 | 0.000423166486
5 0.000000000000 | 0.000000000000 | 0.000000000000 | 0.000000000038 | 0.000000119380
09 \ T T T T
\ —O— - Initial point x, = 0.2
0.8 \ —x— - Initial point X = 0.3 [1
\ Initial point x, = 0.6
oy % \ —O— - Initial point Xy = 0.7|]
o 7\\ \\ —%— - Initial point x, = 0.9 |
c \ *
g 05\ \ 1
g A
gvs 0.4r Vo b
1) \
0394\ \ \ T
.\ ’\ \
0.2@\ \ ¥ b
N v
0.1 v b
* &0
O— ~. ~. \é _
0 % =® & ® ® ® ® ®
0 2 4 6 8 10

Iteration number

Figure 3.1: Behavior of the iteration processes with initial points xg = 0.2, 0.3,

0.6, 0.7, 0.9 in Example 3.1.4.

Remark 3.1.5. Under the definition of 7" in Example 3.1.4 and the usual metric d

on X, the contractive condition in Theorem 2.6.28 is not true for every mappings
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1 and ¢. Indeed, if the contractive condition (2.6.8) holds, we get
(A(T(1),T(0.7) < ¢(d(1,0.7)) = (0.34) <(0.3) = 0.34<0.3,

which is a contradiction. Therefore, the main result of Su and Yao [21] can not

be applied for this case.

By using the similar method in the proof of Theorem 3.1.3, we get the

following result.

Theorem 3.1.6. Let (X,d) be a complete partial metric space and T : X — X

be a mapping such that

U(p(Tz, Ty)) < o(p(,y)) (3.1.18)

for all z,y € X, where ¥,¢: [0,00) — [0,00) are two functions satisfying the fol-

lowing conditions:

(a) a,be€[0,00) with ¥(a) <¢(b) = a<b;

(b*) {an}, {bn}, {cn}, and {d,} are sequences in X such that ¥ (p(an,b,)) <

d(pen,dn)) and dp(an,by) =€, dp(cn,dn) 2 €casn—+00 = €=0.

Then T has a unique fixed point. Moreover for any given xg € X, the iterative

sequence {T"zg} converges to this fixed point.

Remark 3.1.7. We can prove the similar fixed point results with Theorem 3.1.3
by replacing condition (b) in Definition 3.1.1 and condition (b*) in Theorem 3.1.6
by the following condition:

(b**): {an} and {b,} are sequences in [0,00) such that ¥(ay,) < ¢(b,) and a,, — e,

b,y —>ecasn—o00 =— €=0.

Example 3.1.8. Consider the functions 1;, ¢; : [0,00) — [0,00), where i =1,2,3,4,5,
defined by

P1(t) =t and ¢1(t) = at, where 0 < a < 1
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Po(t) =2 and ¢o(t) = In(t2 4 1);

t2 if x €1(0,1/2],

P3(t) =t and ¢3(t) = 5
t—g ifze(1/2,00);

; t
wm=] TR = :

t—3 ifze(l,00)

bs(t) = t if x €10,1), nd

at? if x € [1,00)

2 ifzel0,1),
P5(t) = where 0 < <1< a;
gt if x €l,00),

Then mappings ¢; and ¢; satisfy condition (b**) for all i =1,2,3,4,5.

Example 3.1.9. If ¢),¢: [0,00) — [0,00) are two functions satisfying the following

conditions:

(b) ¥(t) > ¢(t) for all t > 0;

(c) 1 is nondecreasing lower semi-continuous and ¢ is upper semi-continuous.

Then 1 and ¢ satisfy condition (b**).

Remark 3.1.10. It has been pointed out in some studies that the several fixed
point results can be concluded from our result under some suitable mappings in
Examples 3.1.8 and 3.1.9. Hence, our results generalize and complement the many

fixed point results in partial metric spaces.

From the fact that each metric space is a partial metric space, we get

the following result.

Corollary 3.1.11. Let (X,d) be a complete metric space and T': X — X be a

mapping such that
(d(Tz, Ty)) < 6(d(z,y)) (3.1.19)
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for all z,y € X, where ¢,¢:[0,00) — [0,00) are two functions satisfying the fol-

lowing conditions:
(a) a,b€[0,00) with ¥(a) <¢(b) = a<b;

(b) {an}, {bn}, {cn}, and {d,} are sequences in X such that ¢ (d(an,by,)) <

o(d(en,dy)) and d(ap,by) — €, d(cp,dy) > casn—o00 = €=0.

Then T has a unique fixed point. Moreover, for any given zg € X, the iterative

sequence {T"xg} converges to the fixed point of 7.

From Remark 3.1.7, we obtain the main result of Su and Yao [21].

Corollary 3.1.12 ([21]). Let (X,d) be a complete metric space and let T': X — X

be a mapping such that

Y(d(Tx,Ty)) < ¢(d(x,y)) (3.1.20)

for all z,y € X, where ¥,¢: [0,00) — [0,00) are two functions satisfying the fol-

lowing conditions:
(a) a,be[0,00) with ¥(a) < 6()) —> a<b

(b) {an} and {b,} are sequences in [0,00) such that ¥ (ay,) < ¢(b,) and a,, — ¢,

b, >easn—>00 — €e=0.

Then T has a unique fixed point. Moreover, for any given zg € X, the iterative

sequence {T"zg} converges to the fixed point of T

3.2 Best proximity point results for weak -¢-contraction mappings

by using the fixed point method

In this section, we establish the existence and uniqueness results of
the best proximity point by using the fixed point results in Section 3.1. We
first recollect basic notions, definitions and fundamental results. Throughout this

thesis, unless otherwise specified.
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Let A, B be two nonempty subsets of a partial metric space (X,p). We
denote by Ag and By the following sets:

Ag={z € A:p(x,y) =p(A,B) for some y € B},

By ={y € B:p(z,y) =p(A,B) for some z € A},
where p(A, B) :=inf{p(a,b) :a € A and b € B}.

Definition 3.2.1. Let 1, ¢ : [0,00) — [0,00) be two given functions and (A, B)
be a pair of nonempty subsets of a partial metric space (X,p) with Ag # (). The
pair (A, B) has the weak 1-¢p-P-property if and only if for any 1,22 € Ag and

y1,Y2 € B,

p(x1,y1) =p(A,B) and p(z2,y2) =p(A,B) = ¥(p(z1,22)) < p(p(y1,92))-

Lemma 3.2.2. Let (A, B) be a pair of nonempty closed subsets of a complete
partial metric space (X,p) such that p is continuous, Ay # () and ¥, ¢ : [0,00) —

[0,00) be two functions satisfying the following conditions:

(a) if {a,} and {b,} are sequences in X such that . 7lrilgloow(p(an,bm)) =0, then

n,rlrizrgoop(an’bm) =0;

(b) if {a,} and {b,} are sequences in X such that n}%r_rioop(an,bm) = p(z,z) for

some x € B, then n’rlrilrgoogo(p(an,bm)) =10,

Suppose that the pair (A, B) has the weak 1¢-p-P-property. If {y,} is a sequence
in By such that y, — b € B, then b € By.

