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ABSTRACT

Let G be a graph without isolated vertices. A total dominating set of G is
a set D C V(G) such that every vertex of G is adjacent to at least one vertex in D. A
paired dominating set of G is a total dominating set whose induced subgraph contains
a perfect matching. The total (paired) domination number of G is the minimum cardi-
nality of a total (paired) dominating set of G. The y-total (y-paired) dominating graph
of G is the graph whose vertex set contains all minimum total (paired) dominating sets
of G, and two vertices of this graph are adjacent if they differ by exactly one vertex.
In this dissertation, we determine the total domination numbers and the paired domina-
tion numbers of some cylinders, some wheel related graphs, windmill graphs, lollipop
graphs, umbrella graphs, and coconut graphs. We also determine the y-total dominating
graphs and the y-paired dominating graphs of some families of graphs including some

graphs mentioned above.
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CHAPTER 1
INTRODUCTION

Graph theory, which is a branch of discrete mathematics, concerns with the
relationship between vertices and edges. It has been used in our daily life, for example,
using GPS to determine a shortest or quickest route (destinations and their connections
are considered as vertices and edges, respectively) and designing a bus route to pick up
students to deliver to the school (each bus stop and each route are viewed as a vertex
and an edge, respectively, so a Hamiltonian path represents one of the possible routes
containing all bus stops).

Graph theory has been used as a tool to solve mathematical problems for
years. It is also widely used to study and model various applications in different areas
such as chemistry, biology, computer science, etc. In particular, during the pandemic,
graph can be used to find the possible spread of COVID-19 [11, 43]. Consequently,
graph theory has become more popular as people realized its significant advantages.

We first introduce several fundamental concepts in graph theory such as
neighborhoods, subgraphs, graph operations, and isomorphisms. Moreover, we provide
the definitions for various families of graphs, including paths, cycles, complete graphs,
bipartite graphs, and complete bipartite graphs. For notations and terminologies, we in
general follow [66].

Formally, a graph G comprises a vertex set V(G), an edge set E(G), and a
relation that associates with each edge two vertices called its endpoints. If an edge e
has endpoints u and v, then we denote that by e = uv; moreover, u and v are said to be
adjacent, and u and e are said to be incident. We write |V(G)| and |E(G)| for the number
of vertices and edges, respectively, in G.

An edge is called a loop if its endpoints are the same. Edges are said to be
multiple if they have the same endpoints. A graph with no loops or multiple edges is
said to be simple.

Let G be a simple graph. The degree of a vertex v € V(G), denoted by d(v),
is the number of edges incident to v. An isolated vertex is a vertex with degree zero. A
vertex of degree one is called a /eaf, and a vertex adjacent to a leaf is called a support

vertex.
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For any vertex v € V(G), the open neighborhood of v is N(v) = {u €
V(G) : uv € E(G)}, and the closed neighborhood of v is N[v] = N(v) U {v}. For
aset D C V(G), the open neighborhood of D is N(D) = J,ep N(v), and the closed
neighborhood of D is N[D] = N(D) U D.

A matching in a graph is a set of edges with no shared endpoints. A perfect
matching in a graph is a matching such that every vertex of the graph is incident to
exactly one edge in the matching.

A graph H is a subgraph of a graph G, denoted by H C G, if V(H) C V(G)
and E(H) C E(G). Foraset D C V(G), the induced subgraph G[D] is the graph whose
vertex set is D and whose egde set consists of all edges in £(G) that have both endpoints
in D. The induced subgraph G[D] may also be called the subgraph of G induced by D.
A spanning subgraph of a graph G is a subgraph with vertex set V(G).

A path with p vertices, denoted by P, is a sequence of p vertices where
any two consecutive vertices in the sequence are adjacent in the graph. The first and the
last vertices in the sequence are called the endpoints. A cycle with p vertices, denoted
by C,, is the graph obtained from a path P, by adding the edge joining two endpoints.
We use P, = (v1,V2,...,V,) to represent the path with V(P,) = {vi,vs,...,v,} and
E(P,) = {vivis1 : 1 <i < p—1}. Similarly, C, = (v1,va,...,Vv,) represents the cycle
with V(Cp,) = {vi,va,...,vp} and E(Cp) = {vivis1 : 1 i < p—-1} U {vpv1}.

A graph G is connected if each pair of vertices in G belongs to a path;
otherwise, G is disconnected. A component of a graph G is a connected subgraph of
G that is not contained in any other connected subgraph of G. An odd component of a
graph is a component with odd vertices.

Let G— D be the graph obtained from G by deleting all vertices in D C V(G)
and edges incident with them.

The complement of a graph G is the graph G such that V(G) = V(G) and
two distinct vertices of G are adjacent if they are not adjacent in G.

The union of graphs G1, G, . . ., Gp, denoted by G1 U G2 U - - - U G, is the
graph with the vertex set Ule V(G;) and the edge set Ule E(G)).

The disjoint union of graphs G and H, denoted by G + H, is the graph
obtained by taking the union of G and H with disjoint vertex sets. In general, pG is the

graph consisting of p pairwise disjoint copies of G.
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The join of graphs G and H, denoted by G V H, is the graph obtained from
the disjoint union G + H by adding the edge uv forallu € V(G) and v € V(H).

The cartesian product of graphs G and H, denoted by GOH, is the graph
with the vertex set V(G) x V(H), and two vertices (u, v) and («/, V") are adjacent in GOH
if either u = v’ and vv’/ € E(H), orv = v' and uu’ € E(G). If G and H are both paths
(respectively, both cycles), then GOH is called a grid (respectively, a toroidal mesh). 1f
one of G and H is a path and the other is a cycle, then GOH is called a cylinder.

Let G and H be graphs. An isomorphism from G to H is a bijection f :
V(G) — V(H) such that any two vertices u and v are adjacent in G if and only if f(u)
and f(v) are adjacent in H. If there exists an isomorphism from G to H, then G is
isomorphic to H, denoted by G = H.

A complete graph K, with p vertices is the graph whose vertices are pairwise
adjacent.

A fan graph F), , is the join Fp V P,. If p = 1, then the vertex of degree ¢ is
called the central vertex.

A bipartite graph is the graph whose vertex set can be partitioned into two
independent sets (sets of pairwise nonadjacent vertices) called partite sets.

A complete bipartite graph is a bipartite graph such that two vertices are
adjacent if they are in different partite sets. We use K),; to denote a complete bipartite
graph with partite sets of cardinalities p and q.

A double star S, is the graph obtained from K7, and Ky, by adding the
edge joining the two support vertices.

We next discuss domination and its variations in graphs, which are a wide
and well-studied field of graph theory. A dominating set of G is a set D C V(G) such
that every vertex not in D is adjacent to some vertex in D. The domination number y(G)
of G is the minimum cardinality of a dominating set of G. A dominating set of G with
cardinality y(G) is called a y(G)-set. Domination was introduced formally by Berge [3]
in 1958, and the domination number of a graph was referred to as the “coefficient of
external stability”. In 1962, Ore [54] first used the term “domination number”. For
detailed literature on domination in graphs, see Haynes et al. [25, 26]. Applications of
dominating sets include security models where each vertex in a dominating set repre-

sents the location of a guard capable of protecting every vertex it dominates.
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In addition to usual domination, there are many well-known domination
parameters such as total domination and paired domination, which are studied in this
dissertation. A set D C V(G) is a total dominating set of G if every vertex in V(G) is
adjacent to some vertex in D. The fotal domination number of G, denoted by y,(G),
is the minimum cardinality of a total dominating set of G. A total dominating set of
cardinality y,(G) is called a y,(G)-set. Total domination in graphs was introduced by
Cockayne et al. [9] and extensively studied by Henning and Teo [29]. Total domination
plays a role in the problem of placing monitoring devices in a system. Every site in the
system, including the monitors, is adjacent to a monitor site. If a monitor is damaged,
then an adjacent monitor can still protect the system.

A set D C V(G) is a paired dominating set of G if it is a dominating set of G
and the subgraph of G induced by D contains a perfect matching M. If an edge uv € M,
then {u, v} is said to be paired. The paired domination number of G, denoted by y,,(G),
is the minimum cardinality of a paired dominating set of G. A paired dominating set of
cardinality y,,(G) is called a y,,(G)-set. Paired domination in graphs was introduced by
Haynes and Slater [27]. For more details on this topic, see [13]. Paired domination can
be a model for assigning backups to police officers. To ensure the safety of each officer,
it is common practice that officers are dispatched in pairs, that is, they are assigned
partners so each can back up the other.

Note that y,,(G) > y,(G) since a paired dominating set of G is also a total
dominating set of G, and the paired domination number is an even integer.

This dissertation is organized as follows. Chapter 2 recalls some previous
results and provides a brief summary of new findings. Chapter 3 demonstrates the total
domination numbers and the paired domination numbers of various graphs. The y-total
dominating graphs and the y-paired dominating graphs of several graphs are contained

in Chapter 4. Finally, Chapter 5 provides the conclusions and discussions.
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CHAPTER 2
REVIEW OF LITERATURE

In this chapter, we state some results from the literature and give an overview
of new results. We begin with some results on domination numbers, total domination
numbers, and paired domination numbers of some graphs. We then review the results

on y-graphs (defined below), including several versions of y-graphs.
2.1 Domination Numbers

The study of domination numbers and other related domination parameters
of graphs serves several important purposes and has various applications in graph theory
and related fields. Domination numbers have received attention from scholars for many
reasons. For example, in facility location problems, businesses and organizations need
to decide where to place facilities such as hospitals, police stations, and service centers to
provide coverage. The domination number helps in determining the minimum number
of locations needed to serve a population effectively. Due to the reasons mentioned
above, there were many scholars researching domination numbers of graphs, with a
particular focus on a grid P,0P,, a toroidal mesh C,0C,, and a cylinder P,0C,, where
p and q are both positive integers. The domination number of P,0P, was determined
by Jacobson and Kinch [32] for p € {1, 2, 3,4} and all ¢, and by Chang and Clark [7]
for p € {5,6} and all g. Chang [6] devoted his dissertation to study the domination
number of P,0P,. He also provided its upper bound for 7 < p < g and a conjecture
y(PpOPy) = LWJ —4 for 16 < p < q. Fisher [18] used programming algorithms
to compute the domination number of P,0P, for p < 21 and all g. This computation
comfirmed that the Chang’s conjecture holds for 16 < p < 21. For p € {22 23},
Gongalves ef al. [21] mentioned that it can also be proved by using the Fisher’s method.
Moreover, they proved the Chang’s conjecture for 24 < p < g.

Klavzar and Seifter [35] computed the domination number of C,0C, for
p € {3,4,5} and ¢ > p, except when p = 5 and ¢ = 3 (mod 5). Klavzar and
Zerovnik [36] gave the value for this exceptional case. Pavli¢ and Zerovnik [55] showed

the domination number of C,0C, for p € {6,7} and g > p.
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The domination number of P,0C, was studied by Nandi et al. [53]. They
determined the exact value of y(P,0C,) for p € {2,3,4} and g > 3, as well as its bounds
for p = 5. Pavli¢ and Zerovnik [55] completed the case for p = 5 and also provided
the exact value for p € {6,7} and ¢ > 3. Moreover, they determined the domination
number of P,0C, forall pand g € {3,4,...,11}.

For the Jahangir graph J,, with ¢ > 3, the domination number of J,, , was
computed by different researchers. Specifically, Mojdeh and Ghameshlou [46], Shaheen
et al. [59], and Mtarneh et al. [48] computed the domination number of J,, for p = 2,
p = 3,and p > 4, respectively. Later, Shaheen ef al. [60] identified inaccuracies in the
results from [48] for some values of ¢ and sebsequently corrected them.

Several scholars have also determined the total and the paired domination
numbers of graphs for various reasons, such as facility location problems, surveillance
systems, and security applications. The total and the paired domination numbers of
graphs, particularly P,0P,, C,0C,, and P,0C,, have been studied. Gravier [22] and
Proffitt et al. [56] determined the total domination number and the paired domination
number, respectively, of P,0P, for p € {2,3,4} and g > 2. Klobucar [37] computed the
total domination number of P,0P, for p € {5,6} and g > 2. Kuziak et al. [41] showed
that Klobucar’s result was false when p = 6 and ¢ = 0,4,5,6 (mod 7), and they then
corrected that result. The paired domination number of P,0P, for p € {5,6} and ¢ > p
is investigated in Section 3. Hu and Xu [31] determined the total domination number
and the paired domination number of C,0C, for p € {3,4} and ¢ > 3, and they provided
some upper bounds for p, g > 5. Hu et al. [30] provided the total domination number
and the paired domination number of P,0C, for p > 2 and g € {3,4}. We extend the
previous results by presenting the total domination number and the paired domination
number of P,0C, for p € {2,3,4} and g > 5 in Subsection 3.3.1. We also give their
upper and lower bounds for the other values of p and ¢ in Subsections 3.3.2 and 3.3.3,
respectively.

Mojdeh and Ghameshlou [46] determined the total domination number of
the Jahangir graph Jo, for ¢ > 3, while Mtarneh et al. [48] gave the total domination
number of the Jahangir graph J,, for p,q > 3. In Section 3.2, we demonstrate that,
for p > 4, the previously mentioned result is incorrect for some values of g, and we

subsequently correct this mistake.
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Apart from the results mentioned above, further results on total domination
numbers can be found in [47] for 3-regular Knddel graphs, in [38, 45] for hexagonal
grids, in [8, 33] for central graphs, in [12] for splitting graphs, in [34] for middle graphs,
in [39] for line graphs, in [44] for total graphs, and in [4, 61] for other graph classes.

2.2 y-Graphs

Some graphs have many minimum dominating sets, so it is worth to ask a
question that, for a graph G, whether a y(G)-set can be obtained from another y(G)-set
by deleting and adding a single vertex. This problem has motivated many authors to
define a new class of graphs called y-graphs, which have two versions. First defined by
Subramanian and Sridharan [64] in 2008, the y-graph of a graph G, denoted by y - G, is
the graph whose vertices are y(G)-sets, and two vertices Dy and Dy of y - G are adjacent

if they satisfy the following condition:
Dy = (D1 \ {u}) U {v} forsomeu € Dy and v ¢ D;. (2.2.1)

In other words, D1 and D» differ by exactly one vertex. This version of the y-graph is
also refered to as the jump adjacency model. For additional results on y - G, see [42, 62,
63].

In 2011, Fricke et al. [19] independently defined a different y-graph of G,
denoted by G(y). The vertex set of G(y) is the same as y - G, and two vertices of G(y)
are adjacent if they satisfy the condition (2.2.1) and uv is an edge in G. This version of
the y-graph is referred to as the slide adjacency model. Observe that G(y) is a spanning
subgraph of y - G. The y-graph G(y) has been further studied in [5, 10, 16].

Mynhardt and Roux [49, 50] and Mynhardt and Teshima [52] defined and
studied the graphs with the slide adjacency model for many domination parameters.
There are also many graphs using other domination variants with the jump adjacency
model as discussed below. The y-total dominating graph TD,(G) of G is the graph
whose vertices are y,(G)-sets and is defined by Wongsriya and Trakultraipruk [67] in
2017. These two authors presented the y-total dominating graphs of paths and cycles.
This dissertation also presents the y-total dominating graphs of other classes of graphs

appeared in Sections 4.1,4.2,4.4,and 4.5. In2019, Samanmoo et al. [57] introducted the
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y-independent dominating graph of G, which is the graph whose vertices are y;(G)-sets
(the minimum independent dominating sets). The authors provided the y-independent
dominating graphs of all paths and all cycles. Sanguanpong and Trakultraipruk [58] in
2022 presented the graph whose vertices are ;,(G)-sets (the minimum induced-paired
dominating sets), and this graph is called the y-induced-paired dominating graph of G.
The y-induced-paired dominating graphs of all paths and all cycles were investigated.
The y-paired dominating graph PD,(G) of G, which is defined by Eakawinrujee and
Trakultraipruk [15] in 2022, is the graph having y,,(G)-sets as its vertices. The authors
determined the y-paired dominating graphs of paths. In this dissertation, we present the
v-paired dominating graphs of cycles in Section 4.3, and the ones of other classes of
graphs are determined in Sections 4.1, 4.2, 4.4, and 4.5.

Another class of graphs having a vertex set consisting of all dominating sets
which are not necessarily minimum was introduced by Haas and Seyffarth [23]. The k-
dominating graph Dy(G) of G is the graph whose vertices are dominating sets with
cardinality at most k. Two vertices of Dy (G) are adjacent if they differ by either adding
or deleting a single vertex of G. Further results on Di(G) can be found in [1, 14, 24,
51, 65]. The k-total dominating graph [2] and the k-independent dominating graph [17]
are defined analogously by using total dominating sets and independent dominating sets,

respectively, instead of dominating sets.
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CHAPTER 3
TOTAL AND PAIRED DOMINATION NUMBERS

In this chapter, we first recall some definitions and useful results that are
used in our main proofs. We next determine the total and the paired domination numbers
of wheel graphs, flower graphs, helm graphs, sunflower graphs, Jahangir graphs, some
cylinders, some closed helm graphs, some web graphs, lollipop graphs, umbrella graphs,
and coconut graphs. Moreover, we present some upper and lower bounds for the total
and the paired domination numbers of the other cylinders. We also provide some upper
bounds for the total and the paired domination numbers of the other closed helm graphs
and web graphs.

Let D be a total (paired) dominating set of G. We say that a vertex u € D
dominates a vertex v if they are adjacent in G. In addition, a vertex u € D dominates a
set S C V(G)ifuis adjacent to every vertex in S. Note that every leaf must be dominated

by its support vertex, so we get the following observation.

Observation 3.0.1. Every support vertex of a graph G is in every total dominating set

of G and in every paired dominating set of G.

Henning [28] and Haynes and Slater [27] determined the total domination
numbers and the paired domination numbers, respectively, of paths and cycles, which

are shown in the following lemmas.
Lemma 3.0.2 ([28]). For any integer p > 3, v;(Pp) = y/(Cp) = L[%QJ + L’%?’J
Lemma 3.0.3 ([27]). For any integer p > 3, ypr(Py) = vpr(Cp) = 2[5].

Gavlas and Schultz [20] and Proffitt ez al. [56] defined efficient total domi-
nation and efficient paired domination, respectively. A set D is an efficient total (paired)
dominating set of G if D is a total (paired) dominating set of G and |[N(v) N D| = 1 for
every v € V(G).

Lemma 3.0.4 ([40, 56]). If D is an efficient total (paired) dominating set of G, then
v(G) = |D| (ypr(G) = |D)).
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3.1 Wheel Graphs, Helm Graphs, Flower Graphs, and Sunflower Graphs

We first provide the definitions of these four graphs, and we then determine

their total and paired domination numbers. For an integer p > 3,

1. the wheel graph W) is the join Ky VvV C,, where V(K1) = {c} and V(C,) =
{ur,us, ... up},
2. the helm graph H, is obtained from the wheel graph W, by adding the vertices

V1, V2,...,V, and the edge u;v; foralli € {1,2,..., p},

3. the flower graph Fl, is obtained from the helm graph H,, by adding the edge cv;
foralli € {1,2,...,p},and

4. the sunflower graph S f,, is obtained from the helm graph H), by adding the edges

vpur and viujq foralli € {1,2,...,p - 1}.

The wheel graph W), and the helm graph H), are shown in Figure 3.1, while
the flower graph Flg and the sunflower graph S fs are depicted in Figure 3.2.

V5 ve
ue
us ui
V4 Vi
ug uz
us
V3 V2

Figure 3.2 The flower graph Flg (left) and the sunflower graph S fs (right)
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Note that {c, u; } is a minimum total (paired) dominating set of wheel graphs

and flower graphs, so we obtain the following obvious result.
Theorem 3.1.1. For any integer p > 3, y«(W),) = yp,(W)p) = vi(Fl,) = ypr(Fl,) = 2.

The total and the paired domination numbers of helm graphs are calculated

in the following theorem.

Theorem 3.1.2. For any integer p > 3,

p if p is even;
yt(Hp) =p and 7pr(Hp) .
p+1 ifpisodd.

Proof. By Observation 3.0.1, the vertices uy, uo, . . ., u, are in every ;(H,)-set. Hence,
Y:«(H,) > p. Since D = {u1, uo, . ..,u,} is a total dominating set of H,, y;(H,) < |D| =
p. It follows that y;(H,) = p. Moreover, D is a paired dominating set of H), if p is even,
and D U {c} is a paired dominating set of H,, if p is odd. Thus, y,.(H,) < pif pis even,
and y,-(H,) < p + 1 if p is odd. Since y,.(H,) > v:(H,) = p and y,.(H)) is even, we
get that y,.(H,) = p if p is even, and y,(H,) = p + 1 if p is odd. O

We next determine the total and the paired domination numbers of sunflower

graphs as shown below.

Theorem 3.1.3. For any integer p > 3,

vshy =1 TP and yspy =2
[51+1 ifp>4

Proof. Clearly, y;(Sf3) = 2. Letp > 4and D be ay;(S f,)-set. To dominate vy, va, ..., V),
D contains at least [g] vertices from {uy,us, ..., u,}. If [D] = [g], then, without loss
of generality, D = {u; : i =1 (mod 2)}. We can see that there is some vertex in D that
is not dominated. This contradicts the fact that D is a total dominating set of S f,, so
|D| > [g] + 1. Since {c} U {u; : i =1 (mod 2)} is a total dominating set of S f,, with
cardinality [£7] + 1, we get that y,(Sf,) = [5] + 1.

