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ABSTRACT

This thesis presents chaotic oscillators using frequency-dependent negative
resistance (FDNR). For the first part, a new algebraically simple five-minimum-term
approach to an existing FDNR-based chaotic circuit is presented. An existing
piecewise-linear model of a diode is replaced with a new better model using a
conventional diode equation. Such a new model results in algebraically simple five
minimum terms in three coupled ordinary differential equations (ODEs). Not only are
the ODEs reduced from six to five minimum algebraic terms, but also from two
nonlinear terms to a single nonlinear term. In particular, a new homoclinic orbit of the
circuit is illustrated.

For the second part, a unity-gain approach to a simple FDNR-based chaotic jerk
oscillator is proposed. Both unity-gain and FDNR techniques are demonstrated
together, for the first time, for a simple chaotic jerk circuit. The proposed chaotic jerk
circuit consists of only 7 electronic components, only one of which is an active device.
The simplicity results in fewer components of both active and passive devices
compared to the existing FDNR-based chaotic circuits. Chaotic attractors, bifurcation

diagrams, largest Lyapunov exponents and a Kaplan-Yorke dimension are
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demonstrated. The maximized value of the largest Lyapunov exponent is relatively high
at 14.62.

Keywords: FDNR-based Chaotic Jerk Circuit, Unity-Gain Amplifier, Chaotic

Oscillator.
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CHAPTER 1
INTRODUCTION

The discovery of the attractor of Lorenz (1963) has attracted great attention to
the studies of chaotic circuits and systems. Many applications of chaotic circuits include
e.g. chaos-based secure communications (Srisuchinwong & Munmuangsaen, 2011).
Some techniques of chaotic circuits have been presented e.g. Srisuchinwong and
Amonchailertrat (2013); Srisuchinwong and Munmuangsaen (2012); Srisuchinwong
and Nopchinda (2013); Srisuchinwong and Treetanakorn (2014), including a
frequency-dependent negative resistance (FDNR) technique. Early examples of FDNR-
based chaotic oscillators were reported in e.g. Elwakil and Kennedy (1999, 2000),
where a FDNR circuit was introduced as an active linear building block to generate a
source of energy, whereas a diode was a passive nonlinear element.

Even though FDNR-based chaotic oscillators have been proposed for more than
ten years, publications on this topic have been relatively rare. One of the main reasons
for such rare publications is probably that the existing FDNR-based chaotic oscillators
do not offer other apparent advantages over other existing approaches.

Recently, a five-term chaotic attractor, e.g. Munmuangsaen and Srisuchinwong
(2009), has been reported and the minimum number of algebraic terms in three coupled
ordinary differential equations (ODEs) has been clarified to be five terms. Such
minimum terms have offered an advantage of simplicity. As the ODEs of the existing
FDNR-based chaotic osicllator in Elwakil and Kennedy (2000) have six algebraic terms
using the piecewise-linear model for the diode, it is natural to wonder whether that
equation may have five minimum terms using a new model by a conventional diode
equation.

Although a new algebraically simple five-minimum-term approach to an
existing FDNR-based chaotic oscillator has been presented by Chuayphan and
Srisuchinwong (2016), as will be the first part of this thesis in chapter 3, the FDNR-
based chaotic oscillators have however required two operation amplifiers (op-amps) for
FDNR circuit and therefore are not attractive. On the other hand, a unity-gain-based

chaotic jerk oscillator has been introduced by Srisuchinwong and Treetanakorn (2014).
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Although such a chaotic oscillator has required only a single op-amp, it has however
employed not only two active devices, but also a floating diode.

This thesis is separated into two parts. The first part presents a new algebraically
simple five-minimum-term approach to an existing FDNR-based chaotic oscillator. The
nonlinear element is modeled by replacing an existing piecewise-linear model with a
conventional diode equation. The second part presents a unity-gain approach to a simple
FDNR-based chaotic jerk oscillator. In particular, the circuit demonstrates the use of
not only a FDNR technique, but also only a unity-gain technique for a chaotic jerk
oscillator with a grounded diode.