Proof. Since y,, € By for all n € N, there is z,, € Ay such that

p(Zn,yn) =p(A, B) (3.2.1)

for all n € N. It follows from the weak -p- P-property that

¢(p(xn7$m)) < 90<p(ynaym)) (3'2'2)
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for all n,m € N. Since p is continuous, we get . Tlrilrgoop(yn,ym) =p(b,b). From (b),

we obtain

lim_ o(p(Yn,ym)) = 0. (3.2.3)

n,M—>00

By using (3.2.3) in (3.2.2), we have

lim (p(xy,zm)) = 0. (3.2.4)

n,mM— 00

It follows from (a) and (3.2.4) that

lim p(zn,2m) =0 (3.2.5)

T, —>00
and hence {z, } is a Cauchy sequence in (X,p). By the completeness of X, there is
a point a € A such that z,, — a as n — co. By taking the limit as n — oo in (3.2.1),

we get p(a,b) = p(A, B). It yields that b € By. This completes the proof. ]

Theorem 3.2.3. Let (A, B) be a pair of nonempty closed subsets of a complete
partial metric space (X,p) such that Ag # 0 and ¥, ¢, ¢ : [0,00) — [0,00) be three

functions satisfying the following conditions:
(a) if a,b € [0,00) with ¥(a) < ¢(b), then a < b;

(b) if {an}, {bn}, {cn}, and {d,} are sequences in X such that 1 (p(an,bs)) <

d(p(cn,dy)) and p(an,by) — €, p(cn,dyn) — € as n — 0o, then € = 0;

(c) if {an} and {b,} are sequences in X such that b }%rgoow(p(an,bm)) =0, then

pdim p(an,bpn) = 0;

(d) if {a,} and {b,} are sequences in X such that n’rlrilrgoop(an,bm) = p(z,z) for

some = € B, then . Tlribrgoow(p(an,bm)) =0;
(e) if a,b € [0,00) with p(a) < ¢(b), then a <b.

Suppose that p is continuous and 7': A — B is a sequentially continuous mapping

such that

o(p(Tx,Ty)) < o(p(z,y)) (3.2.6)

for all x,y € A. If the pair (A, B) has the weak 1-p-P-property and T(Ag) C By,
then there exists a unique point z* € A such that p(z*,Tz*) = p(A, B).
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Proof. First, let Ay be the closure of Ayg. We claim that T'(Ap) C By. Indeed, if
x € Ap, then we are done. If z € Ag\ Ag, then there exists a sequence {z,} C Ag
such that x, — x as n — 0o. By the sequentially continuity of T', we get a sequence
{Tz,} C By converges to a point Tz € B. From Lemma 3.2.2, we have Tx € By.
Therefore, T'(Ag) C By.

Since T'(Ap) C By, we can define the operator Py, : T(Ag) — Ay by
Payy =z for all y € T(Ay), where x € Ay and p(x,y) = p(A, B). It follows from
the weak 1)-p- P-property and the condition (3.2.6) that

b(p(PagTwr, PayTz)) < o(p(Ta1, Trz))
5 ¢(p(l‘1,3:‘2))
for all z1,29 € Ay. This shows that a mapping P4 ,07T : Ay — Ap is a weak -
@-P-property mapping. By using Theorem 3.1.3 we get P4,T" has a unique fixed
point, that is, Py, Tx* = 2* € Ag. It implies that

p(l’*,TI*) :p(A,B).

Therefore, x* is the unique element in Ay such that p(z*,Tz*) = p(A,B). It
follows that z* is also the unique point in A such that p(z*,Tz*) = p(A, B). This

completes the proof. O

By using the same technique in the proof of Theorem 3.2.3 with The-

orem 3.1.6, we get the following result.

Theorem 3.2.4. Let (A, B) be a pair of nonempty closed subsets of a complete
partial metric space (X,p) such that Ay # () and ¥, ¢, ¢ : [0,00) — [0,00) are three

functions satisfying the following conditions:
(a) if a,b € [0,00) with ¥(a) < ¢(b), then a < b;

(b) if {an}, {bn}, {cn}, and {d,} are sequences in X such that ¥(p(ay,b,)) <

d(pen,dy)) and dy(an,by) — €, dp(cn,dy) — € as n — 0o, then e = 0;

(c) if {an} and {b,} are sequences in X such that . 7l%gloow(p(an,bm)) =0, then

n,rlrizrgoop(an’bm) =0;
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(d) if {an} and {b,} are sequences in X such that . 71%11}1()()]9(@,1,bm) = p(z,z) for
some = € B, then n,%ibrgm¢(p(an,bm)) =0;
(e) if a,b €[0,00) with ¢(a) < ¢(b), then a <b.

Suppose that p is continuous and 7': A — B is a sequentially continuous mapping

such that

e(p(Tz,Ty)) < d(p(z,y)) (3.2.7)
for all z,y € A. If the pair (A, B) has the weak 1-p-P-property and T'(Ag) C By,

then there exists a unique point z* € A such that p(z*,Tz*) = p(A, B).

Since each metric space is a partial metric space, we obtain the next

results.

Corollary 3.2.5. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X, d) such that Ay # 0 and 1, p, ¢ : [0,00) — [0, 00) are three functions
satisfying the following conditions:
(a) if a,b € [0,00) with ¥(a) < @(b), then a < b;
(b) if {an}, {bn}, {cn}, and {d,} are sequences in [0, 00) such that ¥ (d(an,bn)) <
¢(d(cp,dy)) and d(ay,by) — €, d(cp,dy) — € as n — 00, then € = 0;
(c) if {a,} and {b,} are sequences in X such that g %rgoow(d(an,bm)) =0, then

lim d(ap,bn) = 0;

7,M—>00
(d) if {an} and {bn} are sequences in X such that lim_ d(an,bm) =0, then

WI%E}OOSO(d(CLn, bm)) =0;
(e) if a,b €[0,00) with ¢(a) < ¢(b), then a <b.
Suppose that T': A — B is a sequentially continuous mapping such that

p(d(Tz,Ty)) < ¢(d(z,y)) (3.2.8)

for all x,y € A. If the pair (A, B) has the weak 1-p-P-property and T(Ag) C By,
then there exists a unique point 2* € A such that d(z*,Tz*) = d(A, B).
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Corollary 3.2.6. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay # 0 and ¢, p, ¢ : [0,00) = [0,00) be three functions

satisfying the following conditions:

(a) if a,b € [0,00) with ¥(a) < ¢(b), then a < b;

(b) if {a,} and {b,} are sequences in [0,00) such that 1(ay,) < ¢(b,) and a,, — ¢,

b, — € as n — 00, then € = 0;

(c) if {an} and {bn} are sequences in X such that = lim_¢(d(an,bpm)) =0, then
lim d(ap,bn) = 0;

n,M—>00

(d) if {an} and {bn} are sequences in X such that lim_ d(an,bm) =0, then

,M—>00

nﬂlgrgoogp(d(anu bm)) = 0;