Note that any two adjacent vertices can dominate at most three vertices in
{(vi,va, ..., vp}, 80 ¥p(Sfp) = 2[5]. If p = 0,2 (mod 3), let D = {ujupsy i = 1
(mod 3)}; otherwise, let D = {u;, w11 : i =1 (mod 3),i # p} U {up-1,up,}. Then D is
a paired dominating set of S f, with cardinality 2[£7, so y,-(Sf,) = 2[£]. m
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3.2 Jahangir Graphs

Let p > 1 and g > 3 be integers. Let C,, be the cycle with the vertex set
V(Cpg) ={uij : 1 <i < p 1< j < q}andthe edge set E(Cpy) = {ujjuir1; : 1 <
i<p-11<j<qgtU{upjurja 1< j<q—1YU{uyguir}y. The Jahangir
graph J, , is obtained from the cycle C,, by adding the vertex ¢ and the edge cuy ; for
all j € {1,2,...,q}. Note that J; 4 is the wheel graph W, and Jo; is known as the gear
graph. Figure 3.3 illustrates the Jahangir graphs Jo, and J3 ;.

uiqg uigq
U2,9-1 U2,9
Ul,q-1 u1,1 Ul,q-1 u1,1
a u2,1 5
} :
ui,4 u,2 u1,4 u1,2
u2,3 uz,2
u1,3 u1,3

Figure 3.3 The Jahangir graphs Jo , (left) and J3 , (right)

For any integer g > 3, the total domination number of the Jahangir graph
Jp,q was determined by Mojdeh and Ghameshlou [46] when p = 2 and by Mtarneh et

al. [48] when p > 3 is an integer.
Lemma 3.2.1. For any integer q > 3,
1. [46] yi(Joy) = [%] + 1 and

2. [48] vi(Js9) = g + L and yi(Jp4) = qu4+2J + |_pq4+3jf0r any integer p > 4.

Consider the Jahangir graph J;73. Lemma 3.2.1(2) gives that y;(J73) = 11,
but {C, U1, U1, U5 1, U12, U4 2, U5 2, UL 3, U4 3, u5,3} is a total dominating set of J7,3 with

cardinality 10. It seems that, for p = 1,2,3 (mod 4) and p > 4, the value y,(J,,,) =

L’%”J + | A 3 | does not hold for some values of . We then correct this mistake in the

next theorem.
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Theorem 3.2.2. Let p > 4 and q > 3 be integers. Then
B if p =0 (mod 4);

Yi(Upg) = @ +2 if p=1(mod 4);

[@—TDQ] +1 ifp=23(mod 4).

Proof. If p =0 (mod 4), then by Lemma 3.2.1(2), we have y:(J,,4) = qu4+2j + L%ﬁj
can be simplified as y,(J,4) = &L.

Let p = 4k + 1 forsome k > 1and D = {c,u11} U {ujjuis1; : i =3
(mod 4),1 < j < g} (see Figure 3.4 for p = 5 and ¢ = 4). We can check that D is a

Figure 3.4 The total dominating set (bold vertices) of Js 4

total dominating set of J,,, with [D| = @ + 2. By the constraction of D, we have
that [D| < |S| for every total dominating set S with ¢ € § and [{u1,1,u12, ..., u1,4} N
S| = 1. We claim that among all total dominating sets containing the vertex c, D is
minimum. Suppose that D’ is a total dominating set containing ¢ with |D’| < |D|.
Then [{u1,1,u12,...,u14} N D’| > 2. Without loss of generality, we may assume that
ui, uy,j € D' forsome j € {2,3,...,q}. Note that D’ contains at least 2k vertices from
{ugj-1,u3j-1,...,up;-1} and at least 2k vertices from {ug j, u3;, ..., up;}. Thus, D” =
(D'\{ugj—1, .. s upj1,u1js U, . . Upj 1) Il -1, Uis1,j—1, Wi j, Uiv1,j 20 = 3 (mod 4)}
is a total dominating set of J,, with |[D”| < |D’| and [{u11,u1,...,u14} N D"| <
{u1,1,u1,2, . . ., u14yND’|. Werepeat this process until we get that [{u11, u12, ..., u14}N
D”| = 1. We get a contradiction since |D| < |D”| < |D’| < |D|, so the claim holds.
Next, we show that D is a y,(J,)-set. Assume that D is a total dominating set with

|5| < |D|. Then ¢ ¢ D and D is also a total dominating set of C,,, so we get that
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D] = y1(Cpg) = [ 242 ] + | 222 | by Lemma 3.0.2. Then

8kl +21 > 8kl +2 =214 1 9= |p| ifg=4l1>1;
8kI+2k +20+1> 8kl +2k +2=2 10— |p| ifg=4l+1,0>1;

Skl +4k +21 +2> 8kl +4k +2 =20 v 0= |D| ifg=4l+21>1;

8kl +6k +21 +2 > 8kl + 6k +2= L4 4 9= |D| ifq=41+31>0;

contradicting with the assumption |5| < |D|. Therefore, y;(J,q) = % + 2.

Let p = 4k + 2 forsome k > 1and D = {c} U{uy; : j =1 (mod 2)} U
{uijuiz1j - i = 0 (mod 4),j =1 (mod 2)} U {u;j,uip1; : i = 3 (mod 4),j =0
(mod 2)} (see Figure 3.5 for p = 6 and ¢ = 4). We can check that D is a total dominating

Ui
Ug 4 uq,1
us4 us,1
c
us,3 us2
Uq.3 Uq.2
ui,3

Figure 3.5 The total dominating set (bold vertices) of Jg 4

set of J,, with [D| = [@] + 1. We show that among all total dominating sets
containing the vertex ¢, D is minimum. Suppose that D’ is total dominating set with ¢ €
D’ and |[D'| < |D|. Ifuy; € D' forall j € {1,2,...,q}, then {ugj,u3;,...,u,;}ND’| >
2k, 50 |D'| = 1+q+2kq = 1+(1+2k)g = 1+ 2247 > 1 (Gt ay _ g4 ple-lay
|D|, a contradiction. Thus, uy; ¢ D’ for some j € {1,2,...,q9}. If uyj.1 ¢ D’, then
Huojugj, ..., u,;}ND’| > 2k+1. Hence, D" = (D'\{ugj, uzj, ..., upj})U{uij, uis1; :
i =3 (mod 4)} U {u1,j+1} is a total dominating set of J,, , with |[D”| < |D’|, so we can
assume that if uy; ¢ D’, then uy ;.1 € D’. This implies that [{u11,u12,...,u14} N
D’| > 4] and [{ugj, uz, ..., up;} N D'| > 2k for each j € {1,2,...,¢}. Therefore,
D' 2 14741 +2kq = 144+ 2247 = 1+ 12247 = |D|, a contradiction. The claim
follows. Next, we prove that D is a y,(J,, 4)-set. We assume that D is a total dominating

set of J,, with |[D| < |D|, so ¢ ¢ D. We note that [D| > 7,(Cp) = [242] + [2472].
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Then

B Akl +21 > 4kl +1+1=[25097 4 1 = |D| ifg=201>2
>
Akl +2k +21 +2 > 4kl + 2k + 1 +2 = [259) 4 1 = |D| ifg=20+1,1> 1;

which is a contradiction. It follows that y,(J,4) = [ _21)”’] + 1.
Letp = 4k+3forsomek > land D = {c}U{u1; : 1 < j < q}U{u;j, uiz1,j :
i =0 (mod4),1 <j < g} (see Figure 3.6 for p = 7 and ¢ = 4). Then D is a total

ui,3

Figure 3.6 The total dominating set (bold vertices) of J74

dominating set of J,, with |[D| = [@] + 1. Note that among all total dominating
sets containing ¢ and w11, u12, . . ., U1,4, D is minimum. If D’ is a total dominating set
containing ¢ and |D’| < |D|, then uy; ¢ D’ for some j € {1,2,...,g}. We can check
that D’ contains at least 2k + 1 vertices from {usj, u3j,...,up,;} if u1j+1 € D" and at
least 2k +2 vertices from {ug j, u3 j, .. ., upj} ifuy jo1 ¢ D'. Ifuy j41 € D', let D” = (D’\
{ug jyuzj, ... up;y) U{ur;} U{uj,uizj i =0 (mod 4)}; otherwise, let D” = (D" \
{ug j,uzj, ... upjy) U{urj,urje1} UA{uij,uir1; 1 =0 (mod 4)}. Thus, D” is a total
dominating set with |[D”| < |D’| and [{u1,1, 1,2, . . ., u1,4yND”| > {ur1,u1,2, ..., u1,4}N
D’|. We repeat this process until we obtain that [{u1 1, u12,...,u14} N D”| = q. We
see that |[D| < |D”| < |D’| < |D|, a contradiction. This follows that among all total
dominating sets containing ¢, D is minimum. We next prove that D is a y;(J,4)-set. If
D is a total dominating set with |5| < |D|, then ¢ ¢ D. We get a contradiction because
Dl 2 %i(Cp) = P2 + 125 ) = |HF + M2 -1 > ) > |B -4 +1) =
L@J +1= [@_Tm] + 1 = |D|. This completes the proof. O

According to the proofs of Theorem 3.2.2, we observe that, for all p > 4,

the results of Theorem 3.2.2 give the smaller values than the results of Lemma 3.2.1(2)
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when p =1 (mod4)and g = 5, p =2 (mod 4) and ¢ > 3, and p = 3 (mod 4) and
q = 3.
Next, we calculate the paired domination number of J,, for any integers

p>2andg > 3.
Theorem 3.2.3. Let p > 2 and q > 3 be integers. Then

2151 ifp=0.2(mod 4.
Ypr(Upg) = @ +2 if p =1 (mod 4);
_r4z=3
or21 311 ifp = 3 (mod 4).

Proof. We first determine y,,(J,4) for p = 0,1 (mod 4). By the fact that y,.(J,,) >
¥:(Jpq) and Theorem 3.2.2, we immediately obtain the lower bounds of vy,.(J,,) for
p = 0,1 (mod 4). For upper bounds, we observe that {u; j, u;+1; : i =1 (mod 4),1 <
J < g} is a paired dominating set of J,, with cardinality 2[%] if p =0 (mod 4), and
{e,ur1} UA{uij,uir - i =3 (mod 4),1 < j < g} is a paired dominating set of J, 4
with cardinality @ +2ifp=1 (mod 4).

Let p = 4k +2 for some k > 0. We can check that {uy,j, u j, us j,ue; : j = 1

(mod 2)} U {usz j,usj: j =0 (mod 2)} (see Figure 3.7 for p = 6 and g = 4) is a paired

YL Uz
Ua4
U3 4 us,1
ue,1

ug,3

5,3 u3,2

U4,
“2.3 u13

Figure 3.7 The paired dominating set (bold vertices) of Jg 4

dominating set of J,, with cardinality 2[%7, s0 v,,(J4) < 2[51]. Next, we show that
Yor(Jpg) = 2[%]. Let D be ay, (J,4)-set. If ¢ ¢ D, then D is also a paired dominating
set of Cpy, and thus |[D| > v,.(Cpy) = 2[%]. Next, without loss of generality, we
assume that the pair {c,u1,1} € D. Then [{uz1,us1,...,up1} N D| > 2k. To dominate
U2, -+ s Up2js U12j4+1, U22j+1, - - - Up2j+1 foreach 1 < j < I_%ZJ, D contains at least

4k + 2 vertices from them. If g = 2/ for some [ > 2, then [{uog, u3 g, ..., up-14} N
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D| > 2k, and hence |D| > 2 + (2k) + [ 52 |(4k +2) + (2k) = 4kl + 21 = 2[%7. If
g =2l+1forsomel > 1, then [{ugy-1,...,Upg-1,U1,g Ugs ..., Up-14} N D| > 4k + 2,
so |D| > 2+ (2k) + L%J(ZLk +2)+ 4k +2) =4kl + 2] + 2k + 2 = 2[%].

Let p = 4k + 3 for some k > 0. Define the set E = {c} U {u; j, ;11 : i =3
(mod 4),i < p,j =0 (mod 3)} U{upy; :j=0 (mod 3)} U{uy;:j=1 (mod3)}U
{uij,uiv1,j - i = 0 (mod 4),j = 1 (mod 3)} U {u;j,uir1,; : i = 1 (mod 4),j = 2
(mod 3)} (see Figure 3.8 for p = 7and g = 4). If ¢ = 1,2 (mod 3) (respectively, g = 0

Uq,4 us,1

ui4
ur3

ui,2
uz,2

Figure 3.8 The paired dominating set (bold vertices) of J7 4

(mod 3)), then D = E (respectively, D = EU{u,_1,}) is a paired dominating set of J,, ,
with |D| = 2 [l%‘%ﬁ'l . We claim that among all paired dominating sets containing ¢, D
is minimum. Let D" be any paired dominating set of J,,, containing c¢. Without loss of
generality, let {c, u11} be paired in D’. Then [{u31, ..., up1,u12, 22, ..., up2} N D'| >
4k+2. To dominate U3y« > Up3j> UL3j+1> U2,3j 415+« -» Up 3j+1, UL,3j+2, U2,3j+25 - - -, Up 3j+2

foreach 1 < j < Lq?,;gj, D’ contains at least 6k + 4 vertices from them. If ¢ = 3/

for some [ > 1, then [{ug g, u3g,...,up-14} N D’| > 2k + 2, and hence |D'| > 2 +
a3

(4k +2) + [ G2](6k +4) + (2k +2) = 6kl + 41 +2 = 2[2T 31 1f g = 31+ 1

for some I > 1, then [{ugy—1,...,upg-1,u24, ..., up_14} N D’| > 4k + 2, 50 |D’| >

24+ (4k+2)+ Lq—j’J(6k+4)+(4k+2) =6kl +2k+41+2 = 2[@]. Ifg = 31+2 for
some [ > 1, then [{ug g2, ..., Upg-2, U241, ..., Upg-1,Ugs - - ., Up-14} N D'| > 6k + 4,
50 [D/| > 2+ (4k +2)+ | 552 |(6k +4) + (6k +4) = 6kl +4k + 41 +4 = 2[’%%311. Now,
the claim holds. We next prove that D is a y,,(J,4)-set. If D” is a paired dominating
set with |[D”| < |D|, then ¢ ¢ D”. Note that D" is also a paired dominating set of C,,,
50 [D"| = ypr(Cpg) = 2[52] > 2[1%‘%31] = |D|, a contradiction. We conclude that

_ orpa-1%52]
Ypr(Upg) = Q[T-l O
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3.3 Cylinders

In this section, we compute the total and the paired domination numbers of
a cylinder P,0C, for p € {2,3,4} and g > 5. We also provide their upper and lower
bounds for the other values of p and g.

Gravier [22] and Proffitt et al. [56] determined the total domination number
and the paired domination number, respectively, of P,0P, for p € {2,3,4} and g > p,

as stated in the following lemmas.
Lemma 3.3.1 ([22, 56]). For any integer q > 2, y(P20Py) = y,-(PoOP,) = 2[4].

Lemma 3.3.2 ([22, 56]). For any integer q > 3, v;(P30P,) = q and

q if q is even;
7pr(P3E|Pq) r
qg+1 ifqgisodd.

Lemma 3.3.3 ([22, 56]). For any integer q > 4,

192 ifg =1,2,4 (mod 5);
7t(P4DPq) = ypr(P4DPq) = doias
|*E=] ifq=0,3(mod 5).

Klobucar [37] computed the total domination number of Ps0O0P, for g > 5.

10 if q = 6;
Lemma 3.3.4 ([37]). For any integer q > 5, y;(P5s0P;) =
13)+2 irg+#6.

Klobucar also published a result on the total domination number of PgOP,;
however, Kuziak et al. [41] later showed that this result was false. Their improved result

is shown in the following lemma.

Lemma 3.3.5 ([41]). For any integer q > 6,

124 +2 ifg=0,4,6 (mod 7);
Y(PeOPy) = 1 [124] + 3 ifg=1,23 (mod 7);

|_12qu +4 ifg=>5(modT7).
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Let P, = (1,2,...,p) and P, = (1,2,...,q) be two paths with p and ¢
vertices, respectively. We use v; ; to denote the vertex in P,O0P, corresponding to vertex
(i,j)foralli € {1,2,...,p}and j € {1,2,...,q}. We consider the vertices of P,0P, as
the entries in a matrix.

We next present the paired domination number of P,0P, for p € {5,6} and

q > p in the following two theorems.

Theorem 3.3.6. For any integer q > 5,

10 ifq = 6;
Ypr(PsOPg) = { |3 +2 ifg = 0,3 (mod 4);

|_37qJ+3 ifg=1,2(mod 4) and q # 6.

Proof. Since vy, (Ps0P;) > y(Ps0P,) and y,,(P50P,) is even, by Lemma 3.3.4, we
get that

10 if g = 6;

Ypr(Ps0P;) > [37q] +2 ifg=0,3(mod 4);

12]+3 ifg=1,2(mod 4)and g # 6.
We check that {vy 2, v22, V15, V25, Va1, V4.2, V4,3, Va4, Va5, Va6 } 1S a paired dominating set
of P5s0Pg, so y,-(Ps0Pg) = 10. Letg # 6 and D = {vy; : i = 3,4,7,10,11,14,15
(mod 16)} U {vg; : i =1,7 (mod 16)} U {vs; : i =1,4,5,9,12,13 (mod 16)} U {vy; :

= 9,15 (mod 16)} U {vs; : i = 2,3,6,7,11,12,15 (mod 16)} (see Figure 3.9 for

q =19).

RN
I
O,

B

V5,2 V5,3 V5,6 V5,7 V5,11 V5, 12 V5,15 V5,18 V5,19

Figure 3.9 The paired dominating set (black vertices) of P50P19

If ¢ = 7,15 (mod 16), then D is a paired dominating set of Ps0OP,, so
Ypr(Ps0P,) < |.37qJ +2.
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If ¢ = 3,4,12 (mod 16), then D U {vo,} is a paired dominating set of
P50P,, 50 Yy (Ps0P,) < | 3] + 2.

If g =0,9,13 (mod 16), then D U {vy4, v24} is a paired dominating set of
Ps0P,, so v, (Ps0OP;) < |_37qj +2if ¢ = 0 (mod 16), and y,,(P50P,) < I_%qj + 3 if
g = 9,13 (mod 16).

If g = 2,6 (mod 16), then D U {v1 4, V2,4, V44} is a paired dominating set of
P50P,, 50 vy (Ps0P,) < | 2] + 3.

If g = 11 (mod 16), then D U {v4,} is a paired dominating set of Ps0P,,
$0 Ypr(P50P;) < L%‘]J + 2.

If g = 1,5,8 (mod 16), then D U {v44, v5,} is a paired dominating set of
P5OP,, 50, (PsOP,) < | 34] +3if g = 1,5 (mod 16), and y,,(Ps0P,) < | 3] + 2 if
q = 8 (mod 16).

If g = 10, 14 (mod 16), then D U {va 4, v4 4, v54} is a paired dominating set
of Ps0IP,, 50 v, (P5OP,) < | 3] + 3.

Clearly, if ¢ = 0,4,8,12 (mod 16), then g = 0 (mod 4) and y,,(P50P,) <
1%] +2.1f ¢ = 1,5,9,13 (mod 16), then ¢ = 1 (mod 4) and y,,(Ps0P,) < | 24] + 3.
If ¢ = 2,6,10,14 (mod 16), then ¢ = 2 (mod 4) and y,,(Ps0P,) < | %] +3. If g =
3,7,11,15 (mod 16), then ¢ = 3 (mod 4) and y,(Ps0P,) < L%qj + 2. The theorem

follows. .

Theorem 3.3.7. For any integer q > 6,

|_12qu +2 ifg=0,4,6(mod 7);
Yor(P6OPg) = 4| 124] 43 ifg =1,2,3 (mod 7);

124 +4 ifg=5(mod 7).

Proof. By the fact that y,.(Ps0P,) > y,(P¢0OP,) and Lemma 3.3.5, we obtain the lower
bound for y,,(Ps0P,) immediately.

Let D = {vij,ve; : i = 2,3,6 (mod 7)} U {vo;,v5; : i = 6 (mod 7)} U
{v3i,va; i =1,4 (mod 7)} (see Figure 3.10 for g = 11).

If g = 4,6 (mod 7), then D is a paired dominating set of PsOP,, and thus
Yor(PsOPy) < | 532] + 2.
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Figure 3.10 The paired dominating set (black vertices) of PgOP11
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Ifg = 0,3 (mod 7),then DU{v3 4, v4,} is a paired dominating set of PsO0P,,
and thus y,,(Ps0P,) < [122] + 2iif g = 0 (mod 7) and y,,(PsOP,) < | 124] + 3 if
q = 3 (mod 7).

Ifg =1,2 (mod 7), then DU{v9 4, v5,} is a paired dominating set of PsO0P,,
S0 Ypr(PgOPy) < L%J + 3.

If g =5 (mod 7), then D U {vy4, V24, V54, V6,4 } 1S a paired dominating set
of POy, 50 Yp (PsOP,) < | 22] + 4.

This completes the proof. O

3.3.1 Total and Paired Domination Numbers of Some Cylinders

Hu et al. [30] provided the total and the paired domination numbers of

P,0C, for p > 2 and g € {3, 4}.

Theorem 3.3.8 ([30]). For any integer p > 2,

[%P]+1 if p=0,1(mod 5);
¥:(P,0C3) =
[%P] if p= 23,4 (mod 5);

and
[4%] +2 if p=0(mod 5);
Ypr(PpOC3) = {12141 ifp = 1,3 (mod 5);
Ea if p =24 (mod 5).

Theorem 3.3.9 ([30]). For any integer p > 2,

p+1 ifpisodd,
'}’Z(PpDCZL) = 7pr(PpDC4) =
p+2 ifpiseven.
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Let P, = (1,2,..., p) be the path with p vertices and C, = (1,2,...,¢q) the
cycle with g vertices. We denote the vertex of P,0C, corresponding to vertex (i, j) as
vijforalli € {1,2,...,p}and j € {1,2,...,q}. We think of v;; as being in row i and
column j of P,0C,. Foreach j € {1,2,...,q},letY; = {v;j: 1 <i < p}.

We now investigate the total and the paired domination numbers of P,0C,

forp e {2,3,4}and g > 5.
Theorem 3.3.10. For any integer q > 5, y,(P20C,) = y,-(P20C,) = 2[1].

Proof. Let D be ay;(Po0C,)-set. Let f(I) be the cardinality of D in the first / column of
Po0C, forany 5 < I < g. We claim that f(/+3) > f(I)+2 for5 < [ < q. Consider the
graph Po0Cy. 3. To dominate all vertices in ¥7,1UY;42UY; 13, we need at least two vertices.
Then these two vertices do not dominate any vertices in Uf.zl Y;, so we need at least (/)
vertices to dominate U,l-:1 Y;. The claim follows. Next, we prove that f(g) > 2[%]. We
prove by induction on ¢g. It is easy to check that f(5) > 4. Let ¢ > 5 and suppose that
the result holds for all values less than g. Then f(g) > f(g—3)+2 > 2[%31 +2 = 2[%].
Hence, y;(Po0C,) = |D| = f(q) = 2[4].