This thesis is organized as follows. Chapter 2 reports background knowledge
and related work. Chapter 3 presents the first part of this thesis: a new algebraically
simple five-minimum-term approach to an existing FDNR-based chaotic circuit and its
new homoclinic orbit, including numerical results. Chapter 4 presents the second part
of this thesis: a unity-gain approach to a simple FDNR-based chaotic jerk oscillator,
including circuit realization, simulations, and experimental results. Finally, Chapter 5

presents conclusions of the two proposed chaotic oscillators based on FDNR.
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CHAPTER 2
LITERATURE REVIEWS

2.1 Background Knowledge

2.1.1 Harmonic Oscillators

One of a simple mechanical system is a harmonic oscillator modeled by a
spring-mass-damper system where a mass (m) is moving in vertical displacement (x)
from its equilibrium position by a spring force —kx, where k is a spring coefficient. By
using the Newton's second law of motion, for the undamped case, the equation of

motion is described as

mi = —kx (2.1)

For the undamped case, the energy is conserved, then the spring keeps going up
and down (oscillates) infinitely. In practice, the harmonic oscillator has a form of
damping or friction that converts the mechanical energy into heat and eventually the
oscillation is suppressed. Such a damping term is referred to by a damper, which adds
a damping force of—Dv = —Dx, where D is a damping constant, and v is the velocity.

As a result,

mi = —Dx — kx (2.2)
The system (2.2) can be rewritten as

e _ .k
X=—ax——x (2.3)

where a = % is a damping coefficient. The system (2.3) is called a damped harmonic
oscillator.

Ref. code: 25645822042155MJZ



2.1.2 A Feedback Oscillator
In electronics, an oscillator can be implemented through filter network. Such an

oscillator can be based on a feedback oscillator or a negative-resistance oscillator.

Amplifier
Vin Py Your
—\‘E{ AO - LD
Filter
p <

Figure 2.1 A block diagram of a positive feedback oscillator.

A block diagram of a positive feedback system is shown in Fig. 2.1. The
amplifier voltage gain is denoted as A, (also called an open-loop gain) and the filter
transfer function is 8. The closed-loop gain (Af) is expressed as

Ao

A =0 (2.4)

The Barkhausen criterion states that the circuit will sustain steady-state
oscillations if: (1) the magnitude of the loop gain is equal to unity, i.e., |A,8| = 1, and

(2) the phase shift of the loop gain is zero or an integer multiple of +2m.

2.1.3 A Negative-resistance Oscillator

A negative-resistance oscillator employs a resonant circuit and negative
resistance as shown in Fig. 2.2. The resonant circuit is typically constructed by an LC-
parallel undamped circuit, where the current i; through the inductor L is in an
undamped ODE of the form

[ =——i (2.5)

LC
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Negative

Resonators N
Resistance

Figure 2.2 A block diagram of the negative-resistance oscillator.

where the oscillation frequency is w, = \/i_ In addition, the current i; in an LC-

LC
parallel damped circuit is of the form

. 1 . 1.
lL = _ELL _ELL (26)

where R is the parallel resistance.
If the negative resistance of —R is connected in parallel with the resistance R,
the system (2.6) becomes an undamped ODE and therefore generates oscillations at its

resonant frequency w,.

R,
| —|
|

I 1

Figure 2.3 Negative resistance.
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2.1.4 A Negative Resistance
An example of negative resistance is shown in Fig. 2.3. The equivalent

resistance Ry, of the circuit is

Yin _ _Ri 2.7)

Ry =72 = — 2

lin A

where 4 = 1+%

1

Al
+ -
4. C3 R4
A [r— I ] f 1
i Cl R2

j AL

Figure 2.4 Frequency-dependent negative resistance (FDNR).

2.1.5 Frequency Dependent Negative Resistance (FDNR)
Frequency Dependent Negative Resistance (FDNR) is well-known linear
building block. An example of FDNR is shown in Fig. 2.4. The equivalent resistance

Rpp of the circuit is

1 1
Rrn=53=-7- (2.8)
where D is
D = CiR2CsRs (2.9)

Rg
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2.2 Chaos Theory

The chaos theory is the study of randomness or unpredictable behavior in
systems through mathematical models. Generally, according to Poincare-Bendixon
theorem (Hirsch & Smale, 1974), chaos can occur only in at least three-dimensional
ODE system. Typically, chaos is determined by three basic properties: very sensitive
to initial conditions, topological mixing, and infinite orbits. Hence, Chaos has non-
periodic long-term behavior in a deterministic system that exhibits sensitive
dependence on initial conditions. Classical examples of chaotic behavior are change of
the weather, behavior of the stock markets, biological processes in the living organisms,
and fluctuations of the astronomical orbits.