(e) if a,b € [0,00) with ¢(a) < ¢(b), then a <b.
Suppose that T': A — B is a sequentially continuous mapping such that

p(d(Tz,Ty)) < (d(z,y)) (3.2.9)

for all z,y € A. If the pair (A, B) has the (1, p)-P-property and T'(Ag) C By, then
there exists a unique z* in A such that d(z*,Tz*) = d(A, B).
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CHAPTER 4

COMMON BEST PROXIMITY POINT RESULTS FOR
ALMOST GENERALIZED PC-CONTRACTION
MAPPINGS

In this chapter, we improve the results of Azizi et al. [1] by defining new
generalized contraction mappings and extend common fixed point results to com-
mon best proximity point results in partial metric spaces. That is, we introduce
the new generalized contraction mapping which is called an almost generalized PC-
contraction mapping and then we establish some common fixed point theorem for
such mappings in partial metric spaces. Moreover, we use the common fixed point
result to prove the common best proximity point results for nonself-mappings in

partial metric spaces.

4.1 The almost generalized PC-contraction mappings with fixed point

results

In this section, we introduce the new generalized contraction mappings
and establish common fixed point for such mappings in partial metric spaces. First,
we give the definition of the new generalized contraction mappings in partial metric

spaces as follows:

Definition 4.1.1. Let (X,p) be a partial metric space and S,T be two self-

mappings on X.

(1) The mapping S is said to be an almost generalized PC-contraction map-

ping with respect to T if there exist £ > 0 and (v,A) € I' x A such that

Y(p(Sa, Tx)) < 7(M(x,y)) = MM (2,y), M" (z,9)) + &7 (N(w,y)) (4.1.1)
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for all z,y € X, where

M (z,y) = max {p(z,y),p(x,Sx),p(%Ty J“J"T?JJFI’%S“?)}’

)
M'(z,y) = max{p(x,y),p(zx,Sz),p(x, Ty)},
M"(z,y) = max{p(x,y),p(y,Ty),p(Sz,y)},
N(z,y) = min{p(z,5z),p(y, Sx) — p(y,y),p(z, Ty)}.

(2) The mapping S is said to be an almost generalized PC-contraction map-
ping if the mappings S is said to be almost generalized PC-contraction

mapping with respect to S.

Next, we will give the useful lemma for proving the main theorem as

follows:

Lemma 4.1.2. Let (X,p) be a partial metric space, and S, T be two self-mappings
of X which S is an almost generalized PC-contractive mapping with respect to 7T'.
Fix 21 € X and define a sequence {z,} by z2, = Sxa,—1 and 2,11 = Txay, for all
neN. If nli_)rgop(xn,xnﬂ) =0 and the sequence {z,} is nondecreasing, then {z}

is a Cauchy sequence.

Proof. Since S is an almost generalized PC-contraction mapping with respect to

T, there exists (7,\,&) € I' x A x [0,00) such that

v(p(S2,Ty)) <y(M(2,y)) = NM'(2,y), M"(z,y)) +€y(N(z,y))  (4.1.2)
for all z,y € X, where

I Y

M(z,y) = max {p(:v,y),p(a:,sx pryﬂ»ySm)}

),0(y, Ty),
M’ (z,y) = max{p(x,y),p(x,Sz),p(x, Ty)},
M"(z,y) = max{p(z,y),p(y,Ty),p(Sz,y)},

N(x,y) = min{p(z,Sz),p(y, Sx) — p(y,y),p(z, Ty)}.

Now, we will show that the sequence {x, } is a Cauchy sequence in a partial metric
space (X,p). It is sufficient to show that {xa,} is a Cauchy sequence. By using

Lemma 2.3.10, we will assume that {x2,} is not a Cauchy sequence in metric space

Ref. code: 25605809320426 TXP



o2

(X,dp). Then there exists € > 0 for which we can find two subsequences {2y, }

and {xapm, } of the sequence {z,} with 2n; > 2my, > k such that
dp(T2m,,, Ton, ) > € (4.1.3)

for all k € N. Further, corresponding to mj we can choose n; in such a way that

it is the smallest interger with ng > my, satisfied (4.1.3). Then

dp(mek,Z'an_Q) < €. (4.1.4)

From (4.1.3), (4.1.4) and the triangle inequality implies that

[
IN

dp(mek 9 x2nk)

IN

Gp (Lot Tong—0)+8p(Tonz=2, otz —1) +dp(Ton, % 1, T2n, )

€+ dp(x2nk*27x2nk*1> 1 dp(x2nk71>x2nk)

IN A

€ +2p(xan, -2, T2n,—1) + 2P(T20, -1, T2n,, )-

Since nll_{léo p(zn,Tnt+1) = 0 and letting k — oo in the above inequalities, we get

kl;rgo o e e (4.1.5)
that is,
. €
kl;rgop(xgmk,xgnk) N (4.1.6)

By using the triangle inequality, we have

IN

dp(2my,, T2ny,) dp(T2my, x2mk+1) + dp(m2mk+1 ) x2nk+1) + dp(x%kﬂ s Tony)

IN

2p(x2mk 9 $2mk+1> + dp(mek_,_l 9 xan+1) + 2p(x2nk+1 Y 1‘27%)

and

IN

dp<x2mk+1 ) x2nk+1) dp(x2mk+1 ) Ika) + dp(x2mk ) I%k) +dp (I%k ) xz”k+1)

< 2p($2mk+1 ) mek) + dp($2m;c ) xan) + 2p<x2nk 1 L2np 4 q )

Taking the limit as k — oo in the above inequalities and applying (4.1.5), we get

Jm dp(T2my 1> T2mp,y) = €
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lim d,(x9 9 = lim d,(z9 9,29
by 00 P( ME41 ”k) s 00 p( mp+2, nk)

Then

= lim dy(z2 T2
Es00 p( MEg41o nk+1)

= e (4.1.7)

lim p(x T = lim p(x T
k*)OOp( 2Mmyp419 an) k*)OOp( 2mp+2; 27’Lk)

= Hm p(zam,,,, T2y )

= g (4.1.8)

We substitute x with 2oy, , and y with z2,, in inequality (4.1.2), it follows that

P)/(p(mek-Q—Q, xan+1))

where

M(x2mk+1 ) $2nk)

M/(x2mk+1 ) xan)

M”(I2mk+1a$2nk) —

N(x2mk+1 ) xan)

7<p(5x2mk+1 ) Tx?nk))

S V(M("L‘ka+1 9 Ian)) s )\(M/<w2mk+1 9 .Z'an), M//(mek+17x2’l’Lk))