Let D = {vy;,vy; : i = 2 (mod 3)}. If ¢ = 0 (mod 3), then D is a paired
dominating set of PoO0C, and vy, (P20C,;) < 2[%1. If ¢ = 1,2 (mod 3), then D U
{vig va4} is a paired dominating set of Po0C,, so v, (P20C,) < 2[%]. Therefore,

2[%] < ¥(PoOCy) < ypr(Po0Cy) < 2[%], so we are done. O

Theorem 3.3.11. For any integer q > 5,

Y(P30Cy) = q

and
q if q is even;
'}/pr(P 3DCq) =
g+1 ifqisodd.
Proof. Itis easy to check that D = {vo; : 1 <i < g} is a total dominating set of P30C,,
with |[D| = g. We show that D is a y;(P30C,)-set. Clearly, this claim holds for g = 3 and
then we let ¢ > 4. Assume on the contrary that there is a total dominating set D’ such

that |D’| < |D|. It follows that there exists a set ¥; such that ¥; N D’ = 0; such ¥; is called

a zero column. Among all total dominating sets, let D’ have the fewest zero columns.
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Let i be the smallest index such that ¥; N D’ = (), and we may assume thati ¢ {1, ¢} since
P30C, is symmetric. Then |Y; N D’| > 1 foreach 1 < j <i. If|Y; N D’| > 2 for some
Jj <i,then D” = (D" \{vik, v3x})U{vax} for 1 < k <iis atotal dominating set having
fewer zero columns than D’, which contradicts our choice of D’. Thus, we may assume
that [Y; N D’| = 1 for each 1 < j < i, which implies that ¥; N D" = {vy ;}. We see that
vo,i—1 dominates vo;. Hence, to dominate v1; and v3;, D’ must contain the vertices vy ;41
and v3;41. If vy € D/, then (D' \ {v1,+1, v3+1})U{va, voi+2} is a total dominating set
having fewer zero columns than D’, contradicting our choice of D’. If vo;,1 ¢ D’, then
V1,i+2, v3,i+2 € D', and thus (D’ \ {v1,i41, V1,i+2, V3i+1, V342 }) U{V2, V241, V2,it2, V2,i43) 1S
a total dominating set having fewer zero columns than D’, again contradicting our choice
of D’. Now, we can conclude that D is a y;(P30C,)-set. Thus, y,(P30C,) = |D| = gq.
We also get that vy, (P30C,) > g if g is even, and y,(P30C,) > g + 1 if g is odd. To
complete the proof, we observe that {vo; : 1 < i < g} (respectively, {vo; : 1 < i <
q} U {v14}) is a paired dominating set of P30C, if g is even (respectively, g is odd).
Thus, v,(P30C,) < q if g is even, and y,,(P30C,) < g + 1 if ¢ is odd. O

Theorem 3.3.12. For any integer q > 5,

19281~ 1 ifg =0 (mod 5);

Y(Pa0Cy) = ypr(P40C,) = | S8 | if g = 1,2,4 (mod 5);

1955 + 1 ifg =3 (mod 5).

Proof. Let D = {va;, V3, V1,i+2, V1.i+3, V4,i+2, Vai+3 : I = 1 (mod 5)} (see Figure 3.11 for
g = 10). If ¢ = 0 (mod 5), then D is efficient total and efficient paired dominating
sets of P,0C,, and by Lemma 3.0.4, v,(P40C,) = v, (P4s0C,) = %q = L@J - 1.

If g = 1,4 (mod 5), then D is a paired dominating set of P,0C, and v, (P40C,) <

6g+8
| £

50 Ypr(P40C,) < %2 if ¢ = 2 (mod 5), and y,(P40C,) < |X2] +1if ¢ =
3 (mod 5).

To complete the proof, we only show the lower bound of y,(P40C,) for
g = 1,2,3,4 (mod 5). We first let ¢ = 5k + 3, where k > 1. Note that D is an

1. If ¢ = 2,3 (mod 5), then D U {vo 4, v3,} is a paired dominating set of P,0C,,

efficient total dominating set of P40Cs; with |D| = 6k. These 6k vertices dominate
only the vertices in U?zkl_l Y,-U{vL5k, V4.5ks V2,5k+35 V3’5]<+3} of P40C5+3. To dominate the

remaining vertices in Ysx11 U Y52 U {Vo 5k, V356, V1,543, V45443 }, We need six vertices.
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V43 V44 V4,8 V49

Figure 3.11 The total and paired dominating sets (black vertices) of P40C1g

Thus, y,(P40C,) > 6k + 6 = |_6q5+8j + 1 for ¢ = 5k + 3. We next consider the case g =
1,2,4 (mod 5). To dominate all vertices in ¥,_o U ¥,_1, we need at least four vertices.
These four vertices do not dominate any vertices in Ul.qj Y;. Note that the induced
subgraph P4|:|Cq[Ul.q:_14 Y;] is P4,OP,_4. Therefore, y,(P40C;) > 4 + y;(P40OP,4_4). By
Lemma 3.3.3, we get that

4+LWJ:6k+2:LwJ:L@ ifg=5k+1,k>1;

Yi(PBCq) 2 (4 4 |2 | — G gy = |SOMEDS | 0038 | ey — 5k 4 2k > 1,

44| SN2 _ Gy 6 = | SORIAE | ) Batd ifg=5k+4k>1.

This completes the proof. O

3.3.2 Upper Bounds of y;(P,0C,) and y,,(P,0C,)

We recently determine the exact values of y;(P,0C,) and v, (P,0C,) for
p € {2,3,4} and g > 5. Now, we present the upper bounds of y;(P,0C,) and y,,-(P,0C,)
for the other values of p and ¢. In the next three lemmas, we first give their upper bounds
for small values of p and ¢, thatis, p > 5and ¢ = 5[30]; p =5and g > 6; p = 6 and
q > 6. We then provide upper bounds for p > 7 and g > 6 in Theorem 3.3.19 (below).

Lemma 3.3.13 ([30]). For any integer p > 5,

[21 if p = 4 (mod 7);

')/t(PpDC5) < 9
|'7p'| + 1 otherwise;
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and

[¥1 ifp=1(mod 3);

Ypr(Pp0Cs) < [%p'l +1 ifp=2(mod 3);

|’%p'| +2 if p=0(mod 3).
Note that y;(P,0C,) < v:(P,0P,) and vy, (P,0C;) < v, (P,0P;). By
Lemma 3.3.4 and Theorem 3.3.6, we immediately get the upper bounds of y,(P50C,)
and y,,(P50C,) for g = 1,2,3 (mod 4) in Lemma 3.3.14; however, if g = 0 (mod 4),
then we have y;(Ps0C;) = y,(Ps0C,) = 37” by Lemma 3.3.16. By Lemma 3.3.5
and Theorem 3.3.7, we have the results of Lemma 3.3.15 for g = 1,2,4,5,6 (mod 7)).
Ifg = 0,3 (mod?7),letD = {vij,vg; : i = 23,6 (mod 7)} U {vo;,v5; : i = 6
(mod 7)}U{v3;,vq;:i=1,4 (mod 7)} as defined in the proof of Theorem 3.3.7. Then
D is a paired dominating set of Ps0C, with cardinality L%J (respectively, |_12qu +1)

if g =0 (mod 7) (respectively, ¢ = 3 (mod 7)).

Lemma 3.3.14. For any integer q > 6,

71(P5DCq) < L
131 +2 ifg=1,23(mod 4) and g # 6;

and
10 if q = 6;
Ypr(P50C,) < |_37qj +3 ifg=1,2(mod 4)and q # 6;
1342 ifg=3(mod 4).

Lemma 3.3.15. For any integer q > 6,

4] ifg =0 (mod 7);
L%J +3 ifg=1,2(mod 7);
7:(Pe0Cq) < ¥pr(Pe0Cy) < {[22] +1 if ¢ = 3 (mod 7);

124]+2 ifg=4,6(mod 7);

L%J+4 if g =5 (mod 7).

Before we establish the upper bounds of y;(P,0C,) and y,.(P,0C,) for

p > 7and g > 6, we need the following lemmas.
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Lemma 3.3.16. Ifp =1 (mod 2)and g =0 (mod 4), then y,(P,0C,) = y,(P,0C,) =
(p+41)q‘

Proof. Let D = {v;j,Vij+1, Vis2,j+2, Vi+2,j+3 © b,j = 1 (mod 4)}. It is easy to check
that D is both an efficient total and an efficient paired dominating set of P,0C, with

|D| = %, so the theorem follows. O

Lemma 3.3.17 ([30]). For any integers p > 1 and q > 4, y,(P,0C,) < v:(Pp+10Cy)
and ypr(Pp0Cq) < ypr(Pp+10C,).

Lemma 3.3.18. For any integers p > 1 and q > 4, y,(P,0C,) < ¥,(P,0Cy41) and
Vpr(PpDCq) < 7pr(PpDCq+1)-

Proof. Let Dbeay;(P,0Cy41)-setoray, (P,0C,.1)-set. IfY,,1ND = @, then D is both
a total and a paired dominating set of P,0C,, so y,(P,0C,) < |D| and y,,(P,0C,) <
|D|. Next, we assume that Y, 1ND # 0. Let A = {i : v; 411 € D}, B={i:v;y € D},and
D" = D\{vig+1:i € ANB}U{v; 41 :i € ANB}\{vigs+1:1 € A\B}U{v;, : i € A\B}.
We can check that D’ is a total dominating set of P,0C,. Hence, y,(P,0C,) < |D’| <
|D|. If the induced subgraph P,0C,[D’] does not contain odd components, then D’ is a
paired dominating set of P,0C,, so y;(P,0C,) < |D|. Thus, we assume that P,0C,[D’]
contains k > 1 odd component. By the construction of D’ from D, |D’| < |D| — k.
Let D” be the set obtained from D’ by adding k vertices such that P,0C,[D"”] does
not contain odd components. Therefore, D” is a paired dominating set of P,0C,, so

Ypr(Pp0Cy) < |D”| = |D'| + k < (|D| - k) + k = |D|. O

We next provide the upper bounds for the total and the paired domination

numbers of P,0C, for p > 7and g > 6.

Theorem 3.3.19. For any integers p > 7 and g > 6,

p+1

q
.

¥:(P,0Cy) < v, (Pp0Cy) < 2] 1

Proof. We only show the upper bound of y,,,(P,0C,). Let p = 2k1+1—iand g = 4ko—],
where k; and k9 are positive integers, i € {0, 1}, and j € {0, 1, 2, 3}. By Lemma 3.3.16,
Ypr(Pogy+10Cuy,) = 22Uk — or229147  emmas 3.3.17 and 3.3.18 show that

1
’)/PF(PPDCQ) = 'ypr(P2k1+1DC4k2) = 2[%] [%] 0
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Next, we give some upper bounds of y,(P,0C,) and y,.(P,0C,) which are
better than those in Theorem 3.3.19 for some special values of p and g. For Theorems

3.3.20,3.3.21,3.3.22, and 3.3.23, we let

D = {vj,Vij+1, Vis2,j+2, Vie2,j+3 : I, j =1 (mod 4)}.

Theorem 3.3.20. If 7 < p = 1 (mod 2) and 9 < g = 1 (mod 4), then y,(P,0C,;) <
(p+114(q+1)'

Proof. Forp =1,3 (mod 4),let D, = DU {v;, : i =3 (mod 4)} (see Figure 3.12). It
is easy to check that D is a total dominating set of P,0C, with |D;| = %. Thus,
¥:(P,0C,) < &lar) O

Figure 3.12 The total dominating sets (black vertices) of PgoCy (left) and P110Cy (right)

Let p = 2k; + 1 and ¢ = 4k9 + 1, where ky > 3 and ko > 2. We get
that y;(P,0C,) < 2(ky + 1)(ko + %) by Theorem 3.3.20, which is better than that of
Theorem 3.3.19, providing y;(P,0C,) < 2(ky + 1)(k2 + 1), for these values of p and ¢.

Theorem 3.3.21. If8 < p = 0 (mod 2) and 9 < q = 1 (mod 4), then y,(P,0C,) <
@2l _ 9 and y,, (P,0C,) < L2 _y

Proof. Forp =0 (mod 4),let D; = DU{v;, :i =3 (mod 4),i < p—1}U{vp;,vpj+1:
J =1 (mod 4),j < q} (see Figure 3.13 (left) for p = 8and g = 9) and D, = D, U {v;, :

i = 0,2 (mod 4),i < p}. Then Dy is a total dominating set of P,0C, with |D;| =

(p+2)(g+1D) (P+2)(q+3) _ 4
1 i .

— 2 and D, is a paired dominating set of P,0C, with |[D,| =
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Figure 3.13 The total dominating sets (black vertices) of PsOCy (left) and P19o0Cy (right)

For p = 2 (mod 4), let D; = (DU {viy : i = 3 (mod 4)} U {v,,vp 1 :
J = 3 (mod4),j < gq})\ {vp-14} (see Figure 3.13 (right) for p = 10 and g = 9)
and D, = D; U {vjy, : i = 0,2 (mod 4),i < p}. Then D; is a total dominating set

of P,0C, with |D;| = WQLM — 2 and D, is a paired dominating set of P,0C, with
|Dp| = @) _ g o

Let p = 2ky and g = 4ko + 1, where k1 > 4 and k9 > 2. Theorem 3.3.21
gives that y,(P,0C,) < 2(k1 + 1)(ko + %) — 2 and y,,(P,0C;) < 2(ky + 1)(ko + 1) — 4,
which are better than those of Theorem 3.3.19, showing that y,(P,0C,) < v,-(P,0C,) <
2(k1 + 1)(ko + 1), for these specific values of p and g.

Theorem 3.3.22. If8 < p = 0 (mod 2) and 6 < q = 2 (mod 4), then y,(P,0C,) <
Ypr(P,OC,) < DD _y

Proof. If p = 0 (mod 4), let D, = (DU {vi1,vig : i = 3 (mod 4),i < p-1}U
{vpjsvpj+1 © J = 1 (mod 4)}) \ {vp2,vpg-1} (see Figure 3.14 (left) for p = 8 and
g =10). If p =2 (mod 4),let D, = (DU{v;1,viq : i =3 (mod 4)}U{v,,vpis1:j=1
(mod 4)}) \ {vp-1,1, Vp-1,¢» Vp,1, Vpq} (see Figure 3.14 (right) for p = 10 and ¢ = 10).

Then D, is a paired dominating set of P,0C, with |D,| = W —4. O

Let p = 2k and g = 4ko + 2, where k1 > 4 and ko > 1. Theorem 3.3.22
shows that y;(P,0C,) < v, (P,0C,) < 2(k1 +1)(ko +1)—4, which are better than those
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Figure 3.14 The paired dominating sets (black vertices) of PsOCyq (left) and P1o0Cig
(right)

of Theorem 3.3.19, providing that y,(P,0C,;) < v,(P,0C,) < 2(k1 + 1)(ko + 1), for

these specific values of p and g.

Theorem 3.3.23. If8 < p = 0 (mod 2) and 7 < q = 3 (mod 4), then y,(P,0C,) <
Ypr(Pp0C,) < &2 _ o

Proof. If p =0 (mod 4),let D, = DU {v;1 :i1 =3 (mod 4),i <p—-1} U{vy;,vpj+1:
Jj = 3 (mod 4)} (see Figure 3.15 (left) for p = 8 and ¢ = 11). If p = 2 (mod 4), let
Dy, =(DU{v1:i=3 (mod4)}U{v,,vpjs1:j=1 (mod 4)})\ {vp-1,1,vp1} (see
Figure 3.15 (right) for p = 10 and ¢ = 11). Then D, is a paired dominating set of P,0C,
with |D,| = @2@D _ o 0

gives that y,(P,0C,) < y,-(Pp,0C,;) < 2(ky + 1)(k2 + 1) — 2, which are better than those
of Theorem 3.3.19, showing that y;(P,0C,) < y,,(P,0C,) < 2(k1+1)(k2+1), for these

specific values of p and q.

Let p = 2k and g = 4ko + 3, where k1 > 4 and ko > 1. Theorem 3.3.23

3.3.3 Lower Bounds of y,(P,0C,) and v,.(P,0C,)

Previously, we obtain the exact values of y;(P,0C,) and v, (P,0C,) for
p € {2 3,4} and ¢ > 5 and their upper bounds for p, ¢ > 5. We next provide the lower
bounds of y;(P,0C,) and vy, (P,0C,) for p,g > 5. We first need the following two

lemmas.
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Figure 3.15 The paired dominating sets (black vertices) of Pgs0OCy; (left) and P1o0Ciy
(right)

Lemma 3.3.24. For any integers p > 1 and q > 4, y;(P,0C,;) > y(P,0P,_2).

Proof. Let D be a y,(P,0C,)-set, A = {i : vy € D}, and B = {i : v;4,_1}. Define the
set D" =D\ {vig:i €Ay U{vig :i € A} \{vig-1 :1 € B} U{vjy3:i € B}. We
can verify that D’ is a total dominating set of P,0P,_2, so y,(P,0P,_2) < |D’| < |D| =
Y:(P,0C,). O

Lemma 3.3.25 ([22]). For any integers p > 17 and q > 19,

3plg-=2)+2(p+q-2)
12

.

VI(PpDPq—2) 2

By the fact that y,,(P,0C,) > v;(P,0C,) and Lemmas 3.3.24 and 3.3.25,
we get the second result in Theorem 3.3.26. For the first result of Theorem 3.3.26, we

can get that by applying Lemma 3.3.17 and Theorem 3.3.12.
Theorem 3.3.26. Let p and q be integers.

1. If5<p<16and 5 < g < 18, then

19281~ 1 ifg =0 (mod 5);

'Ypr(PpDCq) 2 Vt(PpDCq) > L@J ifg =1,2,4 (mod 5);

1222 +1 ifg =3 (mod 5).

2. Ifp 217 and g 2 19, then y,,(P,0C,) > y(Py0C,) > 242120wta=2) _
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3.4 Closed Helm Graphs and Web Graphs

Let P, = (1,2,..., p) be the path with p vertices and C;, = (1,2,...,q) be
the cycle with g vertices. We use u; ; to denote the vertex of P,0C, corresponding to
the vertex (i, j) foralli € {1,2,...,p}and j € {1,2,..., q}. For any integers p > 1 and
q =3,

1. the closed helm graph CH,, is obtained from P,0C, by adding the vertex ¢ and
the edge cuyj forall j € {1,2,...,9}, and

2. the web graph W), is obtained from CH,,, by adding the vertices vi,v2,..., v,
and the edge up, jv; forall j € {1,2,...,q}.

We observe that CHy , = W, and Wy, = H, forall ¢ > 3. The closed helm graph CH,,,
and the web graph W), , are illustrated in Figure 3.16.

Figure 3.16 The closed helm graph CH,, ; (left) and the web graph W), , (right)

Throughout this section, for eachi € {1,2,...,p}, let C' = {ujj:1<j<
q} be the set of vertices in i cycle of CH,,, and W, ;.

In this section, we determine the total and the paired domination numbers
of CH,, and W), , for some values of p and g. We then provide their upper bounds for

the other cases.
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3.4.1 Total and Paired Domination Numbers of Some Closed Helm Graphs

We compute the total and the paired domination numbers of CH,, ;,, where
the values of p and ¢ are divided as follows: p > 2andg =3;p >2and g =4; p =2
andg >5;p=3andg >5;p=4and g > 5.

Theorem 3.4.1. For any integer p > 2,

Vi(CHy ) = [£1+1 ifp=0,1(mod 5)
t D, i
E4 if p = 2,3,4 (mod 5);

and
[%p] +2 ifp=0(mod b);

Ypr(CHp3) = 4127+ 1 ifp=1,3 (mod 5);
[%p] if p= 2,4 (mod 5).

Proof. Let D be a y,(CH,3)-set. If ¢ € D, then, without loss of generality, u1; € D to
dominate c. It follows that us 1 ¢ D; otherwise, D\ {c} is a total dominating set of CH), 3
with cardinality less than D. Hence, D’ = (D \ {c}) U {u21} is a total dominating set of
CH, 3 with |D’| = |D|, so we can assume that ¢ ¢ D. Then D is also a total dominating

set of P,0C3, and thus |D| > y,(P,0C3). By Theorem 3.3.8, we get

b / |'4gp]+1 if p=0,1 (mod 5);
')/I(CHp,S) =|D| > Vt(PpDCS) =

Ea if p=23,4(mod 5).
Since y,-(CHp3) > v:(CH)3) and v, (CH,3) is even, we get that y,,.(CH,3) > [%p] if
p =24 (mod 5), v, (CHyz) > [£1+1ifp = 1,3 (mod 5),and v, (CHp3) > [£]+2

if p=0 (mod 5).
To obtain the upper bounds of y,(CH,,3) and y,,(CH,3), we let

D ={ujp:i=12(mod 5)} U{uj1,ui3:i=4(mod 5)}.

If p = 2,4 (mod 5), then D is a total dominating set of CH),3, so y,(CH,3) < |D| =
[4{]. Ifp =3 (mod 5), then DU{u, 2} is a total dominating set of CH), 3, 50 y;(CH),3) <
ID|+1 = |'4gp]. Ifp=0,1 (mod 5), then DU{u,_12} is a total dominating set of CH,, 3,
so y{(CHp3) < |[D|+1 = [4{] + 1. Now, the theorem holds for y,(CH,,3).
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If p = 2,4 (mod 5), then D is a paired dominating set of CH,, 3, and thus
Ypr(CHp3) < |'4gp'|. If p = 1 (mod 5), then D U {u,3} is a paired dominating set
of CH,3, s0 v, (CHp3) < [%p] + 1. If p = 0,3 (mod 5), then D U {up,1,up3} is
a paired dominating set of CH,3, so y,,(CHp3) < [%p'l +2if p = 0 (mod 5), and
Ypr(CHp3) < [%p] + 1if p =3 (mod 5). The theorem follows. |

Theorem 3.4.2. For any integer p > 2,

p+1 ifpisodd;
7t(CHp,4) = ypr(CHp,4) =
p+2 ifpiseven.

Proof. Let D be a y;(CH,4)-set. If ¢ € D, then, without loss of generality, u11 € D,
and thus u1 2 ¢ D. Therefore, D’ = (D \ {c}) U {u1,2} is a total dominating set of CH,, 4
with |D’| = |D|, so we can assume that ¢ ¢ D. Then D is also a total dominating set of

P,0Cy4. By Theorem 3.3.9, we have

p+1 1ifpisodd;
%(CHpA) =|D| > %(PpDC4) =
p+2 ifpiseven.