Studies of chaotic circuits have generally been for academic and theoretical
reasons. Chaotic circuits were built as physical tools to study nonlinear dynamics
described by a set of equations. Mathematicians and theoretical physicists built chaotic
circuits to imitate and study dynamics of complex systems. Chaos may offer substantial

benefits to many applications, including communications, remote sensing, and

cryptography.

2.3 Related Work

Sprott (1997) proposed some simple chaotic jerk functions. He showed
algebraically simple equations involving ordinary differential equations (ODESs) with
quadratic and cubic nonlinearities.

Sprott (2000) proposed simple chaotic systems and circuits. He introduced new
chaotic systems with a single third-order ODE with different nonlinearities.

Elwakil and Kennedy (1999) proposed a chaotic oscillator employing frequency
dependent negative resistance (FDNR) inspired by Chua’s circuit. The structure in
Chua’s circuit was remained but the Chua’s diode was replaced by a parallel connection
of FDNR. They showed the relationship between the Rossler’s system and the Colpitts-
like chaotic circuits.

Elwakil and Kennedy (2000) proposed an improvement of the chaotic oscillator
using FDNR by reducing passive components in the structure of Chua’s circuit. They

presented the design rules to simplify the design process of chaotic oscillators.
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Munmuangsaen and Srisuchinwong (2009) proposed a chaotic system with only
five terms in three coupled first-order ODE having fewer and simpler terms than those
of existing six-term or seven-term chaotic systems.

Munmuangsaen et al. (2011) proposed generalization of the simplest
autonomous chaotic system. They discovered some simple chaotic systems of the form
X+ %+ x=f(x%).

Sprott (2011) proposed a chaotic jerk circuit. He presented a simple jerk
equation which can be implemented by an electronic circuit.

Susan and Jayalalitha (2012) proposed reviews of FDNR. A limitation of using
an inductor is that it cannot be appropriated for the micro miniature structure and
integrated circuits. Therefore, simulated inductors based on FDNR are used as an

alternative.
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CHAPTER 3
A NEW ALGEBRAICALLY SIMPLE FIVE-MINIMUM-TERM
APPROACH TO AN EXISTING FDNR-BASED CHAOQOTIC
CIRCUIT AND ITS NEW HOMOCLINIC ORBIT

3.1 Introduction

This chapter introduces a new algebraically simple five-minimum-term
approach to an existing FDNR-Based chaotic circuit and its new homoclinic orbit. By
replacing an existing piecewise-linear model of a diode with a conventional diode

equation, this results in algebraically simple five minimum terms.

3.2 An Existing FDNR-based Chaotic Circuit using a Piecewise-Linear Model

An existing FDNR-based chaotic circuit using a piecewise-linear model
(Elwakil & Kennedy, 2000) is shown in Fig. 3.1(a), whereas Fig. 3.1 (b) shows the
equivalent circuit. The circuit consists of an inductor L, a capacitor C, a diode D and
FDNR denoted as Z; on the right hand side of node A4, as shown in Fig. 3.1(b).

3.2.1 Frequency-Dependent Negative Resistance (FDNR)

As shown in Fig. 3.1(a), the FDNR Z; on the right hand side of node A consists
of two op-amps U, and U,, two capacitors C; and C,, and three resistors R;, R, and R.
LetR, =R, =R=Rp,C;=C,=Cr,K=R/Rr=1,impedance Zo; = 1/(jwC;), Z, =
1/(jwC,), and the complex frequency s = jw. The FDNR Z; can be expressed as the
form:

Zy=R(EZ2) =p(——)=—=— (3.1)

RiR» w2C1C2R R, w2CERp  Dys?

where the constant D, = C2Rr/K
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(a)

(b)

Figure 3.1 (a) An existing FDNR-based chaotic circuit (Elwakil & Kennedy, 2000),
(b) An equivalent circuit where the FDNR is denoted Z; on the right hand side of
node A.