+EY(N (T2my 1> T2ng))s (4.1.9)

max {p(mek_H ) I2nk>7p(x2mk+1 ) Smek+1>7p(x2nk ’ Tx2nk>7

p(me;c+1 ) Tx?n,g) +p(x2nk 9 SfEka+1) }
2

max {p($2mk+1 ) x2nk>7p(x2mk+1 9 $2mk+2)7p(x2nk bl Ian+1)7

p(IL‘kaH ) xznk+1) ‘f‘p(xan ) mek+2) }
9 )

max{p(Tomy, 1, T2n;,), P(T2my 1 STomy i1 ) P(T2my 1, TTon,) }
max{p(T2my,, 1> T2n;, ) P(T2my 1 T2my+2), P(T2my 1> T2ny 1)}
max{p(T2my,,, Ton, ) P(T2ny; TTon,, ), P(Ton, , STomy,, )}
max{p(Tamy 1> T2ny )> P(T2ny T2ng 1) P(T2ny s T2my+2) }
min{p(Tomy, . 1, ST2my 1 )> P(T2ny, ST2my 1) — P(T2ny,, Tony, ),
p(xgmkH,Ta?an)}

min{p(Tomy 1 Tomy+2)s P(T2ny s T2my+2) — P(T2ny Tany, ),

p($2mk+1 ) xan+1)}'
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Letting k — oo in the above equalities and applying (4.1.6), (4.1.8), we obtain

€

klggo M (xomy,,,,T2n,) = 3 (4.1.10)
i M @y 220,) = % (4.1.11)
lim M (w020, = g (4.1.12)
kl;rglo N(z2my 1) T2n,) = 0. (4.1.13)

Taking the limit as k — oo in inequality (4.1.9) and using (4.1.10)-(4.1.13), the

continuity of v, and the lower semi-continuity of A\, we get

(5)<(5)-z3)

which yields A(5,5) = 0. Therefore, § =0, that is, e = 0, which contradicts the

positivity of e. Hence, {z,} is a Cauchy sequence. O

Next, we present the main result of this section.

Theorem 4.1.3. Let (X,p) be a complete partial metric space and 5,7 : X — X
be two mappings such that S is an almost generalized PC-contraction mapping
with respect to T'. If either S or T is continuous, then S and 7" have a unique

common fixed point.

Proof. First, we will show the following claim:

z is a fixed point of S <=z is a fixed point of T (4.1.14)

(=) Suppose that z is a fixed point of S. Inequality (4.1.1) implies that

1(p(z,92)) = v(p(f2,92)) V(M (2,2)) = M(M'(2,2), M"(2,2)) + (N (2, 2)),
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M(z,y) = max {p(z, 2),p(z,52),p(2,Tz), D -2FP(Z, Sz) }

p(z,Tz) —I—p(z,z)}
2

- max{p(z,z),p(z,Tz),
= max{p(z,z2),p(z,T2)}
= p(2,Tz),

M'(z,y) = max{p(z,2),p(z,52),p(z,Tz)}
= max{p(z,2),p(z,T2)}
= p(2,Tz),

M"(z,y) = max{p(z,z2),p(z,Tz2),p(z,52)}
= max{p(z,2),p(z,T2)}
= p(2,T%),

N(z,y) = min{p(z,5%),p(z,5z) —p(z,2),p(z,T%)}
= min{p(z,2),p(z,52) —p(z,2),p(2,T2)}
= 0

Therefore, we have
V(p(2,T2)) < v(p(2,T2)) = Ap(2,T'2),p(2,Tz)).

It yields A(p(z,Tz),p(z,Tz)) =0. Since X\ € A, we get p(z,7z) =0 and so
2z ="Tz. Therefore, z is a fixed point of T'.

(«<=) By the similarly process, we can show this claim.

Next, we will show the existence of a common fixed point of S and T

Let x; be an arbitrary element in X. Define a sequence {z,} by
Top = Sxop—1 and xo, 1 = T'woy
for all n € N. If x9,, = x9,,_1 for some m € N, then

Sxom—1 = Tom = Tam—1-
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So Zom—1 is a fixed point of S. From (4.1.14), z2,,—1 is also a common fixed point

of S and T. If x9y,41 = xay, for some m € N, then
Trom = Tomy1 = Toam.

Hence, oy, is a fixed point of T'. From (4.1.14), xo,, is also a common fixed point
of S and T. Therefore, we may suppose that x,, # x,4+1 for any x € N. From

(4.1.1), we have

7(p(:€2n,x2n+1)) = 7(p<5$2n717Tx2n)>
< (M (zan—1,720)) — MM (z2n—1,20), M" (T2n-1,T2n))

+Ev(N(z2n-1,%2n)), (4.1.15)

where

M(zon—1,y2n) = max {p(fwn—l Zon), D(T2n—1,STan—1),p(x2n, TTop),

p<x2n71 ) Tan) +p<Sx2n71 ) 372n) }
2

= maX{p(l’zn1,$2n),]9(x2n1,$2n),p($2n,$2n+1),

p<x2n—l ) x2n+l) +p(x2n7 xZn) }
2

P(Ton—1,Top+1) + p(xon, T2
= maX{P(l‘zn1,332n)7p($2n,9€2n+1), (z2n nt1) +P(n n)}

2
< max{p(T2n-1,%2n),P(T2n, T2n+1) }, (4.1.16)
M (zon—1,79,) = max{p(xon—1,%2n),p(T2n-1,5%2n-1),p(T2n—1,TT2n)}
= max{p(Ton—1,%2n),P(T2n—1,%2n), P(T2n—1,T2n+1)}
= maX{p($2n717x2n)7p(x2nflax2n+l)}
> p(T2p—1,%2n), (4.1.17)
M"(zon—1,79,) = max{p(zan—1,%2n),p(T2n, TT2n),p(T2n, ST2n—1)}

= max{p(z2,—1,%2n),P(T2n, Ton+1),P(T2n, T2n) }
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N(zon—1,22,) = min{p(zon—1,5r2m-1),p(@2n, ST2n—1),p(T2n—1,TT2)}
= min{p(xQn—17$2n)>p(x2naIQn)_p($2n7IQn)ap($2n—1a$2n+l)}

= 0. (4.1.19)

Thus, from inequality (4.1.15)-(4.1.19), we get

V(w2 v2011) < y(max {p(zan-1,720), p(T20, T2011) })

—AP(@2n-1,720),p(T2n—1,%2n)). (4.1.20)
Since A(p(zan—1,Tan),p(T2n—1,72n)) > 0, we get
V(p(z2n, T2n+1)) <y(max{p(zan-1,220),p(T2n, T2n+1)})- (4.1.21)
It follows from ~ is nondecreasing that
P(T2n, Tan+1) < max{p(Tan—1,Z2n ), P(T2n, T2n+1) }
and so
p(%2n, Tant1) < p(T2n—1,22n)- (4.1.22)
Hence, the inequality (4.1.20) becomes
Y(P(®2n, T2n+1)) < V(P(T2n-1,220)) — MP(T20-1,%2n),P(T2n-1,T2n)). (4.1.23)
Similarly process, we obtain
P(T2n+1,T2n+2) < P(T2n+1,T2n)- (4.1.24)