Note that y,.(CHp,4) > v:(CHp4). To complete this theorem, we only determine the
upper bound of y,(CHp4). Let D = {u;1,u;2 : i = 1 (mod 4)} U {u;3, s 1 i = 3
(mod 4)}. Then D is a paired dominating set of CH,, 4 with cardinality p + 1 if p is odd,
and D U {up1,up2} is a paired dominating set of CH,, 4 with cardinality p + 2 if p is

cven. O

Theorem 3.4.3. For any integer q > 5,
4 ifq = 0;
¥1(CHag) = § 2[ L2 ifg =0,1(mod 4);
2|'qT+3'| -1 ifg=223(mod4)andq # 6;
and
if g = 0;
2[73] otherwise.

7pr(CH2,q) =

Proof. Obviously, {u1,1,u21, u1,4,u24} is a y;,(CHag)-set and a y,.(CHog)-set, so let
g#6.Ifg=0,1 (mod 4),let D = {c,u11}U{usj,uzjs1 : j =3 (mod 4)}; otherwise,
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let D = {c,u11, u21}U{ug j,us+1 : j =0 (mod 4)}. Then D is a total dominating set of
CHy,, with |D| = 2[%227ifg = 0,1 (mod 4), and |D| = 2[221-1if g = 2,3 (mod 4).
We first show that among all total dominating sets containing ¢, D is minimum. Suppose
on the contrary that there is a total dominating set D’ containing ¢ such that |D’| < |D].
By the construction of D, we have |D| < |S] for every total dominating set S with ¢ € S
and |S N C!| = 1. Without loss of generality, we assume that D’ contains at least two
vertices u1,1 and u;; of C! for some [ # 1. Hence, D” = (D’ \ {u11})U{uz 41} is a total
dominating set with [D”| < |D’| and |[D” N C'| < |D’ N C'|. We can repeat this process
until we obtain |[D” N C!| = 1. Therefore, |D| < |D”| < |D’| < |D|, a contradiction.

We next claim that D is a y,(CH> 4 )-set. Suppose that Disatotal dominating
set with |5| < |D|. Then ¢ ¢ 5, and thus D is a total dominating set of Po0C,. By
Theorem 3.3.10, | D| > ¥:(P,0C,) = 2[4]. Then

2147 = 2(k + [£1) 2 2(k + 1) = 27431 = |D| ifg=4kk22
2[4 = ok + [51]) = 2(k + 1) = 2[%2] = D) ifg=dk+1Lk=1;

oM4h2) = ok + [527) > 2k +2) -1 =2[L2] -1 = |D| ifg=4k+2k > 2;

oM 4BY = ok + 583 > 2k +2) - 1=2[L2 ]~ 1= |D| ifg=4dk+3,k > 1;

contradicting the assumption |5| < |D|, so our claim holds.

Since y,,(CHa4) > v;(CHa ) and y,,(CHa,) is even, we get y,-(CHa ) >
2[%3]. If g = 0,1 (mod 4), then let D = {c,u11} U {ugj,uzjr1 : j =3 (mod 4)};
otherwise, let D = {c, u1,1, u21, u22}yU{ua j,u2j+1 : j =0 (mod 4)}. Then D is a paired

dominating set of CH> , with cardinality 2[%], and thus y,,(CHo ) = 2[%3]. O

Theorem 3.4.4. For any integer q > 5,

2|'513L2'| ifqg=0,2 3 (mod 6);
vi(CHzq) =
2[%”’] -1 otherwise;

and
q+3

'}/pr(CHB,q) = 2|-T .

Proof. LetEy = {c,u1,1}U{ugj,us;j: j =0 (mod 3)}, Eo = {c,u1,1}U{ug j,us;j: j =2

(mod 3)},and E3 = {c,u1,1,u21} U {uzj,uzjr1 : j =3 (mod 6)} U{ugjuzjs1 : j=0
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(mod 6)}. If ¢ = 0,3 (mod 6) (respectively, ¢ = 2 (mod 6) and ¢ = 1,4,5 (mod 6)),
then D = E; (respectively, D = E; and D = E3) is a total dominating set of CH3,
with cardinality 2[%”] (respectively, 2[%”] and 2 [q—g?’] —1). We show that among all
total dominating sets containing the vertex ¢, D is minimum. Assume that D’ is a total
dominating set with ¢ € D" and |D’| < |D|. Let S = {v : v ¢ N(c)}. Then the induced
subgraph CHj 4[S] contains Po0OC, and the vertex c. Thus, D’ contains at least 2[%]
vertices to dominate PoOC, (by Theorem 3.3.10) and one vertex of C! to dominate c.
Hence, |D'| > 2[4]+2 = 2["%3] > |D|, a contradiction.

We next show that D is a y;(CHjz 4)-set. Suppose that D is a total dominating
set with |5| < |D|. Then c ¢ D, and hence D is also a total dominating set of P30C,,.

By Theorem 3.3.11, |D| > y,(P30C,) = ¢. Then

6k > 4k +2 = 2(2k + 1) = 2[42] = |D| if g =6k k> 1;

Gk+124k+3=22k+2)-1=2[12]1-1=|D| ifg=6k+1k=>1;
Gk +2 > 4k + 4 = 2(2k + 2) = 2[L2] = |D| ifg=06k+2k>1;
6k +3 > 4k + 4 = 2(2k +2) = 2[L2] = |D| ifg=6k+3k>1;

Gk +4>4k+5=22k+3)-1=2[%2]1-1=|D| ifq=06k+4k=>1;

Gk +5> 4k +5=22k+3)-1=2[%2]~1=|D| ifq=06k+5k=>0,

contradicting with our assumption |5| < |D|.

Note thaty,(CHz4) > ¥/(CHs4). Ifg = 0,2,3 (mod 6), theny,,(CH34) >
Z[q—f] = 2|'q3L3]. Since vy, (CHs ) is even, we get y,,(CHz ) > Q[q—gg'] forg=1,4,5
(mod 6). Consider the sets E1, E>, and E3 as defined above. We observe that the set £y
(respectively, E9) is a paired dominating set with cardinality 2 [q—?] =2 |"13L3] ifg=0,3
(mod 6) (respectively, g = 2 (mod 6)). If ¢ = 1,4,5 (mod 6), then E3 U {u31} is a

paired dominating set with cardinality 2 |'q3L3'|. This completes the proof. O

Theorem 3.4.5. For any integer q > 5,

6 ifq=75;
'Yt(CHél,q) =
q+2 ifqg=>6;
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and
6 ifq=5;
Ypr(CHyg) =Yg +2 ifqis even;
q+3 ifqgisoddandq #5.

Proof. 1f g = 5, then it is clear that {u 1, u3 1, u13, u1,4, u4 3, us 4} is both a y;,(CHy 4)-set
and a y,(CHy,)-set, sowe let g > 6. Let D = {c,u14} U {u3; : 1 < j < q}, which
is a total dominating set of CHy, with |[D| = g + 2. Let D’ be a total dominating set
containing c¢. Then the induced subgraph CHy4[{v : v ¢ N(c)}] consists of P30C, and
the vertex c. By Theorem 3.3.11, D’ contains at least g vertices to dominate P30C,. It
also contains one vertex of C! to dominate ¢. Hence, |D’| > g + 2. We conclude that
among all total dominating sets of CH, , containing ¢, D is minimum.

Next, we show that D is a y;(CHyg)-set. If D is a total dominating set with
|5| < |D|, then ¢ ¢ D, so D is also a total dominating set of P40C,. Theorem 3.3.12
gives that

1%22] — 1 ifg =0 (mod 5);

D| > ¥:(P40Cy) = |_6q5+8J ifg =1,2 4 (mod 5);

198 ] 4+ 1 ifg = 3 (mod 5).

It is easy to check that ID| > |D| for all ¢ > 6, a contradiction. Therefore, ¥1(CHyy) =
q+2.

Since y, (CHyy) > vi(CHyy) and v, (CHyg) is even, v, (CHyy) > q + 2
if g is even, and y,,(CHy,) > q + 3 if g is odd. Note that D (respectively, D U {ug1})
defined above is a paired dominating set if ¢ is even (respectively, odd). The theorem

follows. O

3.4.2 Upper Bounds of v;(CH, ) and v, (CH,,)

Recently, we determine the exact values of y,(CH, ) and y,,(CH,,) for
some values of p and ¢g. Next, we present their upper bounds for p, g > 5. Before we
can achieve these bounds, we need the following result.

Let H be the graph obtained from CH,, ;, by deleting the vertices ¢ and uy ;
forall j € {1,2,...,q}. Note that the union of {c, u11} and a y,(H)-set (respectively,
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a ypr(H)-set) is a total dominating set (respectively, a paired dominating set) of CH, ;.

Then we have the following lemma where we replace H by P,_10C,.

Lemma 3.4.6. If p > 2 and q > 3 are integers, then v;,(CH, ) < y:(Pp-10C,) + 2 and
Ypr(CHpg) < ¥pr(Pp-10C,) + 2.

By using Lemma 3.4.6 and Lemma 3.3.13 (respectively, Theorem 3.3.12),
we can easily get Theorem 3.4.7 (respectively, Theorem 3.4.8).

Theorem 3.4.7. For any integer p > 5,

222U 42 jfp =5 (mod 7);
')’t(CHp,S) < o
[@] +3  otherwise;

and
220743 ifp =0 (mod 3);
Ypr(CHp5) < [@] +4 ifp=1(mod 3);
22 U14 2 ifp=2(mod 3).

Theorem 3.4.8. For any integer q > 6,

18281 11 ifg =0 (mod 5);

Y(CHs4) < ¥pr(CHsy) < L@J +2 ifg=124(mod 5);

1828143 ifg =3 (mod 5).

In the next theorem, if ¢ = 0 (mod 4), then y,(CHg,) < ¥p-(CHgy) <
Ypr(P5s0Cy) +2 = %q +2= L%qj + 2 by Lemmas 3.4.6 and 3.3.16. For the other cases,

we can get the results from Lemmas 3.4.6 and 3.3.14.
Theorem 3.4.9. For any integer q > 6,
12 if g = 6;

Y1(CHeg) <112 ] +2 ifg=0(mod 4);

L%J+4 ifg=1,23(mod 4) and q # 6;
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and
12 if q = 6;

1% +2 ifg=0(mod 4);
’YPV(CHG,q) <
|-37qJ+5 ifg=1,2 (mod 4) and q # 6;

13 +4 ifg=3(mod 4).

Theorems 3.4.10, 3.4.11, and 3.4.12 can be got from Lemma 3.4.6 with
Lemma 3.3.15, Theorem 3.3.19, and Theorem 3.3.20, respectively. Theorem 3.4.13 can
also be obtained from Lemma 3.4.6 and Theorems 3.3.21 - 3.3.23.

Theorem 3.4.10. For any integer q > 6,

|_12qu +2 ifg=0(mod7);
|_12qu +5 ifg=12(mod 7);
Y1(CHrg) < vpr(CH7g) < {1 24] +3 ifg =3 (mod 7);

|.12qu +4 ifg=4,6(mod7);

|_12qu +6 ifg=>5(modT7).
Theorem 3.4.11 gives the upper bounds of y;(CH,,) and y,(CH,,) for
p > 8and g > 6, while Theorems 3.4.12 and 3.4.13 give some better bounds than those

of Theorem 3.4.11 for some special values of p and g.
Theorem 3.4.11. For any integers p > 8 and q > 6,

P-4
V(CHyg) < vpr(CHpg) < 2127197 +2.
Theorem 3.4.12. If'8 < p = 0 (mod 2) and 9 < q = 1 (mod 4), then y,(CH,,) <
p(q4+1) +9

Theorem 3.4.13. If9 < p =1 (mod 2) and q > 6, then

(p+1}4(£1+1) if g = 1,3 (mod 4);
VZ(CHP,Q) S 1 2
(p+ §q+ ) _9 if g = 2 (mod 4);

and

@) _ 9 jrg =1 (mod 4);
'}’pr(CHp,q) < %4(%9) -2 ifg=2 (mod 4);

W if g =3 (mod 4).
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3.4.3 Total and Paired Domination Numbers of Some Web Graphs

We present the total and the paired domination numbers of a web graph W),
where the values of p and ¢ are divided as follows: p € {2,3} and g > 3; p > 4 and
q€{3,4}; p e {4,56}and g > 5.

Theorem 3.4.14. For any integer q > 3,

qg+1 ifqisodd,
yt(WZ,q) =q+1land ypr(W2,q) =
q+2 ifqiseven.
Proof. Note that each y;(W» 4)-set must contain g support vertices and one vertex of C L
s0y;(Wa,) > g+1. Since y, (Wa,)iseven, y,-(Wo,) > g+1ifgisodd, and y,(Wo,) >
g + 2 if g is even. Note that {u1 1} U C? is a total dominating set with cardinality ¢ + 1,
and it is also a paired dominating set if ¢ is odd. If g is even, then {c,u11} U C?is a

paired dominating set with cardinality g + 2. O

Theorem 3.4.15. For any integer q > 3,

YiWag) =g +2and yp(Ws4) = gV

q+3 ifqisodd.
Proof. Note that all ¢ support vertices of C3 are in every Yi(W3y)-set. Let S = {v :v ¢
N(C?)}. Then the induced subgraph W34[S] = W,. Since y,(W,) = 2, 7,(W34) > g +2.
We also get that y,,(W3,) > g + 2 if g is even, and y,,(W3,) > g + 3 if g is odd. We
note that D = {c,u11}U C3 is a total dominating set. If g is even, then D is also a paired

dominating set; otherwise, D U {ug1} is a paired dominating set. O

Before we prove the other results, we need the following lemma which
shows that the total (paired) domination number of W, can be calculated from the

total (paired) domination number of CH), 2.
Lemma 3.4.16. For any integers p > 4 and q > 3,

'Yt(Wp,q) = VI(CHp—Z,q) +q

and
7pr(CHp—2,q) +4q if q is even;

')’pr(Wp,q) =
7pr(CHp—2,q) +q+1 ifqgisodd.
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Proof. Note that the union of a y;(CH,_2 4)-set and C? is a total dominating set of W, ,.
Futhermore, if |C”| = q is even, then the union of a y,,,(CH,_2 4)-set and C” is a paired
dominating set of W), ,; otherwise, the union of a y,,(CH,_2,)-set and C” U {v1} is a
paired dominating set of W), ,. Now, we get the upper bounds of y;(W,, ;) and y,-(W,,4).

We know that all g support vertices of C? are in every y;(W,, ,)-set and every
Yor(Wpq)-set. Let S = {v : v ¢ N(C?)}. Then the induced subgraph W, ,[S] is CH),_2,.
Therefore, y;(Wy4) > v/(CHp—24) + q. Similarly, v, (Wy,) > v,(CH,_24) + g if q is
even, and v, (Wy, ) > ¥pr(CHp-24) + g + 1 if g is odd. O

By Lemma 3.4.16 together with Theorems 3.4.1 - 3.4.5, we obtain Theorems
3.4.17 - 3.4.21, respectively.

Theorem 3.4.17. For any integer p > 4,

. (402143 ifp=0,1,4 (mod 5);
Ye\Wp3) =
f@] +4 ifp=23(mod b);

and
422745 ifp=0,3(mod 5);

Yor(Wp3) = [@] +4 ifp=14(mod b);
f@] +6 ifp=2(mod5).

Theorem 3.4.18. For any integer p > 4,

p+3 ifpisodd;
yt(WpA) = ypr(WpA) 5
p+4 ifpiseven.

Theorem 3.4.19. For any integer q > 5,
10 if q = 6;
Yi(Wyg) = 2|'qT+3'| +q if g = 0,1 (mod 4);
2|'qT+3'|+q—1 if g = 2,3 (mod 4) and q # 6;

and

10 if'q = 6;
YprWag) = 2[%] +q if q is even and q # ©;

243 4 g+1 ifqisodd.
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Theorem 3.4.20. For any integer q > 5,

W 2127 + ¢ ifg = 0,23 (mod 6);
Y Ws54) =
2|’ﬂ33'| +qg—1 otherwise;

and

2|'%3] +q if q is even;
Yor(Wsq) = 5
2[%]+q+1 if q is odd.

Theorem 3.4.21. For any integer q > 5,

11 ifq=75;
7t(W6,q) b
2g +2 ifg > 6;
and
12 ifq=75;

YorWeq) =129 +2 ifq is even;

2qg+4 ifqisoddand q + 5.

3.4.4 Upper Bounds of y;(W,,) and v, (W, )

Previously, we show the exact values of y,(W,,) and y,.(W,,) for small
values of p and g. We now present the upper bounds of y;(W,,,) and y,-(W,,,) forp > 7
and g > 5. By using Lemma 3.4.16 together with Theorems 3.4.7 - 3.4.13, we easily
get Theorems 3.4.22 - 3.4.28, respectively.

Theorem 3.4.22. For any integer p > 7,

2697 47 ifp =0 (mod 7);
Vt(Wp,5) < 93
[%] + 8 otherwise;

and

|'4(1’3—3)'| + 10 l'fp =0 (mod 3),

Ypor(Wp5) < f@] +8 ifp=1(mod 3);

(229149 ifp=2(mod 3).
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Theorem 3.4.23. For any integer q > 6,

12841 ifg =0 (mod 5);

¥i(Wrg) < L@J +2 ifg=124(mod 5);

11298 13 ifg =3 (mod 5);

and

|_11(é+8J +1 ifg=0(mod 10);

P |18 43 ifg=1,7,89 (mod 10);
Yor\Wig) =
LHLJSJ +2 ifqg=2,4,56(mod 10);

|_11%+8J +4 ifg =3 (mod 10).

Theorem 3.4.24. For any integer q > 6,

18 if q = 6;
7i(Wsg) < L%qJ +2 ifg =0 (mod 4);
13 +4 ifq=1,23(mod 4) and q # 6;
and
18 if g = 6;
1 2] +2 ifqg=0(mod 4);

Vpr(W&q) <9 8
|_7qj +6 ifg=1(mod 4);

1 X +5 ifg=23(mod 4)and g # 6.

Theorem 3.4.25. For any integer q > 6,

ngTqJ+2 if g =0 (mod 7);
|_197q]+5 if g = 1,2 (mod 7);
7i(Wog) < 1124]+3 ifg =3 (mod 7);
L19761J+4 if g = 4,6 (mod 7);

124] 46 ifg=5(mod 7);
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and
124] +2 ifg =0 (mod 14);

7
194)+6 ifg=19,12 (mod 14);

7
o < L@J +5 ifg=2781113 (mod 14);
YpriWoq) = 1
L@J +4 ifg=34,6(mod 14);

124) +7 ifg=5(mod 14);

12%4) 43 ifg =710 (mod 14),
The following theorem gives the upper bounds of y,(W,,,) and y,,-(W,,,) for

p>10and g > 6.

Theorem 3.4.26. For any integers p > 10 and q > 6,

YiWpg) < 22118 4 g 42

and
2[’%2] [$1+q+2 ifqiseven;
YPV(WP,(]) S 9
2[[%] [%] +g+3 ifqisodd.
The next two theorems provide some better bounds of y,(W), ;) and v, (W), ;)

than ones in Theorem 3.4.26 for some special values of p and q.

Theorem 3.4.27. I[f10 < p = 0 (mod 2) and 9 < q = 1 (mod 4), then y,(W,,) <

(p+2l(q+ 1) +1

Theorem 3.4.28. If11 < p=1 (mod 2) and q > 6, then

W %_1 if g = 1,3 (mod 4);
YiWpq) =
(p+3)4(q+2) -4 ifg=2(mod 4);

and
Wa) _ g jfg =1 (mod 4);
ypr(Wp,q) < W -4 ifg=2 (mod 4);

—(p+3)4(q+1) if g = 3 (mod 4).
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3.5 Windmill Class of Graphs

The windmill class of graphs consists of the French windmill class of graphs
and the Dutch windmill class of graphs. In Subsection 3.5.1, we determine the total
domination numbers and the paired domination numbers for the French windmill class
of graphs. The total domination numbers and the paired domination numbers for the

Dutch windmill class of graphs appear in Subsection 3.5.2

3.5.1 French Windmill Class of Graphs

We first introduce French windmill graphs, French star windmill graphs,
French complete windmill graphs, and French cycle windmill graphs, which belong to
the French windmill class of graphs. Then the total domination numbers and the paired
domination numbers of these four graphs are computed.

For any integers p, g > 1, let gK,, have the vertex set V(¢K,) = {vl.j 1<
i <p,1<j<q}andthe edge set E(gK),) = {vl.jvi.’., i#i,1<j<q}.

The French windmill graph W, , is obtained from g K, by adding the vertex ¢
and the edge cvl.j foralli € {1,2,...,p}and j € {1,2,...,4}.

The French star windmill graph SW), , is obtained from ¢K), by adding the
vertex ¢ and the edge cv{ forall j € {1,2,...,q}.

The French complete windmill graph KW, , is obtained from ¢gK,, by adding
the edge v{v{/ forall j # j’.

The French cycle windmill graph CW,, , 1s obtained from gK, by adding the
edges v%vf and v{v{”for all j € {1,2,...,9—1}.

For instance, the French windmill graph Wy 4 and the French star windmill
graph SWs 4 are shown in Figure 3.17, and the French complete windmill graph KW 4
and the French cycle windmill graph CWs5 4 are illustrated in Figure 3.18.

We roughly say that French star windmill graphs, French complete windmill
graphs, and French cycle windmill graphs are obtained by replacing the shared vertex ¢
of French windmill graphs with a star, a complete graph, and a cycle, respectively.

We now note that {c, v%} is a paired dominating set of W, , forall p,q > 1,
$0 ¥pr(Wy4) < 2. Combining the fact that 2 < y,(W,,4) < v,-(W,,), we can easily get

the following result.
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Figure 3.17 The French windmill graph Wy 4 (left) and the French star windmill graph
SW5.4 (right)

Figure 3.18 The French complete windmill graph KWs 4 (left) and the French cycle
windmill graph CW5 4 (right)

Lemma 3.5.1. Let p and q be positive integers. Then v{(Wq) = ¥pr(Wp4) = 2.

We observe that SWy , = K7, forall ¢ > 1, so it is obvious that y,(SW1,) =
2 = y,(SW1,). For any integers p > 2 and g > 1, we can have the results on y,(SW,,,)
and y,,(SW,,,) in the following theorem.