3.2.2 An Existing Piecewise-Linear Model of the Circuit
Three coupled ODEs of the circuit shown in Fig. 3.1(a) are described by:

DV = —ip
{ Cvc = _iF_iL_IN (32)
Ly, = v,

where the current Iy through the diode D is approximately described by a piecewise-
linear equation of the form

(3.3)

) 1{UC_V]/IUC2VV

- Rp 0, Ve

and Ry, is the diode forward conduction resistance (= 50 Q), and V,, is the voltage drop
(= 0.6 V). Let normalized variables (X, Y, Z), normalized constants («, 8), normalized

time 7, and normalized derivative (X,Y, Z), be defined as

Ref. code: 25645822042155MJZ
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X vc  Re
£ X a Z}T' RVY' CRZZ
_ | ar FlL FRE

vy Bl=lg T (3.4)
Z 7 T t

az ax
dt dt CrRFp

In this case, Z = X. Based on (3.4), a normalized dimensionless version of (3.2) using

(3.3) is a piecewise-linear dynamical model of the form

X 0 0 111X 0
y[=| B 0 0][|Y[+]O (3.5)
Z —-aK —-K -—-KllZ akK
where 'a’ is a nonlinear term of the form
a,X>1
= {o,x <1 (3.6)

It can be noticed that the existing approach on the piecewise-linear model in (3.3) and
(3.6) results in six algebraic terms in three coupled ODESs as shown in (3.5). In addition,
there are two nonlinear terms of ‘a’ in (3.5). Consequently, (3.5) is not considered to be

algebraically simple.

3.3 A New Algebraically Simple Five-Minimum-Term Approach using a Diode
Equation
The current I, of the diode D was approximately modeled by a piecewise-linear
equation in (3.3). Alternatively, Iy may be better modeled by a conventional diode

equation of the form

Iy =1 [exp (T:,]TCT) — 1] = [sexp (:TCT) 3.7)

where V; is the thermal voltage, n is a scaling factor and I is the reverse saturation
current. Fig. 3.2 shows a comparison of I between the existing piecewise-linear model
in (3.3), as shown by a dotted line, and the new diode-equation model in (3.7), as shown

by a solid line.
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10

1,(MA)

1.5

veV)

Figure 3.2 A comparison of I, between the new (solid line) and the existing (dotted

line) models of a diode described in (3.7) and (3.3), respectively.

Let a new normalized constant A = Rpls/(nVy). A new normalized
dimensionless version of (3.2) using (3.7) is expressed as a new algebraically simple

five-minimum-term approach of the form

X 0 0 171X 0
vl=|p o o ||r|+ 0 (3.8)
7 0 -k -kllz —Aexp(X)

Unlike the existing six algebraic terms described in (3.5), the new approach in (3.8) is
described by only five minimum algebraic terms. In addition, there is only one single
nonlinear (exponential) term in (3.8), whereas the existing piecewise-linear approach
in (3.5) has two nonlinear terms of ‘a’. Consequently, the new approach in (3.8) is

considered to be algebraically simple.

3.4 Numerical Results

Trajectories of the new algebraically simple five-minimum-term approach in
(3.8) are numerically simulated using the Runge-Kutta integrator with a fixed step side
of 0.01. Parameters C; =C, =Cr=10nF, C=10nF,L=10mH,R =R, =R, = Rz =
2kQ, Ig = 6.2229 nA, n = 1.9224, V; = 25.85 mV, and K = 1. Initial conditions of
(X,Y,Z2) = (1,0.5,0).

Ref. code: 25645822042155MJZ
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3.4.1 New Better Versions of Chaotic Attractors

For purposes of direct comparisons, chaotic attractors using the existing
piecewise-linear approach in (3.5) and (3.6) are numerically depicted in Figs. 3.3(a)-
3.3(c), whereas the corresponding chaotic attractors using the new algebraically simple
five-minimum-term approach in (3.8) are numerically depicted in Figs. 3.3(d)-3.3(f) on
X,-Y),(X,Z)and (Y,Z) planes, respectively. Note that only Fig 3.3(a) was
previously reported in Elwakil & Kennedy (2000) (see Fig. 2 of Elwakil & Kennedy
(2000)), whereas Figs. 3.3(b)-3.3(f) are new simulation results presented in this part.