From the inequalities (4.1.22) and (4.1.24), we get {p(xy, xp+1)} is strictly decreas-
ing and bounded below. Then {p(zy,zn+1)} is convergent, that is, nh_>ngop(:cn, Tpy1) =

a € [0,00). Taking the limit superior as n — oo in (4.1.23), we get

limsupy(p(zans1,720)) < limsupy(p(wan, van-1))
n—oo n—oo

—lminf A(p(w2n, 2nt1), p(@2n, T2n-1)). (4.1.25)

By the continuity of v and the lower semi-continuity of A\, we get

(@) <7(a) = Aa,a).
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Thus, A(a,a) =0 and so a = 0. Therefore,

lim p(xpn,xn41) = 0. (4.1.26)

n—oo

Since the sequence {x,} is nondecreasing and nli_>nolo p(Tn,Tnt1) =0, Lemma 4.1.2
implies that {x,,} is a Cauchy sequence in (X, p). From Lemma 2.3.10, since (X, d,)
is complete and so the sequence {z,} is a convergent sequence in the metric space
(X,dp) and so

Jim_ dp(zp,2") =0 (4.1.27)

for some z* € X. From (2.3.2), we obtain
p(z*,2%) = lim p(zp,a*) = lim_p(zn,zm). (4.1.28)
From (4.1.28) and (4.1.27), we obtain

L ( i) =0 (4.1.29)

n—o0

Without loss of generality we may assume that S is continuous. Since xg,_1 — x*
as n — 0o, by the continuity of S we get x9, = Sxo,_1 — Sz* as n — oo. That is,

Jim p(w2n, Sz%) = p(Sz*,527). From Definition 4.1.1 we obtain

Y(p(Sz", Tran)) < Y(M(z",2n)) — MM (2", 22n), M" (2", 72n))

+EY(N (2™, 72n)), (4.1.30)

where

M(I*, xQn) = max{p(m*, :L‘Qn),p(x*, SI*);p(@n,TﬂUzn), p(m*,Tan)—zi—p(mgn,Sw*) }7

M'(z*,x9y) = max{p(x*, xap ), p(x*, Sx*), p(a*, Tx2,)},
M"(z*,x9,) = max{p(z*,xan), p(xon, Txop), p(xon, S*)},
N(z*,z9,) = min{p(z*,Sz*), p(xapn, Sx*),p(z*, Txap)}.
Taking limit as n — oo in above equalities, we get
Jim M (x*, xop) = p(z*, Sx™),
nli_)IgoM'(x*,xgn) = p(z*,Sz"),

lim M" (2" x9,) = p(Sx*, S2*),

n—oo

(4.1.31)

Jim N (2%, 22,) = 0.
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Taking limit superior as k — oo in inequality (4.1.30) and using the continuity of

~ and the lower semi-continuity of A\, we get

limsupy(p(Sz*, Tran)) < y(p(a”, Se7)) = Alp(a™, Se7), p(Sz™, Sx7)) +€7(0)

n—o0

= y(p(x*,Sz")) — A(p(z*, Sx™),p(Sx*, Sz™))
and so

limsupy(p(S2*,w20+1)) < (p(a*,S2%) = A(p(a”, Sa*),p(Sa", S2))

n—oo
< y(p(Sz*,z2n+1) +p(x2nt1,2%)) — A(p(a™, Sz*),p(Sz™*, Sz*))

for all n € N. Taking limit superior as n — oo again, we get

limsupy(p(Sz*,v2n+1)) < lmsupy(p(Sz™,z2n+1) +p(T2n+1,77))

n—oo n—oo

—Ap(z*,Sx*),p(Sz*,Sx™)).

Thus A(p(x*,Sx*),p(Sz*,Sz*)) =0 and so p(z*,Sz*) = 0. Therefore Sz* = z*.
From (4.1.14), we obtain z* is also a common fixed point of 7" and thus z* is a

common fixed point of S and T

Finally, we will show that x* is a unique common fixed point of S and
T. Suppose that y* is a common fixed point of S and 7. By inequality (4.1.1),

we get

Yp™y")) < y(M(z",y") =AM (%, y7), M"(z",y")) + &y (N (", y"))
= (") = A", y"),p(e",y")).

Thus, A(p(z*,y*),p(z*,y*)) = 0. Since X € A, we get p(z*,y*) =0 and hence z* =
y*. The proof is complete. O

Corollary 4.1.4. Let (X, p) be a complete partial metric space and S: X — X be
a continuous almost generalized PC-contraction mapping. Then S has a unique

fixed point.
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4.2 Common best proximity point results for almost generalized PC-

contraction mappings by using the common fixed point method

In this section, we apply the results from Section 4.1 to solve the com-
mon best proximity point results related the global optimization of multi-objective

functions.

Frist, we introduce new property which is an important tool for proving

the common best proximity point results.

Definition 4.2.1. Let (A, B) be a pair of nonempty closed subsets of a partial
metric space (X, p) such that Ag# (0 and S: A — B be a mapping. The pair (4, B)
has the ICp-property with respect to S if every mapping & : S(4y) — Ao
satisfying p(&(w),w) = p(A, B) for all w € S(Ap) is continuous.

Example 4.2.2. Let (A, B) be a pair of nonempty closed subsets of a partial
metric space (X,p) such that Ag # () and S : A — B be a mapping. If A= B, then
the pair (A4, B) has the IC)-property with respect to S.

Next, we establish the new common best proximity point result in

partial metric spaces via the common fixed point process in Section 4.1.

Theorem 4.2.3. Let (A, B) be a pair of nonempty closed subsets of a complete
partial metric space (X,p) such that Ag # 0 and ~,p, A : [0,00) — [0,00) are three

functions satisfying the following conditions:

(a) if {a,} and {b,} are sequences in X such that n%glwv(p(an,bm)) =0, then
lim p(an,by) = 0;

7,1M—00
(b) if {a,} and {b,} are sequences in X such that o lim p(an,bn) = p(z,x) for

some z € B, then ml%rgoogo(p(an,bm)) =0.

Suppose that p is continuous, £ > 0 and S,T : A — B are sequentially continu-
ous mappings such that f(Ag) C By, g(Ap) C By and S,T satisfy the following

condition:

Y(p(Sz,Ty)) <y(M(z,y) = MM (z,y), M" (z,y)) + Ey(N(z,y))  (4.2.1)

Ref. code: 25605809320426 TXP



61
for all z,y € X, where

Y

$,T ,S;c
M (z,y) = max {p(w,y),p(ﬂf,Sx),p(y,Ty p(y)?’(y)}

)
M'(z,y) = max{p(z,y),p(x,Sz),p(x, Ty)},
M"(z,y) = max{p(x,y),p(y,Ty),p(Sz,y)},
N(z,y) = min{p(z,5z),p(y, Sx) — p(y,y),p(z, Ty)}.

If the pair (A4, B) has the IC)p-property with respect to S (or the /Cp-property with
respect to T') and (A, B) has the weak ~-p-P-property, then S and 7" has a unique
common best proximity point x* € A, that is, p(z*, Sx*) = p(«*,Tx*) = p(A, B).