Theorem 3.5.2. Let p > 2 and q > 1 be integers. Then y;(SW,,) = g + 1 and
Ypr(SWpyq) = 24.

Proof. If p = 2o0r q = 1, then it is easy to check that {c, v%, v%, s vi’} isay;(SW,,)-set
and {v{, v% 11 <j < q}isay, (SW,,)-set, so we are done in this case. Letp > 3,9 > 2,
and D be a y,;(SW),,)-set. We claim that ¢ € D. If ¢ ¢ D, then D must contain exactly

two vertices from {v{, vé, e, v;,} foreach j € {1,2,..., g}, whereas {c, v%, v%, e, vf}
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is a total dominating set with cardinality ¢ + 1 < 2¢g = |D|, a contradiction. Next, we
assume on the contrary that v{ ¢ D for some j € {1,2,...,q}. Then two vertices of
{vé, vé, cees v;;} are in D. Hence, (D \ {vé, vé, . vi}) U {v{} is a total dominating set
with cardinality less than D. Thus, D contains the vertices c, v%, v%, e vf, implying
that y,(SW,,) = |D| > g + 1. Note that {c, v%, v%, cees vf} is a total dominating set of
SWpq,50 ¥:(SWy,) < g + 1. Now, we can conclude that y,(SW,,) = g + 1.

Let D be a y,,(SW,4)-set. We show that |[D| > 2q. If ¢ ¢ D, then D
contains two vertices from {v{, vé, = .,v;;} foreachj € {1,2,...,¢q},s0|D| > 2q. Next,
we assume that ¢ € D. Without loss of generality, we may assume that {c, v%} 1s paired
inD.LetS ={v:vé¢N({c, v%})}. Then the induced subgraph SW,, ,[S] = (g—1)K,_1.
Obviously, D contains two vertices from each K,,_1,s0 |[D| > 2+2(g—1) = 2q. We can
check that {v{, vé : 1 < j < g} is paired dominating set of SW,, ,, s0 v, (SW,,) < 2q.

We can conclude that v, (SW,,) = 2q. O

Obviously, the total and the paired domination numbers of KW1; = K
are not defined. We next note that KW, = K, forall p > 2 and KWy, = K, for
all g > 2, s0 ¥, (KWp1) = 2 = vy, (KWy,1) and y,(KW14) = 2 = v, (KWy,). In the
following theorem, we provide the total and the paired domination numbers of KW, ,

forall p,q > 2.

Theorem 3.5.3. Let p, g > 2 be integers. Then

q if q is even;
VI(KWp,q) = q and ypr(KWp,q) =
qg+1 ifqisodd.
Proof. 1If p = 2, then Observation 3.0.1 implies that the g support vertices form a
Yi(KW,,)-set. Let p > 3. Similar to the proof of Theorem 3.5.2, we can verify

that for any y;(KW,,)-set D, D contains only the vertices v%, v%, ces vi]. Therefore,

Yi(KWpq) = q.

Since yp (KW ) > v{(KW, ) and vy, (KW, ) is even, v, (KW, ) > qifq
is even, and y, (KW, ,) > g+ 1ifgisodd. Let D = {v{ 11 <j < gq}. Ifgiseven, then
D is a paired dominating set of KW, 4, 50 ¥,-(KW,,4) = q. If ¢ is 0dd, then D U {v] } is
a paired dominating set of KW, ;, s0 v, (KW, ;) = g + 1. O
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Clearly, y,(CW1,1) and y,,(CWy1) are not defined, and y,(CW,1) = 2 =
Ypr(CWp1) for all p > 2 because CW,,; = K,,. Note that CW12 = P> and CWy, = C,
for all g > 3, so we obtain the exact values of y;,(CW1 ) and y,-(CW1 ) forall ¢ > 2 by
Lemmas 3.0.2 and 3.0.3, respectively. For any integers p, g > 2, we have the following

theorem.

Theorem 3.5.4. Let p, q > 2 be integers. Then

q if q is even;
qg+1 ifqisodd.

Yi(CWy0) = q and yp (CW, ) =

Proof. Note that every total dominating set of CW),, is also a total dominating set of
KW, 4, so we get that y,(CW,,) > y;(KW,,). Likewise, we obtain that y,,(CW, ) >
Ypr(KW,,4). Theorem 3.5.3 gives the lower bounds of y,(CW,,) and y,,(CW,,). Let
D = {v{ : 1 < j < g}. Then D is a total dominating set of CW,,,, so y:(CW,,) = q.
Moreover, D is a paired dominating set of CW), , if g is even, and D U {v%} is a paired
dominating set of CW,,, if ¢ is odd. Thus, v, (CW,,) = gif giseven, and y, (CW,,) =
q + 1if g is odd. m|

3.5.2 Dutch Windmill Class of Graphs

The Dutch windmill class of graphs contains Dutch windmill graphs, Dutch
star windmill graphs, Dutch complete windmill graphs, and Dutch cycle windmill graphs,
of which the definitions are provided below. We then determine the total and the paired
domination numbers of these four graphs.

For any integers p, g > 1, let P, have the vertex set V(gP,) = {vij 1<
i < p,1<j<q}and the edge set E(gP)) = {vijvlf;l 1<i<p-1,1<j<q}

The Dutch windmill graph D, , is obtained from g P, by adding the vertex ¢
and the edges cv{ and cv;; forall j € {1,2,...,q}.

For any integers p > 3 and ¢ > 1, let gC, have the vertex set V(¢C),)
{vl.j :1<i<p1<j<q}andthe edge set E(qCp,) = {vijvlj)rl 1<i<p-11<j
q}U{v{v{,:l <j<gq}

The Dutch star windmill graph SD,, is obtained from gC, by adding the

IA

vertex ¢ and the edge cv] forall j € {1,2,...,4}.
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The Dutch complete windmill graph KD, , is obtained from ¢C,, by adding
the edge v{v{, forall j # j’.

The Dutch cycle windmill graph CD,, , is obtained from ¢C,, by adding the
edges v%vf and v{v{“for all j e {1,2,...,q—-1}.

We illustrate the Dutch windmill graph D44 and the Dutch star windmill
graph SDs 4 in Figure 3.19, and the Dutch complete windmill graph K D5 4 and the Dutch

cycle windmill graph CDs 4 in Figure 3.20.

Figure 3.19 The Dutch windmill graph D44 (left) and the Dutch star windmill graph
SDs 4 (right)

2 2 2 2
Vi V3 Vi V3

Figure 3.20 The Dutch complete windmill graph K D5 4 (left) and the Dutch cycle wind-
mill graph CDs 4 (right)

We roughly say that Dutch star windmill graphs, Dutch complete windmill
graphs, and Dutch cycle windmill graphs are obtained by replacing the shared vertex ¢

of Dutch windmill graphs with a star, a complete graph, and a cycle, respectively.
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We first determine the total and the paired domination numbers of D), , for

all p,g > 1.

Theorem 3.5.5. Let p and q be positive integers. Then

2g[232] + 1 if p = 0 (mod 4);
Y1(Dpg) = 12q[ 2] +2 if p=1,2 (mod 4);

2q|'1%2'|+1—q if p =3 (mod 4);

and
29[22 +2 ifp=0,1,2 (mod 4);
Ypr(Dpg) =
27221 ifp =3 (mod 4).

Proof. 1t is easy to verify that y,(D,,) = 2 = v,.(D,,) for p € {1,2}. Next, we let
p > 3. We first construct a total dominating set of D), containing the vertex c. Let
E = {c} U {vl.j,vl.j+1 ci=3(mod4),i # pl <j < q}. If p=0(mod 4), then we
can check that D = E is a total dominating set of D, , with |[D| = 2q[’%2] + 1. Ifp =
1,2 (mod 4),then D = EU{V%} is a total dominating set of D, , with |D| = Qq[%] +2.
If p=3(mod4),thenD = E U {vIJ; : 1 < j < g} is atotal dominating set of D), , with
D =222 + 1 -q.

Next, we show that D is a y,(D,, ,)-set. Suppose on the contrary that there is
a total dominating set D’ of D, , such that |D’| < |D|. By the construction of D, among
all total dominating sets of D,, , containing the vertex ¢, D is minimum. We can conclude
that ¢ ¢ D’. Without loss of generality, we may assume that v% € D’ and v% e D' to
dominate ¢ and v%, respectively. Let S = {v : v ¢ N ({v%, v%})}. Then the induced
subgraph D), ,[S] contains P,_3 and (g —1)P,. Thus, |D’| > 2+y,(Py-3)+(q—1)y,(P)).
By Lemma 3.0.2, we get that |D’| > 2+ (|22 ] + [2]) + (¢ = D(LZ2] + [ Z£2]). Then
we consider the following four cases.

Case 1: Let p = 4k, where k > 1. Then [D'| > 2+ (| %2 | + [2E]) + (¢ -
D2+ %52 ]) = 2qk + 1 = 297421 + 1= 2¢[27] + 1 = |D).

Case 2: Let p = 4k + 1, where k > 1. Then |[D'| > 2+ (| 3] + [ 2L ]) +
(q-1)(| 283 4 | 2kt |y = 95k + g+ 1 > 2gk +2 = 2q[ %217 12 = 2¢[221+2 = |D|.

Case 3: Let p = 4k + 2, where k > 1. Then |[D’| > 2+ (| 2521 ] + [ 252 ]) +
(- (2] + |25 ) = 2gk + 2 > 2qk +2 = 2q[ 4] + 2 = 2¢[22] + 2 = |D|.
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Case4: Letp = 4k+3, where k > 0. Then |D’| > 2+(| 42 |+ 42 |)+(g—
D52+ 250 ) = 2gk+2g > 2qk+g+1 = 2q[ 41 +1-q = 2¢[ 7] +1-¢ = |D].

We can see that all cases contradict with the assumption |D’| < |D|, so D is
a ¥:(Dp,4)-set, and we then obtain the total domination numbers of D), ,.

Consider the set E as defined above. We can check that E U {v%} is a paired
dominating set of D, if p = 0, 1,2 (mod 4), and E U {v}} U {v[{_l, vl :2<j<gq)isa
paired dominating set of D, if p = 3 (mod 4). Therefore, v, (D, ) < 2q[p4;2] + 2 1if
p =0,1,2 (mod 4), and y,,(D,,) < 2q[22] if p = 3 (mod 4). Note that y,,(D,,,) >
Y1(Dpg) and ¥, (D) is even, and thus y,,(D,,4) = 2q[2521+2 for p = 0,1,2 (mod 4).

Finally, we show that y,,(D,,) > 2q[;%2-| if p = 3 (mod 4). Let D be a
Ypr(Dpq)-set. If ¢ € D, then, without loss of generality, v} eD. LetS={v:v¢
N({c, v% })} and then the induced subgraph D, ,[S] contains P,_3 and (¢ — 1)P,_2. By
Lemma 3.0.3, we obtain that |[D| > 2 + v, (P,-3) + (¢ — 1)ypr(Pp—2) = 2 + 2[’%3] +
2(g - DIEE] = 2152 + 2(g - DIEFE] = 2752 + 2g - DIEE] = 2¢[272]. We
next assume that ¢ ¢ D. Similar to the second paragraph in this proof, we get that
ID| = 2+Ypr(Pp-3) +(q—1)ypr(Pp). Lemma 3.0.3 shows that [D| > 2+ 2[22]+2(q -
DI2] = 21227 + 2(q — 1)[2] = 21221 + 2(g - DIZ2] = 2¢[252]. This completes
the proof. O

Next, we compute the total and the paired domination numbers of SD,, ;. If
g = 1, then, in the following theorem, we prove that y;(SD,, ;) = ¥,(Cp) and y,,-(SD,, ) =
¥pr(Cp). For any integer g > 2, we provide the exact values of y,(SD, ) and v, (SD),4)
in Theorem 3.5.7 (below).

Theorem 3.5.6. Let p > 3 be an integer. Then y(SD)1) = LI%QJ + L‘%?’J and
Vpr(SDp,l) = 2[%]

Proof. Let Dbeay(SD,,1)-set. We show that |D| > y,(C,). Note thatv} € D. Ifc ¢ D,
then D is also a total dominating set of C,, so |D| > v;(C,). Next, we assume that c € D.
Then v% ¢ D; otherwise, D \ {c} is a total dominating set of SD,,1 with cardinality less
than D, a contradiction. Thus, D’ = (D \ {c}) U {v%} is a total dominating set of SD,,;
with |D’| = |D|. Moreover, D’ is a total dominating set of C,,, so |D| = |D’| > y;(C)).
Hence, y,(SD,1) = |D| > y/(Cp) = L‘%QJ + L’%?’J by Lemma 3.0.2. By using the
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similar technique of this proof, we can verify that y,.(SD,1) > ¥,-(C,). Lemma 3.0.3

shows that y,-(SD,,1) > 2[4].

1 .
i+1

To prove the upper bounds of y,(SD,,1) and y,,,(SD1), let E = {vl.l, v
i =1 (mod4),i # p}. If p = 0,2,3 (mod 4), then E is a paired dominating set of
SDp1, and hence ¥,(SDp1) < ypr(SDp1) < 2[2] = |Z2] + [Z22]. If p = 1 (mod 4),
then EU{v,} is a total dominating set of SD,; and E U {v;_l, v, } is a paired dominating
set of SD, 1. Hence, y/(SDp1) < 2[§1 -1 = L’#J + L’%ﬂ and y,-(SD,,1) < 2[4].

The theorem follows. O

Theorem 3.5.7. Let p > 3 and q > 2 be integers. Then

B if p =0 (mod 4);
Y1(SDpq) = 2q[’%1] + 2 if p=1(mod 4);
2171 +1-¢q ifp=2,3 (mod 4;

and
e ifp =0 (mod 4);

Ypr(SDpq) = Qq[’%l] +2 ifp=1(mod 4);

2q[ 234 if p =23 (mod 4).
Proof. 1If p = 0 (mod 4), then {vl.l, vl.1+1 :1 =1 (mod 4)} U {vl.j, vl.j+1 : 1 = 2 (mod

4),2 < j < g} is both an efficient total dominating set and an efficient paired dominating

set of SD,, , with cardinality £/. By Lemma 3.0.4, we conclude that y,(SD,,) = & =

7pr(SDp,q)-
Let p = 4k + 1 for some k > 1. Then D = {c,v}} v {vl.j,v.j c 0=

i+1

3 (mod 4),1 < j < g} is a total dominating set of SD,, with |D| = @ +2 =
2q[”T_1] + 2. We claim that among all total dominating sets containing the vertex c,
D is minimum. Let D’ be any total dominating set containing c. To dominate ¢, D’

contains / > 1 vertices from {v],vZ,.. SVIYIf v{ € D' forj € {1,2,...,q}, then,

J

by Lemma 3.0.2, D’ contains at least L’%IJ + | 4] vertices to dominate vé, vi, VS

J

.
D/ 2 1+ L+ (L2 + (2D + (g = DL + [ 22 = 1+ L+ (2 4 | 2Ly 1 (g -
D2 ) 4 | 255 |y = 29k + 1 +1 > 2gk +2 = 2q[ 2] +2 = |D| since p = 4k + 1 and

[ > 1, so the claim holds. We next show that D is a y;(SD,,,)-set. Assume that D" is a

. . 1 2 . . ; ;
otherwise, D’ contains at least L%J + L’%J vertices to dominate vé, Vi, .. .,v{,. Hence,
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total dominating set with |D”| < |D|. The previous claim implies that ¢ ¢ D”. Without
loss of generality, vl, v2 € D”. Then the induced subgraph SD,, ,[{v : v ¢ N({vl, })}]
contains P,_4 and (¢ — 1)C,. We can check that [D”| > 2 + y,(P,_4) + (g — 1)y:(Cp) =
2+ (LB 1+ L D+ (g - DI EE ]+ 152)) = 2gk +q = 2gk+2 = 2¢[5721+2 = D], a
contradiction. Hence, y,(SD,,) = 2q[”T'| +2and v, (SD)4) > 2q[1’Tl] + 2. Since D
(defined above) is also a paired dominating set of SD,, ,, we conclude that y,,(SD,,) =
2g[ 2] + 2.

Let p = 2,3 (mod 4). Then D = {c}U{v1 1<j< q}U{v vl+1 ti =
0 (mod 4),1 < j < g} is a total dominating set of SD,,, with |D| = 2q[pT1] +1-g.
We show that among all total dominating sets containing the vertex ¢, D is minimum.
Suppose that D’ is a total dominating set containing c. Then D’ contains [ < g vertices
from {vL,v2, ..., v}, Thus, |D'| = 1+ 1+ I(LZ2] + 12]) + (g - DOLEE + 1 22) >
2q[’%1] +1-¢q = |D|. Next, we prove that D is a y,(SD,)-set. If D" is a total
dominating set with |D”| < |D|, then ¢ ¢ D”. It is easy to verify that |D”| > 2 +
Y(Pp-2)+(q=1)7(Cp) = 2+ (LI 1+ 5 D+ (g - DL ER 1+ L5 ]) > 2q[ 1 +1—g =
|D|, a contradiction. Therefore, y,(SD,,) = 2q [”Tl] + 1 — g. We can check that
DU {vé : 2 < j < g} is a paired dominating set of SD,, , with cardinality 2q[’%1], and
thus y,-(SD,4) < 2q|'pT_1]. Similar to the proof of Theorem 3.5.5 (last paragraph), we
can get that y,,(SD, ) > 2q[’%1]. The theorem follows. O

Ifg =1, then KD,, = C, forall p > 3, so we obtain y,(KD, 1) = Lp+2j +
L’%SJ and v, (KD,1) = 2 [%] by Lemmas 3.0.2 and 3.0.3, respectively. In the following
theorem, we compute the exact values of y,(KD, ) and y,,(KD, ) for all p > 3 and

q =2
Theorem 3.5.8. Let p > 3 and q > 2 be integers. Then
& if p =0 (mod 4);
Y(KDpgq) = Qq[’%l] +1 ifp=1(mod 4);

29[22 —¢q ifp =23 (mod 4);
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and

& if p =0 (mod 4);

KD, )= | Qq[%] + 2 if p=1(mod 4);
Ypri&hlpq) =
qul%l] -q if p= 2,3 (mod 4) and q is even;

Qq[’%l'l —qg+1 ifp=23(mod4)and q is odd.

Proof. 1If p = 0 (mod 4), then we get that {vl.j, vl.j+1 :i=2(mod 4),1 < j < g} is both
an efficient total and an efficient paired dominating set of KD, ,, and thus y;(KD,,,) =
5= ¥pr(KDpy).

Let p = 1 (mod 4) and D = {v},v},; : i = 1 (mod 4),i # p}U{v;} U
{vl.j, vl.j+1 :i =3 (mod4),2 < j < g}. Then D is a total dominating set of KD, ,
with |D| = 2q[’%1] + 1. We show that D is a y;(K D, ,)-set. Suppose that D’ is a total
dominating set with |D’| < |D|. Note that among all total dominating sets containing
precisely one vertex of {v%, v%, N, vf}, D is minimum. Thus, either |{v%, v%, s vi]} N
D'| =0or |{v%, v%, .. .,vi]} ND'| =2 If |{v11, v%, . .,vi]} N D’| = 0, then we have D’
contains, without loss of generality, vé and vé forall j € {1,2,...,q9}. Thus, [D’| >
2q + qyi(Pp-1) = 2 + q(L572] + |57 ]) > 2q[57] + 1 = |D] since p = 1 (mod 4)
and g > 2, a contradiction. If D’ contains /[ > 2 vertices from {v%, v%, . .,vi’}, then
D] 2 1+ 1yi(Ppg) + (q = Dyi(Ppe1) = L+ UL ]+ LD + (g = DAEF ]+ L2 ]) >
Qq[’%l] +1 = |D|, a contradiction again. Hence, y;(KD,,,) = 2q[’%1] + 1, and we then
also get that v, (KD, 4) > 2q|"%1'| + 2. Since D U {v;_l} is a paired dominating set of
KD,,, with cardinality 2¢[ 2711 + 2, we get that ,,(KD,,,) = 2q[ 2221 + 2.

Let p = 2,3 (mod 4) and D = {V'{ 1<j<qtu {vl.j,vijJrl :i =0 (mod

. . . . . -1
4),1 < j < q}. Then D is a total dominating set of KD, , with [D| = 2q|'pT'| -
g. We show that D is a y,(KD,,4)-set. Suppose that D’ is a total dominating set with

|D’| < |D|. Among all total dominating sets containing all vertices v%, v%, e, vi], the
set D is minimum. Then D’ contains [ < g — 1 vertices from {v%, v%, cees vf}, and thus

D] = 1+ Ly (Pp-3) + (q = Dyi(Pper) = L+ L(LEE ]+ LD + (g = DAL+ 152D >
Qq[’%l] — q = | D], a contradiction. Hence, y,(KD,, ) = 2q[1%1] — g. We also get that
Yor(KDpg) = Qq[pT_l] —qif g is even, and y, (KD ) > 2q[p%41] — g+ 1ifgisodd.
If g is even, then D is a paired dominating set of KD,, ,. If g is odd, then D U {v21} isa

paired dominating set of KD, ,. The theorem follows. O
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Note that CD,; = C, for all p > 3. Lemmas 3.0.2 and 3.0.3 provide
¥(CD,,1) and vy, (CD, 1), respectively. For any integer ¢ > 2, we examine the exact
values of y,(CD,4) and y,,(CD,,) in the next theorem. For each j € {1,2,..., g}, let
C/={v/ eV(CDpy) :1<i<p).

Theorem 3.5.9. Let p > 3 and q > 2 be integers. Then

& if p =0 (mod 4);
Y(CDpg) = 121221+ 4] ifp =1 (mod 4);
2q[%+1-q  ifp =23 (mod 4);

and
& if p =0 (mod 4);

221 +2[4]  ifp =1 (mod 4);

Ypr(CDp4) = }
2q[%~1-¢ if p= 2,3 (mod 4) and q is even;

2q[’%1] —q+1 ifp=223(mod4)andq is odd.

Proof. 1If p = 0 (mod 4), then {v vl+1 i =2 (mod4),1 < j < g} is both an efficient
total and an efficient paired dominating set of CD,, ;, so we obtain that y,(CD,, ;) = % =
Ypr(CDpyg).