It can be observed from Fig. 3.3 that although chaotic attractors of both
approaches are approximately resembled, they are however not exactly the same in
some detail. The chaotic attractors in Figs. 3.3(d)-3.3(f) of the new approach show new
better versions closely similar to the chaotic attractors obtained from PSpice simulation,
whereas the corresponding chaotic attractors in Figs. 3.3(a)-3.3(c) of the existing
approach show relatively different versions from those obtained from PSpice
simulation. For example, Fig. 3.3(d) is better than Fig. 3.3(a) because Fig. 3.3(d) is
much better similar to the chaotic attractor obtained from the PSpice simulation
previously reported in Elwakil & Kennedy (2000) (see Fig. 4(b) of Elwakil & Kennedy
(2000)). In addition, the reason for such better versions is because the proposed diode
equation in (3.7) is a better model for the diode D compared to the existing piecewise-

linear model in (3.3), as shown in Fig. 3.2.
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e = =

3.5 3252151050051 152 3.5 32521541 iO.S 0051152
X

Figure 3.3 Numerical trajectories on (X, —Y), (X, Z), (Y, Z) planes, respectively,
(@) — (c): Solutions of the existing piecewise-linear approach,

(d) — (f): Solutions of the new algebraically simple five-term approach.

3.4.2 New Dynamical results

Fig. 3.4 shows a new numerically bifurcation diagram of the maximum of X
(X — max) versus the parameter K from 0 to 4. A period-doubling route to chaos is
obvious in Fig. 3.4. Fig. 3.5 illustrates values of a largest Lyapunov exponent (LLE)
versus the parameter K from 0 to 4. It can be seen that the chaotic regions shown in Fig.

3.4 are associated with the positive values of the LLE shown in Fig. 3.5.
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Figure 3.4 Numerical plots of a bifurcation diagram versus K.
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Figure 3.5 Values of the largest Lyapunov exponent (LLE) versus K.

3.4.3 A New Homoclinic Orbit

described as

] =

The new algebraically simple five-minimum-term approach in (3.8) has an
equilibrium point at (X,Y,Z) = (0,0,0). The Jacobian matrix at the equilibrium is

0
B
—AeX

0
0
—-K

-K

(3.9)
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Table 3.1 shows Examples 1 and 2 of eigenvalues (4,, 4,, A3) owning to two
different values of Cr. Each example has a negative real eigenvalue (1) and a complex
conjugate pair of eigenvalues (/’12,3 =a ij,@) where «a is positive. The equilibrium
point is therefore a spiral saddle point with an index 2, i.e. the unstable (out-set)
manifold has two spatial dimension. As |[A;] > a, the Shil’nikov condition
(Srisuchinwong & Amonchailertrat, 2013) for a proof of chaos is therefore satisfied.
Example 1 represents a general case where the equilibrium point does not locate on the
attractor, as shown in Figs. 3.3(d)-3.3(f). On the other hand, Example 2 represents a
specific case where the equivalent point intersects the attractor, as shown in Fig. 3.6 by
a homoclinic orbit (Srisuchinwong & Amonchailertrat, 2013). Clearly, such an orbit
connects the equivalent point to itself on an (X, Y, Z) plane, i.e. the unstable (out-set)
manifold intersects the stable (in-set) manifold for a homoclinic connection, and

therefore chaos does exist (Srisuchinwong & Amonchailertrat, 2013).