Proof. Let Ag be the closure of Ag. First, we want to show that S(Ag) C By. Let
x € Ag. If x € Ay, then Sz € By. If z € Ag\ Ap, then there exists a sequence
{zp} C Ap such that z, — x as n — co. By the sequentially continuity of S, we
get a sequence {Sz,} C By converges to a point Sx € B. From Lemma 3.2.2 we

have Sz € By. Therefore, S(Ay) C By. Similarly, we can prove that T'(A4g) C By.

Since S(Ap) C By and T(Ag) C By, we can define the operators Py, :
S(Z()) T Ao and QAO : T(Zg) —4 A() by

Py,y=x for all y € S(Ap), where x € Ay such that p(z,y) = p(4, B)
and
Q4,v =u for all v € T(Ap), where u € Ay such that p(u,v) = p(A, B).

As the pair (A, B) has the IC)p-property with respect to S (or ICy-property with
respect to 1), we obtain Py, oS is continuous (or Py, o7 is continuous). It follows

from the weak ~-¢-P-property and the condition (4.2.1) that

7(p<PAQS'r17QAQTx2)) S QO(p(Sl'l,TlCQ))

< (M (z,22)) = MM (2,y), M" (2,y)) + (N (2,y))

for all 21,29 € Ap. This shows that a mapping P4, 0S5 : Ag — Ag is a weak y-¢-

P-property mapping with respect to Q4,07 : Ag — Ay. By using Theorem 4.1.3,
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we obtain P4,S and P4,T has a unique common fixed point, that is, Py,Sz* =

Qa,Tx* =x2* € Ap. Tt implies that
p(z*,Sx*) =p(a*, Tx*) = p(A, B).

It follows that z* is also the unique common best proximity point of S and T.

This completes the proof. O

Corollary 4.2.4. Let (A, B) be a pair of nonempty closed subsets of a complete
partial metric space (X,p) such that Ag # 0 and ~,p, A : [0,00) — [0,00) are three

functions satisfying the following conditions:

(a) if {an} and {bn} are sequences in X such that = lim ~y(p(an,bm)) =0, then
limy_p{an,byr) =0

n,m—oQ

(b) if {an} and {b,} are sequences in X such that Tlrilrgoop(an,bm) = p(z,z) for
some z € B, then n,}rilrgoogo(p(an,bm)) al)s

Suppose that p is continuous, £ > 0 and S : A — B is a sequentially continuous

mapping such that S(Ag) C By and S satisfies the following condition:

e(p(Sz, Ty)) < ¥(M(z,y)) = X(M'(z,y), M"(z,y)) +E7(N(z,y))  (4.2.2)

for all x,y € X, where

M(a,) = max {p(a.).p(z, So). ply, Sy), L eS|,
M'(z,y) = max{p(z,y),p(x,Sz),p(zx,Sy)},
M"(z,y) = max{p(x,y),p(y, Sy),p(Sz,y)},

N(z,y) = min{p(z,Sx),p(y,Sx) — p(y,y),p(x,Sy)}.

If the pair (A, B) has the weak y-¢-P-property, then S has a unique best proximity
point z* € A, that is, p(z*,Sz*) = p(A, B).
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CHAPTER 5

BEST PROXIMITY POINT RESULTS FOR
GENERALIZED P-HARDY-ROGERS CONTRACTION
MAPPINGS

In this chapter, we improve the results of Nashine et al. [15] to best
proximity point results in partial metric spaces. That is, we define the concepts
of a generalized p-Hardy-Rogers contraction mapping and the new type of the
continuity in the framework of partial metric spaces. We use these concepts to
establish new best proximity point theorems in the sense of 0-complete partially

ordered partial metric spaces.

5.1 The generalized p-Hardy-Rogers contraction mappings

In this section, we introduce the new idea of a generalized p-Harday-

Rogers contraction mapping in the framework of partial metric spaces as follows:

Definition 5.1.1. Let A, B be two subsets of a partially ordered partial metric
space (X,p,=<). A mapping T': A — B is called a generalized p-Hardy-Rogers
contraction mapping if there are ay,a2,a3,a4,a5 >0 with a1 +as+as+as+as <
1 such that
x,y,u,v € A,
x,y are comparable,
p(u,Tx) = p(A, B),
p(v,Ty) = p(A, B),

= p(u,v) < M(z,y,u,v), (5.1.1)

where
M(‘ray7uvv) = a1p<xvy> + CLQP(Z’,U) + Clgp(y,'U) + a4p(y,u) + CL5]9<I,’U)-

Now, we introduce the new concept which is called 0-continuity as

follows:
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Definition 5.1.2. Let (X,p) be a partial metric space. A mapping 7: A — B is
called

(1) Picard sequentially 0-continuous with respect to (A, B) if {z,} is
a sequence in X such that p(zp41,Txy,) = p(A, B), , — z* as n — oo and

p(z*,2*) =0, then p(Tx,,Tx*) — p(Tx*,Tz*) =0 as n — o0;

(2) sequentially 0-continuous with respect to (A, B) if {x,} is a sequence
in X such that x, — 2* as n — oo and p(z*,2*) = 0, then p(Tz,,Tz*) —

p(Tx*,Tx*) =0 as n — 0.

Remark 5.1.3. From Definition 5.1.2, if T" is sequentially 0-continuous with re-
spect to (A, B), then T is Picard sequentially 0-continuous with respect to (A, B).

But the converse is not true.

Figure 5.1 shows the relation between several types of the continuity

in partial metric spaces and metric spaces.

Partial metric space

. # Picard sequentially
0-continuity «

B 0O-continuity

 Fam—

O-continuity

J
'd t Y

sequentially continuity

. J
'S ~

continuity

»>
I

Picard sequentially

1]

>
I
o]

0-continuity

"

Metric space

Figure 5.1: The relation between several types of the continuity in partial metric

spaces and metric spaces.
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Next, we give useful some lemma which is one illustrate for supporting

Definition 5.1.2 as follows:

Lemma 5.1.4. Let A be a closed subset of a 0-complete partially ordered partial
metric space (X,p,=<) and T': A — A be a nondecreasing (nonincreasing) mapping
and satisfies the following condition holds: there are aj,a2,as,a4,a5 >0 with a; +

as +as+ aq 4+ as < 1 such that
p(Tx, Ty) < M(z,y) (5.1.2)
for all all comparable z,y € X, where
M(z,y) :== a1p(z,y) +azp(z, Tx) +asp(y, Ty) + asp(y, Tx) + asp(x, Ty).

Suppose that there exists xg € X with g < Txg (resp. xo = Txg) and T is con-

tinuous mapping. Then 7' is a Picard sequentially 0-continuous with respect to

(A A).

Proof. Suppose that {x,} is a sequence in X such that p(zp4+1,7zy,) = p(A, A),

xTn — ¥ as n — oo and p(x*,x*) = 0. For each n € N, we get

p(IL‘*,Tl‘*) < p(x*,xn+1) +p(ZL‘n+1,T$*) _p($n+17$n+1) < p(w*,an) +p(xn+1,Tx*).