Let p = 4k + 1 for some k > 1 and D be a y,(CD,g)-set. Let g = 2. If
}, v% € D, then |{v%, v%, LS. vl} ND| = |{v§, v%, ¥ .,vg} ND| > 2k. va%, v% ¢ D, then
|{v%, v%, .oviynD| = |{v2,v3, e vz} N D| > 2k + 1. In both cases, |D| > 4k + 2.
0<l<k-1}isa

1%

1
We observe that {V1}U{V41+2’ v4l+3 0<I<k- l}U{v4l+3, v4l+4

total dominating set having cardinality 4k +1 < 4k +2 < |D|, a contradiction. It implies
that D contains only one vertex of v% and v%. Without loss of generality, let v%, v% e D.
We can check that D contains at least 2k — 1 vertices to dominate vi, vé, e v;_l and at
least 2k vertices to dominate v%, v%, e 2 . Hence, |[D| > 2+ 2k-1)+2k=4k+1=
2q[ 5~ 1+ [4]. Next, we let g > 3. va] ! v{, V{H ¢ D forsome j € {1,2,...,q},
then [{v},vl,....,vi}ND| =2k +1and D’ = (D\ CH)U W} U{v), vl 4:0<1<
k — 1} is a total dominating set of CD,,, with |D’| = |D|, so we can assume that, for
any three consecutive vertices of {v%, v%, .. .,vf}, D contains at least one vertex. This
implies that D contains at least [%] vertices from {v}, v%, e, vf}. If v{ € D for some

je{L2...,q} then [{v}v},...,vi} N D| > 2k. If v] ¢ D for some j € {1,2,..., ¢},
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then it is dominated by v’ Lor V{+1, SO |{v£, vg,;, .. .,v;;} N D| > 2k. Therefore, |D| >

[47 + q(2k) = 2qf%] +[4] = 2q|'p;1'| + [4]. Tt is easy to Verify that {v{ cj=1
(mod 3)} U {v :i =2 (mod 4),j =1 (mod 3)} U {v :i =3 (mod 4),j =
0,2 (mod 3)} is a total dominating set of CD,,, with cardinality 2q[’%1] + [%].

l+1 l+1

Next, we determine y,(CD, ) for p = 4k + 1. If g = 2, then y,,,(CD,4) >
2g151 + 41+ 1 = 2q[57] + 2[{] since 7 (CDpy) 2 %(CDpy) and 7r(CDp)
is even. Let ¢ > 3 and D be a y,.(CD,,)-set. If v1 is not dominated by v ! and

! for some j € {1,2,...,q}, then |C/ N D| = 2k +2. Then D’ = (D\ C/) U

J+1} U {v4l+3, v4l+4 0 <[ < k — 1} is a paired dominating set with |D’| = |D|,

J
v
so we can assume that every vertex of {v%, v%, - .,vf} is dominated by some vertex in
the same set. If v{ € D is paired with either vé or v{; for some j € {1,2,...,q}, then
v, vi, ... v},} N D| = 2k + 1. The vertices v{_l and v{“ are not in D; otherwise, (D \

j J

CHU 3 Vigea
2 ’r_ Jj+1 .

a contradiction. Hence, D’ = (D\{v2, v3, S, p})U{v }U{v4l+3, \/41+4 :0<1<k-1}

:0<l<k-1}isa palred dominating set with cardmahty less than D,

is a paired dominating set with |[D’| = |D|, so we can also assume that the vertices in
{v}, v%, o ¥ vi]}ﬂD are paired. Note that any two adjacent vertices of{v%, v%, e, vf}ﬁD
can dominate at most four vertices in {v%, v%, Y vf}, S0 |{v%, v%, Y q}ﬁDl > 2[1]. If
v{ and v{” are paired in D, then |{v§, vé, | .,v{;} ND| = |{vé+1 v:];l, . J+1} NnD| >
2k. If v{ ¢ D, then [{v),vi,..., 1’,} N D| > 2k. Therefore, [D| > 2[%] + ¢q(2k)
2241 +2[4]. Let E = {v] : j = 1,2 (mod 4)} U {v/,v/. | : i =3 (mod 4),1 <

J < q}. Then E is a paired domlnatlng set of CD,, , with cardinality 2q[’%1] + 2[%] It
qg=0,2,3 (mod 4),and EU {vi’_l} is a paired dominating set of CD,, , with cardinality
Qq[‘%l] +2[171ifg =1 (mod 4), so we are done.

Let p = 2,3 (mod 4) and D = {v1 1<) < q}U{v vlJrl 21 =0 (mod
4),1 < j < gq}. Then D is a total dominating set of CD,, 4, so v;(CD,,,) < qu‘%l] —q.
If g is even, then D is a paired dominating set of CD,,,. If g is odd, then D U {v%} is
a paired dominating set of CD,,. Thus, y,(CD,,) < 26[[1%1] — g if g is even, and
Ypr(CDpy) < Qq[’%l'l —q +1if g is odd. Note that every total dominating set of CD,,,
is a total dominating set of KD, ,, yielding that y,(CD,,) > y/(KD,,). Similarly,
Ypr(CDpyg) 2 vpr(KD,4). We obtain the lower bounds of y,(CD,, ;) and y,-(CD,,,) by
Theorem 3.5.8. This completes the proof. O
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3.6 Lollipop Graphs, Umbrella Graphs, and Coconut Graphs

In this section, we begin by defining lollipop graphs, umbrella graphs, and
coconut graphs. Then we calculate the total and the paired domination numbers of these
three classes of graphs.

Let p and ¢ be both positive integers. A lollipop graph L, , is obtained by
appending an endpoint of a path P, to a vertex of a complete graph K. Throughout this

dissertation, we refer to the vertices of L, , as depicted in Figure 3.21.

us us
p

Figure 3.21 The lollipop graph L,

An umbrella graph U, is obtained by appending an endpoint of a path
P, to the central vertex of a fan graph Ky vV P,_1. A coconut graph C,, is obtained
by appending an endpoint of a path P, to the support vertex of a complete bipartite
graph K1 ,1. We let the vertices of U, and C),, be shown in Figures 3.22 and 3.23,

respectively.

Figure 3.22 The umbrella graph U, ,

Note that L,; = U,1 = C,1 = Py forall p > 1. By Lemmas 3.0.2
and 3.0.3, we have yi(Ly1) = %i(Up1) = %(Cp1) = 2] + |27 and ypr(Lyg) =
Yor(Upg) = vpr(Cpyq) = 2[1%1], respectively. For any integer ¢ > 2, we obtain the

following theorem.
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Figure 3.23 The coconut graph C,,

Theorem 3.6.1. Let p > 1 and q > 2 be integers. Then
4
L vi(Lpg) = viUpg) = v(Cpy) = 122 ] + | 222 ] and
2. Yor(Lpg) = Ypr(Upg) = ¥pr(Cpg) = 2[2221.

Proof. 1f ¢ = 2, then L, = Py, 50 we get ¥,(Lpa) = y(Pps2) = [Z2] + |22]
by Lemma 3.0.2. Let ¢ > 3 and P’ be the graph obtained from L, , by deleting the
vertices us, u4, . . ., uq. Clearly, P" = P,,5 and then y,(P’) = L’#J + L’%ﬂ. Let D be
a yi(Lp,q)-set. We next show that |[D| > y,(P’). If uy € D, then, to dominate u;, D
contains either v, or, without loss of generality, uo. In both cases, the set D is a total
dominating set of P’, and thus |D| > y,(P’). Next, we assume that u; ¢ D. Since D
is a y;(Lp4)-set, D contains exactly two vertices, without loss of generality, uo and u3
from {ug, u3, ..., uy}. Then D’ = (D \ {u3}) U {u1} is a total dominating set of P’, and
hence |D| = |D’| > vy;(P’). Therefore, y,(Ly4) = |D| > y,(P’). Note that U,, and
Cp,q are spanning subgraphs of L, ;, 0 ¥/(Upq) = ¥i(Lpg) and y(Cpy) > vi(Ly ). We
observe that £ = {v;,vj41 : 1 =2 (mod 4),i < p} U {v,, u1} is a total dominating set of
L,q Upyyg, and Cp,, with |E| = L’%‘lj + L’%SJ, and hence we obtain the exact values of
Yi(Lpg) v1(Upgq), and y((Cpq).

We can easily check that v, (Lp.g) = yi(Lpg) = |22+ [ 22 ] = 212227 for
p=0,1,2 (mod 4). If p = 3 (mod 4), then y,,(L,,) > [Z2] + [Z2] +1 = 2[22]
since y,r(Lpg) is even. Similarly, v, (Uy,,) > 2[’%2] and v, (Cpq) > 2[’%2]. If
p = 0,1,2 (mod 4) (respectively, p = 3 (mod 4)), then E (respectively, E U {v,_2})
is a paired dominating set of L, 4, U, 4, and C,, with cardinality 2[’%2]. The theorem

follows. O
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CHAPTER 4
v-TOTAL AND y-PAIRED DOMINATING GRAPHS

In this chapter, we first recall the definitions of y-total dominating graphs,
which were defined by Wongsriya and Trakultraipruk [67], and y-paired dominating
graphs, introduced by Eakawinrujee and Trakultraipruk [15]. We next determine the
v-total and the y-paired dominating graphs of double stars, complete graphs, complete
bipartite graphs, fan graphs, cycles, and some classes of graphs appearing in Chapter 3,
including wheel graphs, helm graphs, flower graphs, lollipop graphs, umbrella graphs,
and coconut graphs.

The y-total dominating graph of a graph G, denoted by 7D, (G), is the graph
whose vertices are y;(G)-sets, and two vertices D1 and Dy of TD,(G) are adjacent if
Dy = (D1 \ {u}) U {v} for some u € Dy and v ¢ D;. The y-paired dominating graph
PD,(G) of G is defined analogously by using vy,,(G)-sets as its vertices. Let P, =
(1,2,..., p) be the path with p vertices. It is easy to check that {2, 3} is the only y,(Py)-
set and the only vy, (P4)-set, so TD,(Ps) = Py = PD,(Py). Figures 4.1 and 4.2 show
the y-total dominating graphs and the y-paired dominating graphs, respectively, of Ps

and Pl().

{1,2,4,589} {1,256,89} {1,25,6,9,10}

{2,3,4} {2,3,4,5,8]9} {2,3,5,6,8,9} {2,,5,6,9,10}

(23,4789} {2.3,6,7,89} {23,6,7,9,10}

Figure 4.1 The y-total dominating graph of P5 (left) and Py (right)

4.1 Double Stars, Complete Graphs, Complete Bipartite Graphs, and Fan Graphs

Note that the two support vertices of a double star S, , form the only y,(S),,)-

set and the only v,,(S,,4)-set, so we get the following theorem immediately.
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{1,2,4,5,8,9} {1,2,5,6,89} {1,2,5,6,9,10}
{1,2,3,4}

{2.3,4,5,8,9} {2,3,5,6,8,9} {2,8,5,6,9,10}

{1,245} {2.3,4,5} {2,3,6,7,8,9} {2.3,6,7,9,10}

Figure 4.2 The y-paired dominating graph of P5 (left) and Py (right)

Theorem 4.1.1. Let p > 1 and q > 1 be integers. Then TD,(Sp,) = K1 = PD,(S)).

The Johnson graph J(p, q) is the graph whose vertices correspond to the
g-element subsets of {1,2, ..., p}, where two vertices are adjacent when they meet in a
(g—1)-element set. Clearly, J(p, g) has (g ) vertices. In Figure 4.3, we show the Johnson
graph J(4, 2).

{1,2} {1, 3} (1,4}
{2,4}
{2,3}
{3,4}

Figure 4.3 The Johnson graph J(4, 2)

We recall that K), is a complete graph with p vertices. Note that y;(K},) =
2 =y, (Kp) forall p > 2. It follows from the definition that the y-total and the y-paired
dominating graphs of K, are both precisely the Johnson graph J(p, 2), as stated in the

following theorem.
Theorem 4.1.2. Let p > 2 be an integer. Then TD,(K,) = J(p,2) = PD,(K,).

We then provide the y-total and the y-paired dominating graphs of complete
bipartite graphs as follows.

Theorem 4.1.3. Let p > 1 and q > 1 be integers. Then TD,(K,,) = K,0K, =
PD, (K, ).
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Proof. Let K, , be the complete bipartite graph with the partite sets X = {uy,ua, ..., u,}
andY = {v1,vo,...,v,}. Note that y,(K,,) = 2 = y,,(K,4), and each y,(K, ,)-set and
each y,,(K),4)-set must contain one vertex from X and another one from Y. Therefore,
all {uy,vy}’swithl < x < pand1 <y < g are the only y;(K,,)-sets and the only
Ypr(Kpq)-sets, and they form the Cartesian product of K, and K, (see Figure 4.4). O

{ur,vi} [[Hur,va} [|{u1,v3} {ur,vg}

{ug, v} || {uz, va} ||| {u2, va} {u2,vq}
|

{ug, vi} || i{us,va} || i{us, vs} {uz, vg}

{up,Vl} {MP,VQ} {up’ v3} {”p’ Vq}

Figure 4.4 The y-total and y-paired dominating graphs of K, ,

The fan graph F,, is the join K, V P,, where V(K,,) = {u1, us, . .., u,} and
V(Py) = {vi,va,...,vg}. Ifg = 1,then F,,, = K,1. By Theorem4.1.3,TD,(F,1) = K),.
Let ¢ > 2 be an integer. Note that y,(F),,) = 2, so a y,(F),4)-set is one of the following
types:

(i) {ux, vy} forsome x € {1,2,...,p}and y € {1,2,...,q};

(ii) {vy, vy} for some distinct y, y" € {1,2,...,g}.

Note that all y;(F,4)-sets of type (i) form a graph K,0K,. We consider a y;(F,)-set
{uy, vy} in K,0K, as the entry in the row x and the column y.

If g = 2, then {vy, v2} is the only y;(F),,)-set of type (ii), and it is adjacent to
every set in K,0Ks. Thus, TD,(F,2) = (K,0K>2) V K;. For g = 3, {v1,v2} and {vo, v3}
are the only y,(F, 4)-sets of type (ii). Clearly, {v1, v2} is adjacent to every set in the first
two columns of K,0K3, and {vo, v3} is adjacent to every set in the last two columns of
K,O0K3. If g = 4, then {vy, v3} is the only y;(F),,)-set of type (i), and it is adjacent to
every set in the columns two and three of K,0K4. If ¢ > 5, then there is no y,(F),,)-set
of type (ii), so TD,(F,,) = K,0K, (Theorem 4.1.4). It is easy to check that PD,(F},,)
is the same as 7D, (F, ) forall p,q > 1.

IR

Theorem 4.1.4. Let p > 1 and q > 5 be integers. Then TD,(F,,) = K,0K,
PD,(F,q).
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4.2 Wheel Graphs, Helm Graphs, and Flower Graphs

If p € {3, 4}, then the y-total and the y-paired dominating graphs of a wheel
graph W), are shown in Figure 4.5. For p > 5, it is clear that {c, u1}, {c,u2}, ..., {c, up}
are the only y,(W),)-sets and the only y,.(W,)-sets, and they form a complete graph with

p vertices, so we get the result in Theorem 4.2.1.

{u1,uq}

{ugec} {udc}

o N
" {us, ug} {uy,uo}
v et N\l

{uo, us} {u2, uz}

Figure 4.5 The y-total and y-paired dominating graphs of W3 (left) and Wy (right)

Theorem 4.2.1. Let p > 5 be an integer. Then TD,(W),) = K, = PD,(W),).

Theorem 4.2.2. Let p > 3 be an integer. Then
TD,(H,) = K1

and

K if p is even;
PD,(H)) =

K,i1 ifpisodd.
Proof. Clearly, the support vertices of H, form the only one y;(H,)-set, and they also
form the only one y,,(H,)-set if p is even. Hence, T D, (H,) = K1, and if p is even, then
PD,(H,) = K;. Let p be odd. Then a y,,(H,)-set must contain all p support vertices
and one vertex from {c, v1,v2,...,v,}. Thus, there are exactly k + 1 y,,.(H,)-sets and

they are all adjacent, so PD,(H,) = K. O

We observe that y;(Fl,) = 2 = y,,(Fl,), and each y,(Fl,)-set and each
¥pr(F1,)-set must contain the vertex ¢ and another vertex from {u1, ..., up,v1,...,vp},

so we get the following theorem.

Theorem 4.2.3. Let p > 3 be an integer. Then TD,(Fl,) = K, = PD,(F1,).
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4.3 Paths and Cycles

We first review the results on the y-total dominating graphs of paths and
cycles, as well as the y-paired dominating graphs of paths and their properties. In this
section, we mainly determine the y-paired dominating graphs of cycles.

Wongsriya and Trakultraipruk [67] studied the y-total dominating graphs of

paths and cycles, of which results are provided below.

Theorem 4.3.1 ([67]). Let k > 1 be an integer. Then T D, (Pyy) = P1.
Theorem 4.3.2 ([67]). Let k > 1 be an integer. Then T Dy (Pyi-1) = Py1.
Theorem 4.3.3 ([67]). Let k > 1 be an integer. Then T D, (P—2) = PyOPy.

Theorem 4.3.4 ([67]). Let k > 2 be an integer. Then T D (Pyi-3) = Py_1.

Cy ifk=1;
Theorem 4.3.5 ([67]). Let k > 1 be an integer. Then T D, (Cyy) =

4P ifk > 2.

Theorem 4.3.6 ([67]). Let k > 1 be an integer. Then T D, (Cyx—1) = Cyp—1.
Theorem 4.3.7 ([67]). Let k > 2 be an integer. Then T D, (Cyi—2) = Cor—10C2;—1.
Theorem 4.3.8 ([67]). Let k > 2 be an integer. Then T D, (Cyx—3) = Cyp—3.

Let P, = (u1,uz, ..., up) and Py = (vi, v, ..., vy) be two paths with p and ¢
vertices, respectively. Fricke ef al. [19] defined a stepgrid SG, , to be the subgraph of
P,0P, induced by {(uy,vy) € V(P,0P,) : x —y < 1}. We call the vertex (uy, v,) in the
stepgrid as the vertex at the position (x, y). For example, the stepgrids SG1.1, SG2,2, and
SGy3 are shown in Figure 4.6.

Let P, = (uy,uz,...,up), Py = (vi,va,...,vy), and P, = (Wi, wo,...,w,)
be three paths with p, g, and r vertices, respectively. In [15], a stepgrid SG 4, is the

graph satistying the following two conditions:

+ It is the subgraph of P,0P,0P, induced by {(uy,vy,w;) € V(P,0P,0P;) : x <

v,Z2<y,x—z<1}

* It has additional edges (uy, vy, Wy )(Uys1, Vi1, wy) forall x € {1,2,...,p - 1}.
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(Ml,.Vl) (1, v1)(u1, v2) (1, v1) (w1, v2) (1, v3)

(u2,[v1) (uof v2)(ugf vs)

(2, v1) (uz, v2)
(uz} v2)(usf v3)

(uaf vs)
[ ]

Figure 4.6 The stepgrids SG11 (left), SGo22 (middle), and SG4 3 (right)

The vertex (uy, vy, w;) is called the vertex at the position (x,y,z) in SG(p, q,r). For
example, the stepgrids SGo21 and SG332 are shown in Figure 4.7, and the stepgrid

SG 4,43 is shown in Figure 4.8, where we write (x, y, z) for (uy, vy, w;).

(1,2,2)
(1>171) (11211) (1,1,1) (1,2,1) : (1’3’2)
> (1,3,1)
(2,2',"2-). JU N (23,2)
(2,2,1) (2,21) 230D
(3,3,2)

Figure 4.7 The stepgrids SGo21 (left) and SG3 32 (right)

(1,3.3)

(1,22) (13,2 ; (1.4,3)

1,5 (1,21 ; ; A (1.4.2)
(222)5 (1’3’1)5 1,4’1)¢ (2,3.3~ (2:4.3)

N A (2,4,2)

(232
N (33:3)_4 (343)
221 (231 A,
(3,3,2) (34,2

(4:4.3)

Figure 4.8 The stepgrid SG44.3

Let P, = (v1,Vv2,...,Vv,) be the path with p vertices. In [15], the authors

determined the y-paired dominating graphs of paths and gave the following results.
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Lemma 4.3.9 ([15]). Let k > 1 be an integer. Then there is only one y,,(Psx-1)-set
containing the pair {var_o, v4x-1}, and there is only one vy, (Psx—1)-set containing the

pair {vi, va}.

Lemma 4.3.10 ([15]). Let k > 2 be an integer. Then all y,,(P4k_2)-sets containing the
pair {vai_3, var—2} form a path with k vertices, say A1, Aa, . . ., Ay, in PD,(P4i_2) as an
induced subgraph, where A1 and Ay are of degree two, the others are of degree three,
and Ay has a neighbor of degree two. Moreover, Ay contains the pair {viy—g, Vik—-5},
and the others contain the pair {vyr_7,vik—¢}. The similar results also hold for the

Ypr(Pak—2)-sets containing the pair {v1, v2}.

Lemma 4.3.11 ([15]). Let k > 3 be an integer. Then all vy,,(P4i—3)-sets containing the
pair {vik—4, vax-3} form a stepgrid SGy -1 (see Figure 4.9) in PD,(Py_3) as an in-
duced subgraph, where B1 1, B2 1, B k-1 are of degree three, Bo 1, B3 j-1, . . ., Bk-1k-1
are of degree four, and By k-1 is of degree two. Moreover, By j-1, Boy-1, . .., Bi-1.k-1
contain the pair {vay_7, vax—6}, and By x—1 contains the pair {vir—_e, Var—s5}. The similar

results also hold for the vy, (P4k-3)-sets containing the pair {v1, v2}.

Bi1 Bi2 B g2
""" Bi k-1
""" B k-1

Ba 1
L Bs k-1
o
Bi-1,k-1

® Bik-1

Figure 4.9 The stepgrid SGi k-1

Theorem 4.3.12 ([15]). Let k > 1 be an integer. Then PD,(Py;) = P1.
Theorem 4.3.13 ([15]). Let k > 1 be an integer. Then PD,(Ps;-1) = Pi41.
Theorem 4.3.14 ([15]). Let k > 1 be an integer. Then PD,(Psi_2) = SGy.x.

Theorem 4.3.15 ([15]). Let k > 2 be an integer. Then PD,(P4r-3) = SG k-1
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From the proofs of Lemma 4.3.10 and Theorem 4.3.14, we can derive the

following result.