Table 3.1 Examples 1 and 2 of Eigenvalues

Example 1 Example 2
C =10nF C =10nF
Cr=10nF Cr=8.8nF
A1 =-1.9999 A, =-2.0087
A3 =0.50004j1.3229 A3 = 0.4362+)1.2499

20

-20-|

10

H- - ~ - _
—
| o
o -
-

x 10 29 y

Figure 3.6 A numerical plot of a homoclinic orbit.
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3.5 Conclusion

The new algebraically simple five-minimum-term approach to the existing
FDNR-based chaotic circuit has been suggested. The existing approximated model of
the diode based on the piecewise-linear equation has been replaced with a new better
model based on the traditional diode equation. In the three coupled ODEs of the circuit,
the existing six algebraic terms have been reduced to the new five minimum algebraic
terms, whereas the existing two nonlinear terms have been reduced to only one single
nonlinear term. New better versions of chaotic attractors have been compared with
those of the existing approach. The bifurcation diagram, the largest Lyapunov

exponent, and the homoclinic orbit have been illustrated.
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CHAPTER 4
A UNITY-GAIN APPROACH TO A SIMPLE FDNR-BASED
CHAOTIC JERK OSCILLATOR

4.1 Introduction
This chapter introduces a unity-gain approach to a simple FDNR-based chaotic

jerk oscillator.

A FDNR-based cquivalent circuit

[

L va—=c(,

IN !DI iL i

Figure 4.1 A unity-gain approach to a simple FDNR-based chaotic jerk oscillator.

4.2 Circuit realisation

Fig. 4.1 shows the proposed chaotic jerk oscillator using unity-gain-based
FDNR. The circuit consists of two parts separated by node A. The first part, as shown
on the left side of node A, consists of a grounded diode D; for the necessary
nonlinearity, an inductor L, and a resistor R; including the internal resistance of L. The
second part (Pookaiyaudom, 2006; Senani, 1985), as shown on the right side of node
A, consists of an op-amp A; of a unity-gain amplifier, capacitors C; and C,, and a
resistor R. Fig. 4.1 is therefore described by a set of three coupled first-order ordinary
differential equations (ODES) of the form:
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. 153 In
Vo = —— — =
Cc1 C1 c,
. 1 i I
vczz—ﬂ——’“——” (4.1)
RC, C G
. Ve vez  ILRL
b= + L L

where the diode current I, of D; is of the form

Iy = Is [exp (2222) — 1 (4.2)

nvr

and I is the saturation current of D,, V; is the thermal voltage, and n is the scaling
factor.

Let (4.3) define constants 4, B, E, F, and G, dimensionless normalized variables
X,Y,and Z, and dimensionless normalized time , where t is time, time constants 7, =
L/R;, , t1 =R.Cy, T, = R, C,, T3 = RC,, resistor R, = Ry + R,, R, is parasitic

resistance of L, and R, is a resistor.

dX vcr TL Tls
[d‘r nvr 11 nVrC,

X A g S T el el 4.3
Y: Y B G|=|a nvr 13 nVrCy (4.3)
Z Z E t laz uk m ot

dt nVr 1, Ty

The set of ODEs in (4.1) can be normalized and represented by

X 0 0 —Al[X] [—Fexp(X+Y)
Y|=[B 0 —E||Y|+|-Gexp(X+Y) 4.4)
7 1 1 —-11L7 0
In addition, (4.4) can be transformed to a jerk equation of the form
7=—ayZ—a,Z —a,Z — a3exp(Z + Z) (4.5)
where
ao=1+(F+G)exp(Z+72)
a,=(A+E)+ (F+Gexp(Z+2) (4.6)

a2=AB
a3:BF
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4.3 An equivalent circuit of the proposed circuit

A FDNR-based equivalent circuit

Vel Ve
- A B
| |
G, G,
L
Iy y iy I 1
D, F DsZ Zrpar
- )

Figure 4.2 An equivalent circuit of Fig. 1 based on an FDNR.