Letting n — oo in the above inequality and using the fact that p(zp41,Tx,) =

p(A,A), z, = z* as n — oo and p(z*,z*) = 0, we get
p(x*, Tx*) < p(z*,2") + p(Tz", Tx™) = p(Tx*, Tx").

From (P1), we obtain p(z*,Tx*) = p(Tx*,Tz*). Assume that p(z*,Tz*) > 0. Since

x* 2 x* and T satisfies (5.1.2), we get
p(x*, Tz*) =p(Tz*,Tz*) < M(z*,2%) = (a1 + a2 + a3 + as + as)p(z*, Tz*) < p(z*, Tz"),

which is a contradiction. Hence, p(z*,72*) =0 and hence p(T'z*,Tz*) =0, that

is, T is a Picard sequentially 0-continuous with respect to (A, A). O

We give example for supporting by above the lemma.
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Example 5.1.5. Let X =[0,00)NQ and p: X x X — [0,00) be defined by
p(z,y) = max{z,y}
for all x,y € X. We endow X with the partial order
r=y <= xz=y or (zr,y€]|0,1] with z<y).

Then (X,p,=<) is a 0-complete partially ordered partial metric space. Define T :
X — X as follows:

2 if z € [0,1]
L if L]
Te=1{1

3 if x> 1.
Under all these settings, 7" is Picard sequentially 0-continuous with respect to

(X, X). The readers can be seen the concept of this proof in Example 2.4 in [15].

5.2 Best proximity point results for generalized p-Hardy-Rogers con-

traction mappings by using the direct method

In this section, we establish the unique best proximity point result for
a generalized p-Hardy-Rogers contraction mapping in 0-complete partially ordered

partial metric space as follows:

Theorem 5.2.1. Let A, B be two nonempty subsets of a 0-complete partially
ordered partial metric space (X,p,=<) such that Ay is nonempty and closed and
T : A — B be a generalized p-Hardy-Rogers contraction mapping with the prop-
erties that T'(Ag) C By and T is proximally nondecreasing on Ay (proximally

nondecreasing on Ag). Assume that

(a) either T is a Picard sequentially 0-continuous with respect to (A, B) or X is

regular and

(b) there exist elements xg,x1 € Ag for which p(x1,Tx0) = p(A, B) and xo =< 21

(ZL‘l = :)30).
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Then T has a best proximity point in Ag. Moreover, the set Bes(T') of best

proximity points of T"is well ordered if and only if it is a singleton.

Proof. Starting wth zg,z1 € Ag in the hypothesis, we get x¢o < z; and

p(z1,Txo) = p(A, B). (5.2.1)
Since x1 € Ag and T'(Ap) C By, there exists a point xg € Ag such that

p(x2,Tx1) = p(A, B). (5.2.2)

As T is proximally increasing on Ay, we get x1 < x9. By similarly process, we

obtain a sequence {z,} in Ay such that
Tp = Tptl (5.2.3)
and
p(zn+1,Tzn) = p(A, B) (5.2.4)

for all n € NU{0}. From (5.1.1), we obtain

IN

p($n+1,$n+2) M(xnaxn—&-l)
= a1P(Tn, Tnt1) + 02P(Tn, Tnt1) + a3p(Tnt1, Tny2)

+a4p(xn+1 ) mn+1) i a5p(zcn, xn+2>

IN

alp(xna xn—&-l) = CLQP(CUn, mn—&-l) i agp($n+1,xn+2) + Cl4p(xn—|-1> xn—i—l)
+asp(Tn, Tni1) + asp(Tni1, Tny2) — asp(Trnil; Tntl)
= (al +az+ a5)p(xn>xn+1) + (a3 + a5)p($n+1, $n+2)

+<CL4 - a5)p(xn+1737n+1)- (5.2.5)
Using (5.1.1), (5.2.3) and (5.2.4), we obtain
p(anrQ:anrl) < M<5Un+1>xn)

= alp(zn—i-l: xn) + agp(:vn+1,xn+2) + a3p(xna 27n—i—1)a4p($n7$n—|—2)

+asp(Tnt1,Tns1)

IA

(a1+a3+aq)p(xn, vpy1) + (a2 + ag)p(Tn i1, Tnio)

+(a5 —Cl4)p($n+1,l‘n+1). (5.2.6)
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Adding up (5.2.5) and (5.2.6), we have

P(Tnt1, Tnt2) < pp(Tn, Tnyl)

for all n € NU{0}, where

0< pim 2a1 4+ a2+ a3+ aqs+as <1
2—(ag+as+aqg+as)
It implies that
(@, Tpy1) < p"p(z0,21)
for all n € N and hence
T}i_}rgop(xn,xnﬂ) =0 (5.2.7)
For each m,n € N with n > m, we get
1 e
and so
Il § (2 e =0, (5.2.8)

m,n—00
Hence, {z,} is a 0-Cauchy sequence in Agy. Since Ag is a closed subset of a 0-
complete partial metric space (X,p), there exists x* € Ay such that x, — x* in
(X,p) and p(z*,2*) = 0 and hence
: +y <N T
Jim p(zn,z") = p(z”,2") = 0. (5.2.9)

Now, we will show that p(z*,Tz*) = p(A, B).

(1) Assume that T is Picard sequentially 0-continuous with respect to

(A, B).

Using (P4) we get

pa*, Tx") < p(x*,2p41) +p(Tnt1, T2") — p(Tn41,Tnt1)
< p(a*,zpp1) +p(@psr, Ta")
< pa®,xng1) Fp(@ng1, Ten) + p(Twy, Tx™) — p(Tan, Try)
< pa® zng1) Fp(eng1, Toy) + p(Toy, Tx™)
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for all n € N. From (5.2.4) we obtain
p(x*, Tx*) < p(x*,xpny1) +p(A,B)+p(Txy, Tx™).

for all n € N. Letting n — oo in the above inequality, applying (5.2.9) and the
Picard sequentially 0-continuity with respect to (A, B) of T, we get

p(a*, Tx") <p(a*,2%) +p(A,B) +p(Ta", Tz") = p(A, B).
Therefore, p(x*,Tx*) = p(A, B), that is, x* is a best proximity point of 7T
(2) Assume that X is regular.

By (5.2.3) and (5.2.9), we get
Tn 2T (5.2.10)

for all n € N. Since T'(Ag) C By and z* € Ay, there exists a point z € Ay such that
e " N=Da B (5.2.11)
By (5.2.4), (5.2.10) and (5.2.11), we get

D (il ) Wt A o)
= a1p(xn,z*) + agp(Tn, Tni1) +azp(z”, 2)

+aap(z*,Tpt1) + asp(xn, 2). (5.2.12)

Taking limit as n — oo in the above inequality and using Lemma 2.3.11, we get

p(z*,2) < (ag+as)p(x*, 2).

This implies that p(z*,2) =0. Thus 2* = z and so p(«*,Tz*) = p(A, B). Therefore,
x* is a best proximity point of 7.