Corollary 4.3.16. Let k > 2 be an integer and Ay the v, (Psr_2)-set at the position
(x,y)in PDy(Psi—2) = SGy (see Figure 4.10) forall x,y € {1,2,...,k} withx—y < 1.

If Ay contains the pair {vag—3, var—2}, then we get the following properties.

(A1) If'y = k, then A,y contains the pair {v4i_3,vix—2}, otherwise, it contains the pair

{Vak—4, vax-3}.

(Al.1) A, contains the pairs {vik—7, Vak—6}, {Vak—3, vax—2}forallx € {1,2, ..., k—

1}, and Ak contains the pairs {vak—6, Vak-5}, {Vak-3, Vak-2}.

(A2) If x = 1, then A, contains the pair {v1,v2}; otherwise, it contains the pair

{va,v3}.

(A2.1) Ay contains the pairs {v1,v2}, {v4, v5}, and A1,y contains the pairs {vi,v2},
{vs,ve} forall y € {2,3,...,k}.

Ar A A1 Ak

------- Ag

@-----

Ag_1,k

Ak

Figure 4.10 The stepgrid SGy «

The following result can be obtained from the proofs of Lemma 4.3.11 and
Theorem 4.3.15.

Corollary 4.3.17. Let k > 3 be an integer and By, ; the 'y, (Psi—3)-set at the position
(x,¥,2) in PDy(Psi-3) = SGy k-1 (see Figure 4.11) for all x,y € {1,2,...,k}, z €
{L,2,...,k=1}withx <y, z <y, x — 7 < 1. If By, contains the pair {vix_4, Vax-3},

then we get the following properties.
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(B1) If'y = k, then By, contains the pair {vii_4,v4k—3}; otherwise, it contains the

pair {vag—s, vak-4}.
(B1.1) By k-1 contains the pairs {vax—7, Vak—6}, {Vak-4, Var-3} forall x € {1,2, ..., k-
1}, and By k. k-1 contains the pairs {vax—6, Vak—5}, {Vak—4, Vax-3}.
(B1.2) By . contains the pairs {vag—s, Vak-7}, {Vak—1, vax—3} for all z # k — 1.
(B2) If x = 1, then By, contains the pair {v1,v2}; otherwise, it contains the pair
{va, v3}.
(B2.1) By1,1 contains the pairs {v1, v2}, {v3, v4}, and B1 1 contains the pairs {v1, v2},
{vg,v5} forall y € {2,3,...,k}.

(B2.2) By, contains the pairs {vi,va}, {vs, ve} for all z # 1.

B -1,k-2
Bt Bk k-1
By -2
B TGt I Tt e
1,2,2 1,3,2 Bt |
Bi 11 Biog AT g A
""""" Blio| | .17 Bakfk-2
Bi,3,1 Byl 1
"""" B Bolo: |1 ; .
Boo21 B2zl . 1 -~ : 2k k1
: 3 Bi—2 k,k—2
B _1,k,k-1
Br—1,k,k-2
Bik k-1

Figure 4.11 The stepgrid SG k k-1

We now present the y-paired dominating graphs of cycles. Throughout this
section, we let C, = (v, v1, ..., Vp-1) to be the cycle with p vertices. We first consider

the y-paired dominating graph of Cy, as provided in the following theorem.

Theorem 4.3.18. Let k > 1 be an integer. Then

Cy ifk=1;
PD,(Cy) =

4Py ifk > 2.
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Proof. Obviously, {vo, vi}, {v1,v2}, {v2, v3}, {v3, vo} are the only y,,(C4)-sets, and thus
PD,(Cy) = C4. Letk > 2. By Lemma 3.0.3, we have v, (Cy) = 2k. Itis easy to check
that {vy;, vaip1 1 0 <0 < k =1}, {vais1,vaivo 1 0 <0 < k= 1}, {vaie2,vaie3 1 0 <
i < k—1}, {v4i43,v4i+4 : 0 <1 < k — 1} are the only y,,(Cyx)-sets, and they are not

adjacent. Thus, PD,(Cyy) = 4P;. O

Before proving the y-paired dominating graph of a cycle with 4k +3 vertices,

we need the following lemma.

Lemma 4.3.19. Let k > 0 be an integer and D a 7y, (Cyr+3)-set. Then there is exaclty

one vertex not in D dominated by two vertices of D.

Proof. We can easily get that the lemma holds for k = 0. Let k > 1. Note that |D| = 2k+
k+1

2,sowe can write D = (2] D, where D, ’s are pairwise disjoint sets of paired vertices.
Clearly, |IN[D,]| = 4 forall x € {1,2,3,...,k + 1}, and V(Csqs3) = U N[D,]. If

N|[D,]’s are pairwise disjoint sets, then 4k + 3 = |V(Cyx+3)| = Zij IN[Dy]| =4k +4,a
contradiction. Therefore, there are exactly two disjoint sets, without loss of generality,
D1 and D such that |[N[D1]N N[D2]| = 1. Thus, this common vertex is the only vertex

not in D dominated by two vertices of D. |
Theorem 4.3.20. Let k > 0 be an integer. Then PD,(Cyr+3) = Cyr43.

Proof. For convenience, we omit the modulo 4k + 3 in the subscript of each vertex; for
example, we write v,.1 instead of V(,11) (mod 4k+3)- Foreach x € {0,1,...,4k + 2}, let
Dy = {Vy4di+1, Vxraiv2 © 0 < i < k} as shown in Figure 4.12, where D, contains the
black vertices. It is easy to check that D, is a y,,(C4r+3)-set such that v, ¢ D, is the
only vertex dominated by two vertices of D,. Hence, Dg, D1, . . ., D4x+2 are all distinct.
Similarly, we omit the modulo 4k + 3 in the subscript of each y,,(Cay+3)-set.

We claim that Dy, D1, ..., Dyi42 are the only y,,(Cyr+3)-sets. Let D be
any ¥, (Csx+3)-set. By Lemma 4.3.19, there is a unique vertex v, ¢ D, for some x €
{0,1,...,4k + 2}, dominated by two vertices of D, so D = D,.

Let x € {0,1,...,4k + 2}. To find all neighbors of D, in PD,(Csr+3),
we can only substitute v,,; with v,,3, or v,_1 with v,_3 since v, is the only vertex
dominated by v,41 and v,_1 of D,. Thus, (D \ {vi+1}) U {vxs+3} and (D, \ {vi-1}) U
{vx—3} are the only two neighbors of D, in PD,(Cyx+3). Note that (D, \ {vxs1}) U
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Vx+4k+2 = Vx-1 Vx+1

Vx+4k+1 = Vx-2 Vx+2

Vx+4k = Vx-3 Vx+3
Vx+dk-1 = Vx—4 Vx+4
Vx+4k-2 = Vx=5 Vx+5

Vx+4k-3 = Vx-6 Vx+6

Figure 4.12 The vy, (Cyi+3)-set Dy

{vx+3} = Dy44 since vyi4 is the only vertex dominated by two dominating vertices.
Similarly, (Dy \ {vx-1}) U {vy_3} = D,_4. Therefore, Dy, Dy,...,Dyj_4a, Dix, D1,
Ds, ..., Dyk-3, Dyk11, D2, D, . . ., Dag—2, Dyki2, D3, D7,. .., Dyr_1, Dy form a cycle

with 4k + 3 vertices. This completes the proof. O

Before we determine the y-paired dominating graph of a cycle with 4k + 2
vertices, we define some notations and a new graph called a loopgrid.

Let p and g be positive integers such that p < ¢, and i be a nonnegative
integer. Let P,(v; : vi4p-1) be the subgraph of the cycle C, induced by the vertices
Vi mod g» V(i+1) mod g» - - -» V(i+p-1) mod ¢- Lhen Ppy(v; : viy,_1) is the path with p vertices.

Let Gy = (uy,us, ...,uzr—1) and Go = (v1,va,...,v3r—1) be two paths with
2k — 1 and 3k — 1 vertices, respectively, where k is a positive integer. We define a

loopgrid of size k, denoted by LGy, as the graph satisfying the following conditions:
* It is the subgraph of G10G3 induced by {(uy,vy) € V(G10G2) : 0 <y — x < k}.
+ It has additional edges (u1, vy )(u2x—1, vy+2x-1) forall y € {1,2,..., k}.
Figure 4.13 illustrates the loopgrids LG and LG9, where we use (x, y) as (uy, vy).
Lemma 4.3.21. Let k > 2 be an integer.
1. Each yp,(C4k+2)—set cannot contain any six or more consecutive vertices.

2. For any fixed four consecutive vertices in Cyiy2, there is exactly one y,-(Car+2)-

set containing them.
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LGi=Py: o—e
(L) (1,2

(1, (1,2 (1,3)

Figure 4.13 The loopgrids LG (left) and LG+ (right)

Proof. We prove the first claim by a contradiction. Suppose that there is a y,(Cyi12)-
set D containing [ > 6 consecutive vertices of Cyr12. Without loss of generality, we
may assume that these / vertices are vy, vo,...,v;. Let D’ be the set obtained from D
by deleting any two consecutive vertices from {v3, v4,...,v;—2}. Then D’ is a paired
dominating set with |D’| < |D|, a contradiction.

For the second claim, without loss of generality, we assume the four vertices
are v1, v, v3, v4. We find all y,,.(Cyy4+2)-sets containing them. By the first claim, all such
¥pr(Car+2)-sets cannot contain v and vs. The vertices vy, vo, v3, v4 dominate six vertices
in Cyj42. Note that y,,(Car42) = 2k + 2, so the other 2k — 2 vertices must dominate all
vertices in Pyi_4(ve : Var+1). Since ¥y (Pak-4(v6 : vars1)) = 2k —2, these 2k —2 vertices
form a y,-(Pak—4(ve : vak+1))-set. Thus, each y,,(Cyrs2)-set containing vy, vo, v3, vy is
a union of a ¥, (Pax-4(ve : vars+1))-set and {v1,v2, v3, v4}. By Theorem 4.3.12, there is

a unique ¥, (Par-4(ve : var+1))-set. The claim follows. O

Theorem 4.3.22. Let k > 1 be an integer. Then

Ci0Cs ifk = 1:
PD,(Cypy2) =

LGyy1 ifk > 2.
Proof. Figure 4.14 shows that PD,(Cg) = C30Cs. Let k > 2. Since each y,,,(Cy42)-set
must dominate the vertex vy, we get it contains either the pair {v4r, vag+1}, {var+1, Vol
{vo, vi}, or {vi,va}. We first find all y,,(Cyx+2)-sets containing the pair {vax, var+1}.
By Lemma 4.3.21(1), such a y,,,(Cyx+2)-set must satisfy one of the following:
(7) it contains the pair {v4z, v4x+1} but not vyr_1, vo;

(i) it contains the pairs {v4x—2, vax—1} and {vak, var+1};
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{vo,vi,v2,v3}  {vo,vi,v3,va} {vi,va,v3,v4}

............

{vi,va,vivo} {vo, vi.pa, vs} {vd} vo, va, vs}
. o

{vo,v3,v5,vo} {v3,va,vs,vo} {v2,v3,va,v5}

Figure 4.14 The y-paired dominating graph of Cg

(iii) it contains the pairs {v4g, vax+1} and {vo, v1}.
Note that each y,(Cyr+2)-set containing the pair {v4x, vak+1} but not v4r_1, vo is a union
of @ ypr(Par—2(v1 : vak—2))-set and {v4, var+1}. By Theorem 4.3.14, PD,(Pyr—o(v1 :
Vag-2)) = SGii. Forallx,y € {1,2,...,k} withx—y < 1, let Aﬁﬁ; be the v, (Par—2(v1 :
V4k—2))-set at the position (x, y) in this stepgrid SGy ¢, and let

1 1
Di; = Agc; U {Vak, Vak+1}-

Thus, Dg s are the only y,,,(Cyx+2)-sets containing the pair {vax, Var+1} butnot vy _1, vo,
and they form a stepgrid SGy x in PD,(Cyy+2). By Lemma 4.3.10, we assume, without
loss of generality, that A, ; contains the pair {v4x_3, v4x—2} foreachx € {1,2,...,k}. By
Corollary 4.3.16(A1.1), we have Ag{ll){ contains the pairs {v4r_6, Vak—5}, {Vak—3, Vax—2}.

Let
1 1
DY) = (DY) \ (a3} U {vaea }.

By Lemma4.3.21(2), D,({lJr)1 . isthe only ¥pr(Ca+2)-set containing the pairs {vai_o, var—1}
and {v4x, vax+1}. By Corollary 4.3.16(A2.1), A(lli contains the pairs {vy, va}, {vy, v5}.

Let
1 1
DY) = DY\ {v2}) U (o).

By Lemma 4.3.21(2), D(f()) is the only vy, (Cars2)-set containing the pairs {vak, Vak+1}
and {vo, v1 }. Therefore, all DS}),’S form the graph, named D, in PD,(Cyr+2) as shown
in Figure 4.15.

Similarly, we can construct all y,,(Cyx+2)-sets as follows (the subscripts of

all vertices are modulo 4k + 2): forall x,y € {1,2,..., k} with x — y < 0 and for each
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i€{1,23,4},

DY, = AU, U (vag- 14 vaksi}, where A, is @y, (Pag—a(vi : vag-34i))-set,

DY = (DY (vak-4i}) U {vax-24i}, and

DYy = (DY) \ {vii D U (i}

These Dgé)y’s are the only y,,(Csr+2)-sets containing the pair {var_1+i, Var+i}, and they
form the graph D in PD,(Cyp+2) (see Figure 4.15). By Lemma 4.3.10, without loss of
generality, we assume Ag)k contains the pair {vqx—4+, Var-3+i }. Forallx,y € {1,2,..., k}

with x —y < 1, we get the following properties.

(A1) 1f y = k, then DY} contains the pairs {vix—asi, Vik-3+i}, {Vak-1+5 Vagsi}; other-

wise, it contains the pairs {Vax—5+i, Vak—4+i}> {Vak-1+i> Vak+i}-

(A’L.D) Dil)k contains the pairs {vag—s.i, Vak-7+i}s {vVak—a+i Var—3+i}s {Vak-1+is var+i}
forall x € {1,2,...,k — 1}, and Dl((’)k contains the pairs {Vix—_7+i, Vak—6+i }»

{Vak—a+i, Vak-3+i}s {Vak=1+is Vak+i }-

(A’2) If x = 1, then Dgf)) contains the pairs {vix—_1+i, Var+i}> {Vvi, viz1}; otherwise, it

contains the pairs {vag—1+i Vak+i}, {vie1, vie2}-

(A"2.1) DY) contains the pairs {vii-1.: vaksi}. (Vi vis1}, {Viss. viea}, and DY) con-

tains the pairs {Vax_14i, Vak+i}> {Vis Vis1}, {Viza, vies} forally € {2,3, ..., k}.

(A’3) Dgil , 18 the only ¥, (Cyg42)-set in DY containing the pairs

{Vak=7+i, Vak—6+its {Vak=3+i Vak—2+i }» {Vak—1+i> Vak+i}> {Vi+1, Viza}.

(A’4) D(li)O is the only y,,(Cyr42)-set in DY containing the pairs

{Vak=5+is Vak—a+i}s {Vak=14i Vak+i}s {Vie1, Vi}s {Vie3, Viza}.

Note that DO and D@ cannot have any common vertices in PD,(Car+2);
otherwise, there is a y,,(Cyr+2)-set containing the pairs {vak, vak+1} and {virs1, vo},
which is impossible. Similarly, D) and D% do not share any vertices in PDy(Cyi+2)
forall i € {2, 3}.

We then consider all y,,(Cyy+2)-sets that are in both DY) and D®. Then
these sets must contain the pairs {v4r, vax+1}, {vo,vi}. By (A’4) and (A’3), D(Ll()) and

Dl(i)l, ;. are the only ¥, (Cyg+2)-sets in DY and D, respectively, containing the pairs
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1) @) (1) (1)
Dy Dy Dl,k—l Dl,k @
>—I ----- Dy
(1) (2) I e
""" Dy Dia
- D@
DW P
H H (1)
D (2) —¢—@----
kk Dl,k—l
I (1)
DV ——--
k+1,k
ko (2) (2) (2) (2)
1,k D2,k Dk,k Dk+1,k
(3) 3 (3) (3)
Dyy Dy Dl,k—l Dl,k @
»—I ------ Dy
(3) (4) I .
""" D2,k D1,1: !
P : DW
D® .
H H (3)
’—ID @) ¢
kok D1,k—1 1
(3)
L P S
Dl,k D2,k Dk,k Dk+1,k

Figure 4.15 The induced subgraphs DY D@ DB and D@ in PD,(Cy+2)

{var, vak+1}, {vo,v1}. By Lemma 4.3.21(2), we get D% = D§<3+)1,k' Similarly, D(f()) =

D,(;i)l’ . 1s the only ¥pr(Cais2)-set that is in both D@ and DW,

We next consider all y,,,(Cyx+2)-sets which are in both DW and DY, These
sets must contain the pairs {v4z, var+1}, {v1, v2}. By (A’2), Dﬁ, Dg, ¥, .,D(Lllz are the
only ¥, (Cyx+2)-sets in D containing the pairs {v4x, vax+1}, {v1, v2}, and they form a
path with k vertices. Then they also form a path in D®. By (A1), D(fz, D(;z, ce Dgflz
are the only v, (Cys2)-sets in DW containing the pairs {vyx, v4x+1}, {v1, v2}, and they
form a path with k vertices. To show that D(lly) = Dﬁ foreach y € {1,2,...,k}, it
suffices to show that D(lli = D(f},z. By (A’2.1), Dgll) contains the pairs {v4z, Var+1},
{vi,va}, {v4,v5}. By (A’1) and (A’2), D%]Z is the only vy, (Cyr+2)-set in D containing
these three pairs, and hence D(llf = D(lfl,z.

Next, we consider all edges between a set in DV and a set in D®). We first
show that D% has no neighbors in D®. By (A’4), D% contains the pairs {v4x_4, V4r-3},
{Vars vaks1}, {vo, v}, {va, vs}. Since each set in D® contains the pair {v4x+1,vo}, the
set D% is adjacent to some set in D@ if and only if (D% \ {var}) U {va} or (D%& \

{(viH)U{vak-1} is a yp(Cyr42)-set. Itis easy to check that D(llg is not adjacent to any sets
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in D). By (A’3), Dﬁfjl , contains the pairs {vax—6, Vak-5}, {Vak-2, Vak-1}, {vak var+1},
1)

k+1,k

or (D{) 1 \ {vak-2}) U {v0} is @ ypr(Caxs2)-set. We have (D), \ {vax}) U {vo} is a

¥pr(Cak+2)-set, but (D§<1+)1, . {vak-2}) U {vo} is not. We show that D§<1+)1, . and D(IQIz are

adjacent, i.e., (Dflz \ {vo}) U {var} = D,({1+)L . By (A’l) and (A"2), D(lzlz contains the

. 2 .
pairs {vak-2, var-1}, {vak+1.vo}, {va,vs}, so (D(L,z \ {vo}) U {vax} is @ ypr(Cars2)-set

.. . . 1 .
containing the pairs {v4x—2, Vax-1}, {Vak> Vak+1}. Since Di +)1 L also contains these two

pairs, (D(f,z \ {voH) U {var} = Dgl’k by Lemma 4.3.21(2).

We next find all neighbors in D@ of the other ¥pr(Ca42)-sets in DD We

{v9,v3},s0 D is adjacent to some set in D® if and only if (D;{?Lk \ {var}) U {vo}

show that Dili is adjacent to Df))c_l forall x € {1,2,...,k}. Recall that, for all x,y €
{1,2,...,k}withx —y <1, DECl; contains the pair {v4x, v4x+1} but not vyr_1, vo. Note
that DS; is adjacent to some set in D® if and only if (DQ; \{vaxr U {vo} is a ¥ (Cars2)-
set. By (A’l), if y # k, then DS}j contains the pairs {v4x—4, vax—3}, {Var> Vax+1}, SO
(DS; \ {var}) U {vo} is not a y,,(Car4+2)-set. By (A’l) and (A’2), the set D(lllz contains
the pairs {v4x—3, vax—2}, {Vak, var+1}, {v1, v2}, and DS,Z, DS,Z, e, DS])( contain the pairs
{Vak-3 Vak-2}, {Vak, a1}, {va, va}. Foreach x € {1,2,....,k}, let Dy = (DY) \{vax U
{vo}, so Dy is a y,-(Cars+2)-set, and these D,’s form a path with k vertices in D@,
Note that D; contains the pairs {v4r—3, vak—2}, {var+1, vo}, {v1, vo}, and Ds, D3, ..., Dy
contain the pairs {vgx—3, vax—2}, {var+1, vo}, {v2, v3}. By (A’4), the set D(LQS is the only
Ypr(Caks2)-set in D® containing the pairs {v4x_3, vax-2}, {var+1, vo}, {v1, v2}, and by
(A’1) and (A"2), D(fi, D(I?Q), L D(f,z_l are the only y,,(Cyr+2)-sets in D® containing
the pairs {v4r-3, Vax—2}, {Var+1, vo}, {v2, v3}, and they also form a path with k vertices

in D®. Then we conclude that, forall x € {1,2,...,k}, D, = D(12))€_1,

is adjacent to D(1,2))c—1' To sum up, Dilli is adjacent to D(f))c_l forall x € {1,2,...,k+1}.

implying that Dilli

Likewise, forall i € {2, 3}, we get Di')k is adjacent to D(f:i)l forallx € {1,2,...,k+1}.

Now, all y,,(Cyr+2)-sets and edges form a loopgrid LG 41 in PD,(Cyp42).
Then we only need to show that there is no more edge in PD,(Cyr+2). We first consider
all edges between a set in DY = p D(fg and a set in D® = DB — fol,k since

D% = D§<3+)1, .- Note that each set in DY contains either the pairs {vax, vak+1}, {vi, v},
or the pairs {v4r, vax+1}, {vo, v3}, while every set in D® contains the pair {vg, v1 } but not
{vak, vax+1}. Hence, there is no edge between a set in DD and a set in D®. Similarly,

there is no edge between a set in D? — D(IQS and a set in DY — D§c4+)1 .- Recall that
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Dg = Df]: forall y € {1,2,...,k}. Also, D(Ll(; = D;i)l,k has a neighbor in DW,
Thus, we consider all edges between a set in DV = DU — {D(lly) 0 <y <k}
and a set in D@ = D@ — {Dﬁ : 1 < y < k}. Note that each set in DY contains
the pairs {vax, vax+1}, {v2, v3}, while each set in D@ contains the pair {v1, v2} but not

{vak, vax+1}. Hence, there is no edge between a set in DW and a set in DW. This

completes the proof. O
For any positive integer k, let G1 = (uy, ua, . .., usx), Go = (v, va, ..., vax),
and G3 = (w1, wo, ..., wors+1) be three paths with 2k, 2k, and 2k + 1 vertices, respec-

tively. We next define a loopbox LBy of size k as the graph satisfying the following

conditions:

* Itis the subgraph of G10G20G3 induced by {(uy, vy, w;) € V(G10G20G3) : 0 <

y—x<k-1<y-z<k-1,0<z-x<k}.