Fig. 4.2 shows an equivalent circuit of Fig. 4.1. The first part, as shown on the
left side of node A, remains the same as that of Fig. 4.1, whereas the second part, as
shown on the right side node A, is modelled by a FDNR-based equivalent circuit, of
which the Thevenin equivalent impedance is a series circuit (Pookaiyaudom, 2006)
consisting of capacitors C; and C,, and FDNR of the form Zppyr = 1/(Ds?) where
D = C,C,R. Fig. 4.2 is described by ODEs of the form:

C
o ig
Ve =~ (4.7)
2
. irR v v’ v
1 =Lty c -2 B
L L L L

where v, and vy are voltages at nodes A and B, respectively, with respective to

ground, and

IF = —DVB = iL +IN
Vp = V4 — Vg1 — Vg
Vep = Vep t+ Vg (4.8)

= oo (4222
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with reference to Fig. 4.2, let (4.9) define constants a, b, d, f, and g, dimensionless

normalized variables Z, Z, Z and Z.

az iLR], TLls
5 d nv nvrC
z z d |& T 71
. VA TL TLls
Z a fl=|= (4.9)
e dt? LC1C2R nvrCy
Z b g d3z TLZ TL2 TLZIS

dr3 LCl LCZ TlVTC1C2R

The set of ODEs in (4.7) can be normalized and described by a jerk equation of the
form

Z=—QuZ— asZ — AgZ — a7exp(Z +27) (4.10)
where

a, =1+ (d+ fexp(Z+2)

as=b+(d+ f)exp(Z + Z) (4.11)
a6 =a
a, =49

It is found that the jerk equation in (4.5) of Fig. 4.1 is equal to the jerk equation in (4.10)
of Fig. 4.2, as parameters (4.6) of Fig. 4.1 are equal to parameters (4.11) of Fig. 4.2,
respectively, as follows:

F+6)=(d+f) = () +(-2—) =3.306 x 10~*

nVrCiRp, nVrCyRp,

(A+E)=b=( =)+ (= )=189.1253

C1R? CoR?
L? 5
——) = 44710 X 10
RC1C3Ry,
IgL?

BF =g = (—RclczanVT) = 0.7810

4B = a = ( (4.12)

Such consistency verifies that the proposed unity-gain chaotic jerk circuit as
shown in Fig. 4.1 is indeed modelled by the equivalent circuit based on the FDNR as
shown in Fig. 4.2. In addition, both jerk equations in (4.5) of Fig. 4.1 and that in (4.10)
of Fig. 4.2 correspond to the same jerk of the form
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i; = =[P+ (5 + =) exp(iy R, + Lip) /v | i

L nVTC1 TLVTCZ

SR (R RS Y e, Ry + L) /b1y (4.13)

LCl LCZ nVTLC]_ TlVTLCZ
iL IS ) . .
— — exp(R;i; + Li;)/nV.
o~ () lexp(Ruiy + Li) /vy ]

It can be observed that the proposed chaotic jerk oscillator enables a nonlinear damping
coefficient, as shown in parameter a, of (4.6) of Fig. 4.1, in parameter a, of (4.11) of
Fig. 4.2, and in (4.13) of both Figs. 4.1 and 4.2.

0.3

Z-max

01 02 03 04 05 06 07 08 09 1
R

Figure 4.3 A bifurcation diagram of Z — max against R.

4.4 Simulations and experiments

Numerical simulations of jerk trajectories in (4.5) use the Runge-Kutta
integrator, an adaptive step size (time step < 0.001), and values of R = 0.3 Q, R, =
Ry +R, =150, R, =2.7Q,R, =12.3Q0,C, =C, = C=47nF, L = 1 mH, I; = 5.84
nA, V; = 25.85 mV, and n = 1.94. The op-amp A, is TL082 and the diode D, is
1N4148. Real experiments of jerk trajectories in (4.5) use measured values of R =
520, R, =R, + R, =11.15Q, R, = 2.7Q, R, =8.45Q,C, =C, =C =47 nF, L =
1 mH. Although initial conditions are not critical, they are chosen at (Zy, Zy, Z,) =
(0.001, 0, 0) close to the attractor to reduce initial transients.