In addition, we will show that the best proximity point of T" is unique if
and only if Beg(T') is well ordered. Now we suppose that the set of best proximity
point T is well ordered and we will claim that the best proximity point of 7" is

unique. So, assume by contrary that there are wy,ws € A with p(wy,Tw1) =p(A, B)
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and p(wg,Twa) = p(A, B) such that w; # wy. Then w; and wy are comparable. We
can replace z =u =wj and y = v =wy in (5.1.1) and so
plwr,wa) < M(wp,we)
= a1p(wi,w2) + azp(wr, wi) + azp(wz, w2) + asp(we, wi) +wsp(wi,w2)
< (a1 +as+as)p(wr,we) + agp(wi,w2) + agp(wr, wa)
= (a1+az+az+as+as)p(wr,wa)
< plwr,wz),

which is a contradiction. The converse is easy to proof. This completes the

proof. n

Definition 5.2.2. Let A, B be two nonempty subsets of a partially ordered partial
metric space (X,p, <) with Ag # (). Then the pair (A, B) is said to have the P-

property if, for any x1,x9 € Ay and y1,y2 € B,

p(z1,y1) =p(4, B),
p(z2,y2) = p(4A, B)
Remark 5.2.3. The concept of P-property in the case of metric spaces was first

introduced by [19].

= p(x1,22) =p(y1,v2).

Lemma 5.2.4 ([8]). Let (A, B) be a pair of nonempty closed subsets of a com-
plete partial metric space (X,p) such that Ag is nonempty and (A, B) has the
P-property. Then (Ag, By) is a closed pair of subsets of X.

Remark 5.2.5. The reader can be seen Lemma 5.2.4 in the version of metric

spaces in [8].

Theorem 5.2.6. Let A, B be two nonempty closed subsets of a 0-complete par-
tially ordered partial metric space (X,p, <) such that Ay is nonempty and (A, B)
satisfies the P-property and 7": A — B be proximally nondecreasing on Ay (proxi-
mally nondecreasing on Ap) with the properties that T'(Ag) C By and satisfies the
following condition holds: there are ay,a9,as3,aq,a5 >0 with a1 +as+asz+ags+as <

1 such that

plu,v) < M(2,y,u,v) (5.2.13)
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for all z,y,u,v € A, where

M(‘Tayauwv) = alp(x,y) +a2p(x,u) +a3p(y7v) +a4p(y7u) —|—a5p(x,v).

Assume either T is a Picard sequentially 0-continuous with respect to (A, B) or X
is regular and there exist elements xg,x1 € Ag for which p(x1,Tz) = p(A, B) and
xg =1 (r1 < x0). Then T has a best proximity point in Ag. Moreover, the set

Best(T') of best proximity points of 7" is well ordered if and only if it is a singleton.

Proof. By using Lemma 5.2.4 and applying Theorem 5.2.1, we get this result. [

Remark 5.2.7. Note that for ay,a92,a3,a4,a5 > 0 with a1 +as+az+ags+as <1,
the generalized p-Hardy-Rogers contraction mapping reduce into the following

mappings:
(1) the Banach contraction mapping if as = a3 = ag = a5 = 0;
(2) the Kannan contraction mapping if a; = a4 = as = 0;
(3) the Chaterjia contraction mapping if a; = ag = ag =0;
(4) the Reich Contraction mapping if ag = az = 0.

Therefore among all above defnitions, the generalized p-Hardy-Rogers contraction

mapping is the most general contraction mapping.

Corollary 5.2.8. Let A be a closed subset of a 0-complete ordered partial metric
space (X,p, <) such that Ag is nonempty and closed and T': A — A be a nonde-
creasing (nonincreasing) mapping satisfying the following condition holds: there

are ai,as,as,a4,as > 0 with a1 + a2 +as+ a4+ as < 1 such that
p(Tx,Ty) < M(z,y,u,v)
for all comparable x,y € X, where
M (z,y,u,v) == a1p(x,y) + azp(x, Tx) + azp(y, Ty) + asp(y, Tx) + asp(x, Ty).

Suppose that there exists z¢g € X with xg < Tz (resp. xg = Txg) and the following

conditions hold:
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(a) T is continuous or

(b) X is regular.

Then T has a fixed point z and p(T'z,Tz) = 0= p(z,z). Moreover, the set of all

fixed points of T" is well ordered if and only if it is a singleton set.

Proof. By applying Lemma 5.1.4 and using Theorem 5.2.1, then 7" has a unique
best proximity point. O]

Corollary 5.2.9 ([15]). Let (X,p, <) be a 0-complete ordered partial metric space
and T : X — X be a nondecreasing (nonincreasing) mapping satisfying the follow-
ing condition holds: there are ai,as,as,aq,a5 >0 with a1 +as+az+aqs+a5 <1

such that
p(Tx,Ty) < M(z,y, Tz, Ty)
for all comparable x,y € X, where
M(z,y,Tz,Ty) = a1p(z,y) + azp(x,Tx) + asp(y, Ty) + asp(y, Tx) + asp(z, Ty).

Suppose that there exists g € X with g < Tz (resp. xg = Txg) and the following

conditions hold:

(a) T is continuous or

(b) X is regular.

Then T has a fixed point z and p(T'z,7z) = 0= p(z,z). Moreover, the set of all

fixed points of T" is well ordered if and only if it is a singleton set.
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CHAPTER 6

CONCLUSIONS

In summary, we introduced new type of contractions and established
new best proximity point results based on two methods including the fixed point
method and the direct method. We are going to summarize all of main results in

this thesis as follows.

In Chapter 3, we extended some contraction mappings and proved the
fixed point results for such mappings in partial metric spaces (see in Theorem
3.1.3 and 3.1.6). These results extend and improve various fixed point results in
partial metric spaces and generalize many fixed point results in metric space. In
addition, it has been pointed out that the existence of best proximity point results
can be concluded from our fixed point result (see in Theorem 3.2.3 and Theorem

3.2.4). Our results extend and improve the main results of Su and Yao [21].

In Chapter 4, we generalized some contraction mappings and prove
the common fixed point results in partial metric spaces (see in Theorem 4.1.3).
These results improve and generalize many common fixed point and fixed point
results in partial metric spaces and metric spaces. Moreover, we introduced new
useful property (see in Definition 4.2.1) and establish the existence of common
best proximity point results by using such property together with the common
fixed point results (see in Theorem 4.2.3). Our results extend and improve the

main results of Azizi et al. [1].

In Chapter 5, we defined the new contraction for nonself-mappings
in partially ordered partial metric spaces. Furthermore, we introduced the new
type of the continuity in such spaces (see in Definition 5.1.2). On such new two
ideas, we proved the best proximity point results in O-complete partially ordered
partial metric spaces (see in Theorem 5.2.1). Some particular cases are presented
to confirm the significance and unifying power of obtained generalizations. Our

results extend and improve the main results of Nashine et al. [15].
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Finally, we give the advantages of main results in the thesis. Based
in the fact that the best proximity point results has the wider applications than
the fixed point results, our new best proximity point results from Chapters 3,4,5
can be solved some real-world problems which are not applied by the fixed point

results such as the global optimization problems.
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