Fig.4.3 shows numerical plots of a bifurcation diagram of the peak of Z, denoted

as Z — max, against the resistance R. Figs. 4.4 and 4.5 depict the corresponding largest
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Lyapunov exponent (LLE) and the Kaplan-Yorke dimension (Dgy) against the
resistance R, respectively. The maximized value of the LLE is 14.62 at R = 0.1923Q.
The maximized value of the Dgy is 2.259 at R = 0.1855Q. Figs. 4.6(a) to 4.6(c)
illustrate numerical trajectories of attractors of (4.5) for R = (13,0.4,0.3)Q,
respectively, on a [Z, f(Z, Z,Z)] plane, where f(Z, Z,Z) = Y of the form

_ —Z-(1-B)Z—-(A-B+E)Z- (F+G)exp(z+2)

Yy = (4.14)

B

Figs. 4.6(d) to 4.6(f) depict oscilloscope traces of Fig. 4.1 for R =
(13.77,8.4,5.2)Q, respectively, on an [i,R,, v¢,] plane, where i; R, corresponds to a
scaled Z, and v, corresponds to a scaled Y. In Fig. 4.6, the numerical results are in

good agreements with the experimental results.

15

It

Largest Layapunov exponent

N AN .
01 02 03 04 05 06 07 08 09
R

Figure 4.4 The largest Lyapunov exponent (LLE) against R.
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Figure 4.5 The Kaplan-Yorke Dimension (Dgy) against R.

4.5 Comparisons with existing FDNR-based chaotic circuits

Table 1 shows comparisons of the proposed unity-gain FDNR-based chaotic
jerk oscillator with existing FDNR-based chaotic oscillators (Chuayphan &
Srisuchinwong, 2016; Elwakil & Kennedy, 1999, 2000). Table 1 shows that the existing
FDNR-based chaotic oscillators are not chaotic jerk oscillators, but require many
electronic components of 10 to 12, two of which are active devices.

This Chapter not only demonstrates, for the first time, a unity-gain approach to
a simple FDNR-based chaotic jerk oscillator, but also requires fewer components, i.e.,
only 7 components, only one of which is an active device. In addition, the maximized
value of the LLE is 14.62, which is larger than that of the existing FDNR-based chaotic

circuits.

4.6 Conclusion

The unity-gain approach to a simple FDNR-based chaotic jerk oscillator has
been presented for the first time. The circuit requires only a single active component
and only 7 components in total. This results in fewer components in both active and
passive devices compared to existing FDNR-based chaotic circuits. The numerical and

experimental results are consistent. The bifurcation diagram, the LLE and the Kaplan-
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Yorke dimension have been illustrated. The maximized value of the LLE at 14.62 is

relatively high.

Table 4.1 Comparisons with existing FDNR-based chaotic circuits.

References
Terms of Elwakil & | Elwakil & | Chuayphan & .
No. . . . This
Comparison Kennedy | Kennedy | Srisuchinwong work
(1999) (2000) (2016)
1. | FDNR technique v v v v
5 Unity.-gain - . « %
technique
3. | Jerk equation x x x 4
4. | The maximized LLE 0.28 14.62
5. | The maximized Dky = x x 2.259
6. No..of active ) ) ) 1
devices
7 No. of passive 10 3 3 6
components
8. | Total components 12 10 10 7
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Figure 4.6 (a)-(c): Numerical trajectories on a [Z, £ (Z, Z,Z)] plane.

(d)-(f): Oscilloscope traces on an [i,R,, v, ] plane.
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CHAPTER 5
CONCLUSION

The thesis consists of two main parts. In the first part of this thesis, as shown in
chapter 3, the new algebraically simple five-minimum-term approach to an existing
FDNR based chaotic circuit has been proposed. By substitute the existing nonlinear
term with the Shockley diode equation, the existing six algebraic terms in the three
coupled ODEs of the circuit have been reduced to the new five minimum algebraic
terms, whereas the two nonlinear terms have been reduced to only a single nonlinear
term. The better versions of chaotic attractors, the bifurcation diagram and the largest
Lyapunov exponent are depicted. In particular, a new homoclinic orbit of the proposed
circuit of the first part is illustrated.

In the second part of this thesis, as shown in chapter 4, the unity-gain approach
to a simple FDNR-based chaotic jerk oscillator has been presented. The unity-gain
technique and the FDNR-based technique are demonstrates together for a simple
chaotic jerk circuit together for the first time. The proposed circuit requires only a single
active component and only 7 components in total compared with the existing FDNR-
based chaotic circuits. The configuration of FDNR in this part has been based on a
unity-gain amplifier. The numerical results are good agreements with the experimental
results. The maximized value of the largest Lyapunov exponent is relatively high at
14.62.
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