« It has additional edges (u1, vi, w1)(tk+1, Vaks Wi+1)s (U1, Vi, Wis1) U2k, V2ks W2k+1),

(u)C’ Vx+k—1, Wx)(”x’ Vx+k’ Wx+1) for all X € {1a 27 LK) k}’
(M)Ca Vx+ks Wx+k)(ux+1, Vx+ks W)C+k+1) for all X € {1a 29 LR k}’
(s Vs Wes 1) (Uxs1, Vir1, Wea1) forall x € {1,2,...,2k — 1}, and

(11, Vys W)tz V2o Wysics) for all =1 < y =z < k - 1.

For example, the loopboxes of size 1, 2 and 3 are shown in Figures 4.16, 4.17, and 4.18,

respectively, where we write (x, y, z) instead of (uy, vy, w;).

(1,1,2) (1,2,2)

(2,2,2)

Figure 4.16 The loopbox LB; of size 1

Lemma 4.3.23. Let k > 2 be an integer.
1. Each yp,(C4k+1)—set cannot contain any six or more consecutive vertices.

2. For any fixed four consecutive vertices in Cyi41, there are k yp,(Cyrs1)-sets that

contain them.
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(1,2,3)  (1,3,3)

(1,1,2) (1,2,2 (234 (244

(LLD (1207 =
(2,2,2)

G3De)

@325,

(3.3,3) (3,4,3')‘\.\

y .-““
(4.4,4)

Figure 4.17 The loopbox LB> of size 2

(1,3,4) (1,4,4)

(2D D7 (43 245 (255
(L12) (027733977 (142 e
(13,1 . ,,,,,,,,,,,,, 25\ G560 (3.66)
L1 (121 L s e A f 2.58) ‘
ey LT A 3 KOS
222 232) | &P el
OSICEE N ED o upl i |
343) 1 e PRRNE
(3.3.3) (,,___)\; _(4725) PR

@4 @34

Figure 4.18 The loopbox LBj3 of size 3

Proof. Similar to Lemma 4.3.21(1), we can easily prove the first claim. Next, without
loss of generality, we assume the four vertices are vy, vo, v3, v4. Then these four vertices
dominate six vertices in C441. Note that y,,(Cyr+1) = 2k +2, so the other 2k —2 vertices
must dominate all vertices in Pyr_5(ve : vax). Since ¥, (Pax-5(v6 : var)) = 2k — 2, these
2k — 2 vertices form a vy, (Psx-5(ve : vak))-set. Hence, each such y,,(Cyrs1)-set is a
union of a y,,(Par-5(ve : var))-set and {v1, vo, v3, v4}. By Theorem 4.3.13, there are k

Ypr(Pak—5(ve : v4k))-sets, so the claim follows. O
Theorem 4.3.24. Let k > 1 be an integer. Then PD,(Cyr41) = LBy.

Proof. We can check that {vo, vi, vo, v3}, {v1,va, V3, va}, {vo, V3, V4, vo}, {V3, V4, Vo, V1),

and {v4, vo, v1, v2} are the only y,.(Cs)-sets and they are all adjacent, so PD,(C5) =
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K5 = LB;. For k = 2, we have PD,(C9) = LB (see Figure 4.17), where

(L 1,1) ={vo, v1, v, v3,v5, v6}, (1,2, 1) = {vo, v1,v2, V3, v6, v7},

(1, 1,2) = {vo,vi,v3,va,v5,v6}, (1,2,2) = {vo, v1,v3, v, v6, v7},

(1,2,3) = {vo, vi,v3,va, vz, vs}, (2,2,2) = {vo, v1, va, vs, ve, v7},

(2,2,3) = {vo,vi, va, vs, vr, vs}, (1,3,2) = {v1,va, v3, v, v6, v7},

(1,3,3) = {vi,va, v3,va, vr, w8}, (2,3,2) = {v1, v, va, v5, ve, v7},

(2,3,3) = {vi,va, va, vs, vr, w8}, (3,3,3) = {v1, v, va, vs, vs, Vo,

(2,4,3) = {vi,va,vs5,v6, v7, vs}, (3,4,3) = {v1,v2, v5, v, vs, vol,

(2,3,4) = {va, v3, va, vs, v7, w8}, (3,3,4) = {vo, v3, va, vs, vs, Vo,

(2,4,4) = {va, v3,v5,v6, v7, vs}, (3,4,4) = {va, v3, v5, v, vs, Vo,

(3,4,5) = {va, v3,v6, v, vg, vo}, (44,4) = {v3, va, v5, v, vs, vo},

(4,4,5) = {v3, va, v6, V7,8, Vo }-

Let k > 3. Since each y,,(Csrs+1)-set must dominate the vertex v, it
contains either the pair {vix—_1, var}, {var. vo}, {vo,v1}, or {vi,vo}. We first find all
¥pr(Ca+1)-sets containing the pair {v4x_1, var }. By Lemma 4.3.23(1), we get that such
a ¥pr(Cars1)-set must satisfy one of the following:

(7) it contains the pair {v4r_1, v4x } but not vx_s, vo;

(i) it contains the pairs {v4x—3, vax—2} and {v4r—_1, var };

(iii) it contains the pairs {v4x—1, vax } and {vg, v1 }.

Note that each y,(Cyx+1)-set containing the pair {v4x_1, v4x } but not v4x_s, vo is a union
of a v, (Pak—3(v1 : v4r-3))-set and {v4r_1,var}. By Theorem 4.3.15, PD,(P4r-3(v1 :
Var-3)) = SGrri-1. Forall x,y € {1,2,...,k}and z € {1,2,...,k — 1} with x < y,
2 <y, x—2z < L let BY. be the y,, (Pu_s(v1 : var_g))-set at the position (x, y, 2) in
SGrxk-1,and let

1 1
DSC,;,Z = Bgc,))},z U {vag—1, Var }-

Therefore, Dg’z’s are the only y,,(Cyk+1)-sets containing the pair {v4x_1, v4¢} but not
V4k—2, Vo, and they also form a stepgrid SGy i x-1 in PD,(Cyi+1). By Lemma 4.3.11,
without loss of generality, we may assume that Bgllz contains the pair {v4g_4, var-3}. By
Corollary 4.3.17(B1.1), the set Bglz,k—l contains the pairs {vix—7, vak—6}, {Vax—1, Vak-3}
forallx € {1,2,...,k—1},and B , contains the pairs {vax—6, Vax—5}, {Vak—a, ar-3}.

k,k,k—
Foreach x € {1,2,...,k}, let

1 1
ch,i,k = (Di,lz,k—l \ {vak-a}) U {var—2}.
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By Lemma 4.3.23(2), these Dilk . s are the only y,,(Cyx+1)-sets containing the pairs
{vak—3, var—2}, {vax—1, var }. By Corollary 4.3.17(B2.1), the set B contains the pairs
L11
{vi,va}, {v3,v4}, and BY  contains the pairs {vy,vo}, {v4,vs} forall y € {2,3,...,k}.
1y,1
Foreachy € {1,2,...,k}, let

1
D(Ly),o = (D(ﬁy),l \ {v2}) U {vo}.

By Lemma 4.3.23(2), these Dg’ly)’o’s are the only vy, (Cyr+1)-sets containing the pairs
{var—1, var }, {vo, v1}. Therefore, all Dg;,z’s form the graph, named DV, in PD,(Cap+1)
as shown in Figure 4.19.

Similarly, we can construct all y,(Cax+1)-sets as follows (the subscripts of
all vertices are modulo 4k + 1): forall x,y € {1,2,...,k}and z € {1,2,...,k — 1} with

x<y,z<y,x—z<landforeachi € {1,2 3,4},

Dgcl,)y,z = Bgcl,)y,z U {Vak—-2+i, Vak-1+i}, Where Bgcl,)y,z is @ ¥Ypr (Pag—3(vi : Vak—4+i))-set,
DY, = (DY, \ (vak-54i}) U {var-sei}. and

D)o = (DY) \ (i) U (e},

These Dgé)y,z’s are the only y,,(Cyr+1)-sets containing the pair {vax_24i, Var—1+i}, and
they form the graph D® (see Figure 4.19) in PD,(Cyj+1). By Lemma 4.3.11, without
loss of generality, we may assume that chl)k . contains the pair {vx—5+, Vax—4+i } and then

we get the following properties.

(B'1) Letx € {1,2,...,k}andz € {0,1,...,k—1} withx —z < 1. If y = k, then D), .
contains the pairs {Vax—5+i, Vak—4+i }» {Vak-2+i> Vak—1+i }; otherwise, it contains the

PAIIS {Vak—6+i> Vak—5+i }> {VAk—2+i> VAk—1+i}-

(B'L.1) fo)k 41 contains the pairs {vax—g+i» Vak—7+i }» {Vak-5+is Vak-a+i }s {Vak-2+i Vak-1+i}

forallx € {1,2,...,k—1},and D;{')k 11 contains the pairs {vax—7+i, Vak—6+i}
{Vak—5+i Vak—a+i}> {Vak-2+i> Vak-1+i}-
(B’1.2) Ifz # k—1, then Di’)k . contains the pairs {Vax—9+i, Vak—8+i }» {Vak—5+i> Vadk—4+i }»

{Vak—2+i, Vak—-1+i}-

(B2) Lety € {1,2,...,k} and z € {1,2,...,k} with z < y. If x = 1, then D{’, .
contains the pairs {vig—2+i, Var-1+i}> {Vi» Vi+1}; otherwise, it contains the pairs

{Vak-2+is Vak—1+i}, {vis1, vis2}-
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(B'2.1) D", | contains the pairs {vaa4. a1+, (Vi vis1}, {vis2. vis}, DY), | con-
tains the pairs {Vak—2+i, Vak—1+i}> {vi» Vix1}, {vi+3, visa} forally € {2,3, ..., k}.

(B’2.2) Ifz # 1, then D(f)yz contains the pairs {vak—2.1i, Vak—1+i}> {Vis Vis1}> {Vi+4s Vies}-
(B’3) D(li)k R Dg)k T D]((l)k , are the only y,,(Car+1)-sets in DV containing the pairs

{Vak—a+i> Vak—-3+i }> {Vak-24i> Vak-1+i}-

(B’3.1) D(li)k . contains the pair {v;, v;+1} and the others contain the pair {vi,1, vi+2}-.

(B’3.2) Dl(;)k . contains the pair {Vak—7+i» Vak—6+i} and the others contain the pair

{Vak-8+is Vak-7+i}-
(B’4) D(li)1 & D% o Dgi)k o are the only yp,(Cax+1)-sets in DY containing the pairs

{Vak-2+i, Var-1+i}> {vi-1, vi}.

(B’4.1) Dgi)l ( contains the pair {vi+2, vi+3} and the others contain the pair {v;.3, vi14}.

(B’4.2) D(li)kO contains the pair {vgx_5+i, V4k-4+;} and the others contain the pair

{Vak—6+is Vak-5+i}-

Note that D) and D® cannot have any common vertices in PD,(Cyks1);
otherwise, there is a y,,,(Cyx+1)-set containing the pairs {v4x_1, var } and {v4y, vo}, which
is impossible. Similarly, DY and DUV do not share any vertices in PD,(Cy41) for all
i €{23}.

We next consider all y,,(Car4+1)-sets that are in both DW and D®. Then
these sets must contain the pairs {vqr—_1, var}, {vo, vi}. By (B’4) and (B’4.2), we get

that DV pb)

110Dl - ., DV are the only ¥,r-(Cars1)-sets in DW containing the pairs

1.k,0

{var—1, var}, {vo, v1}, and particularly D(lllz 0 contains the pair {v4;_4, v4x—3}. By (B’3)

and (B’3.2), we have that D(lgz o D;?’]Z o .,Df'])( . are the only Ypr(Cajs1)-sets in D®)
that contain the pairs {v4x—1,var}, {vo,v1}, and particularly Df’,)( , contains the pair

{Vak—4, var-3}. The proof of Lemma 4.3.23(2) implies that, for each y € {1,2,..., k},

D(ﬁy{o and Df’,lk are unions of y,,(Pyk—5(v3 : v4k—3))-set and {v4r_1, V4, vo, v1}, that is,

1 1 1) .
Dg,;’o = T1(7y)’0 U {V4k_1, V4k, V0, V1 }, where Tl(,y),O 1S a yp,(P4k_5(V3 . V4k_3))-Set

and

3 3 3) .
D;,,ik = Ty(k) ¢ Y {vak-1, vak, vo, v1}, where Ty(k) i 18 @ Vpr(Pak-5(v3 1 vag-3))-set.
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We know that D'V _and D'®  contain the pair {v4x—4, vax—3}, so do TV and 7 By

LkO kkk Lk,0 kkk
Lemma 4.3.9, we get that Tl(lk)0 = Tlggk)k. By Theorem 4.3.13, foreach y € {1,2,...,k},
we have T = 7® and hence D . = D® . Similarly, we get D® . = D@ for
1y0 = Ly ki 1,0 vk Y, weget Uy 1o V.kk

ally e {1,2,...,k}.

We next consider all y,,,(Cyx+1)-sets which are in both DW and DW. These
sets must contain the pairs {vqr_1, v}, {vi,v2}. By (B'2), forall y,z € {1,2,...,k}
with z < y, we get that all D(ﬁy{z’s are the only y,,(Car+1)-sets in DM containing the
pairs {v4x—1, var }, {v1, v2}, and they form the graph in Figure 4.20 (left). By (B’1), for
all x € {1,2,....k} and z € {0,1,....k — 1} with x — 2 < 1, all D!} s are the only
Ypr(Car1)-sets in DW containing the pairs {v4r-1, var}, {v1,v2}, and they form the

graph in Figure 4.20 (right). To show that D(11y)z = sz,y_l forall y,z € {1,2,...,k}

. . 1 4 1
with z < vy, it suffices to show that D(l,lz,k = D;;k_l. By (B’3.1), we have D(L]z’k
4)

contains the pairs {vax-3, vax-2}, {vak-1,vax}, {v1,v2}. By (B'l.1), D,’;, , contains

. ST 1 _ M
these three pairs as well. The proof of Lemma 4.3.23(2) implies that Dy =T Y

(4) _ 74 (1)
{var-3, vak-2, vak-1, vary and Dy o =T ULvar-3, vak—2, vak—1, vax}, where T) )

4)
and Tk’ kko1

1) _ ) @O _ p®W
wWEe get Tl,k,k = Tk,k,k—].’ and thus Dl,k,k . Dk,k,k—l.

are ypr(Pak—5(v1 : vak—s5))-sets containing the pair {v{, vo}. By Lemma 4.3.9,

(4)
D(4) Dl,k,k—l
1,k,k—2

(4)
Dy k-1

1,k-1,k-1 (1) (4)
e Dl,k,k D(4) Dl,k, 1.

(4)
p@ i D

1) 1) (1) 1) N
D1,1,1 D1,2,1 Dl,k—l,l Dl,k,l 2,k,1 : k-Lkk-1
(4)
Dy kk—2 | p@

k,k,k—1

Figure 4.20 The subgraph of D™ induced by D(lly),z’s for all y,z € {1,2,...,k} with

z < y (left) and the subgraph of D™ induced by DEC4,Z Jsforall x € {1,2,...,k} and
z€{0,1,...,k—1} with x — z < 1 (right)

Next, we consider all edges between a set in D'V and a set in D®). We
first find all neighbors of D(lly)~ o in D®@ foreach y € {1,2,..., k}. We show that p'V

1,1,0
is adjacent to D(kQ]z .» and D(lllzo is adjacent to p? By (B’4), (B’4.1), (B’4.2), p'V

1,10 11,0
contains the pairs {vag—s, Var—4}, {Var-1, var }, {vo, vi}, {vs, v4}, the set D(lly) o contains
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the pairs {vag—5, Vak—a}, {Var-1, Var }» {vo, v1}, {v4, v5} foreach y € {2,3, ..., k—1},and

DI} , contains the pairs {vax—s, vax—s}, {vax—1, vax}, {vo, v1}, {va, v5}. Since each set in

D@ contains the pair {v4, v}, the set D(lly), o 1s adjacent to some set in D@ ifand only if

(D) \ 1D U {vaka} or (DY) )\ {vag1}) U {va} is @ ¥pr(Cais1)-set. We have (D] \

{(v1}) U {var_2} is a ypr(Cas1)-set, but (Df;,ﬂ \ {v1}) U {var_a} is not if y # 1. Note

1 : :
that (D(Li,o \ {v1}) U {vax—2} contains the pairs {vak—s5, vax-4}, {vak-2, var-1}, {var, vo}.

By (B’3.2), Df/)( . also contains these three pairs. By Lemmas 4.3.23(2) and 4.3.9, we

get (D(l,ll),o \ {vi})U{v4r_2} and Df}( , are unions of {Vak—2, Vak-1, vk, Vo } and a unique

5 | ) 1
Ypr(Pak—5(v2 : vak—_4))-set containing the pair {v4r_5, var-4}. Hence, (D(l,l),() \ {m}pHu

{var—2} = Df])c . thatis, D(llf o is adjacent to Df,z ;- Moreover, (D(lllz o \{var-1})U{va}is

ay,-(Cyi11)-set, but (Df;’o\{mk_l})u{w} isnotif y # k. Note that (D) |\ {var-1})U

{v2} contains the pairs {vqr, vo}, {v1, v}, {vs, v5}. By (B’4), D?l) o also contains these

: 1 2
three pairs. By Lemmas 4.3.23(2) and 4.3.9, we have (D(L,z’0 \ {var-1H) U {v} = D(Li,O’

. 1) . . 2
that is, D(L ,Z,O is adjacent to Dg,l),()'

We next find all neighbors of DS]Z . in D@ for each x € {1,2,...,k} by
proving that Dill)c . 1s adjacent to D(1212 .q foreach x € {1,2,...,k}, and D(kl]){ . 1s ad-

jacent to D(12]Zk By (B’3), (B’3.1), and (B’3.2), D(Lllz’k contains the pairs {v4x—7, Vax—6},
{vak-3, vak-2}, {var-1,var}, {v1,v2}, the set DS,Z,,C contains the pairs {v4r-7, vak—6},

{Vak—3, Vak—2}, {varx—1,var}, {va,v3} foreach x € {2,3,...,k — 1}, and D/(<11)<k contains

the pairs {vix—6, Vax—5}, {Vak—-3, Vaxk—2}, {Vax—1, var }» {v2, v3}. Note that DS}Z,k is adja-
cent to some set in D@ if and only if (D'}, \ {var-1}) U {vo} or (DU}, \ {vax-3}) U
{vo} is @ Ypr(Cags1)-set. We have (DU}, \ {vax-1}) U {vo} is @ ¥pr(Caxsr)-set for
each x € {1,2,...,k}, and then we let N, = (Dgz’k \ {var-1}) U {vo}. We note
that N; contains the pairs {vqr—3, var-2}, {var> vo}, {v1, v2}, and No, N3, ..., Ny con-
tain the pairs {vix—3, vak—2}, {var, vo}, {vo, v3}, and they form a path with k vertices
in D). By (B’4.2), we have D(f/z,() is the only ¥, (Car+1)-set in D® containing the pairs
{var-3, var—2}, {var, vo}, {v1, vo}. By (B’1)and (B’2), we have D(le Df/z,z’ ey D(?)
are the only y,,(Cyi11)-sets in D® containing the pairs {var_3, vak—2}, {var, vo}, {va, v3},
and they form a path with k vertices in D®. Then we can conclude that, for each x €
{L,L2,...,k}, N, = sz,x_l, which means that Dillz ‘ is adjacent to D(f,lx_l. Moreover,
(DR \{vae-31) U {vo} is @ ypr(Cager)-set, but (D) \ {vax-3}) U{vo} is not if x # k.

Note that (D) , \ {vae-3}) U {vo} contains the pairs {vai-2, vax-1}, {vas vo}, {v2, va}.
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By (B’3.1), D?ﬁ . also contains these three pairs. By Lemmas 4.3.23(2) and 4.3.9, we

get (D;{ll)( o\ vak-3}H) U {vo} = D(1212 .» that is, Dg{ll)c . 1s adjacent to D?]z e

Last but not least, we find all neighbors in D@ of the other Ypr(Cak+1)-

sets in DM, We prove that Dillz is adjacent to D(12) _, forall x € {1,2,...,k} and
N, 04 3y X

z € {1,2,...,k — 1} with x — z < 1. Recall that, for all x,y € {1,2,...,k} and

ze{l,2,...,k—1}, DS;Z contains the pair {v4x_1, v4x } but not vyr_2, vo. Then Dg,z
is adjacent to some set in D® if and only if(Dgg,Z \ {vak—1}) U {vo} is a v, (Cars1)-set.
By (B'1), DQ;,Z contains the pairs {vqx_5, Vax—4}, {vax—1, var } for all y # k, so (DS&;’Z \
{var—1})U{vo} isnotay,(Csr+1)-set. By (B'l)and (B'2), forall z € {1,2,...,k-1}, we
have D%]Z,Z contains the pairs {vqr_4, Vax—-3}, {Vax-1, var }, {v1, va}, and DS]Z’Z contains
the pairs {var—4, Vax-3}, {vak-1, var}, {vo,v3} forall x # 1. Forall x € {1,2,...,k}
and z € {1,2,....k — 1} with x — 2 < 1, let Dy, = (D'} _\ {var-1}) U {vo}, s0 Dy
is @ yp,(Cyr+1)-set in D@, and these D, .’s form the graph in Figure 4.21. Note that,
forall z € {1,2,...,k — 1}, Dy, contains the pairs {vix—_d4, Vak-3}, {vak,. vo}, {v1, va},
and D, , contains the pairs {vix_4, vax—-3}, {vax, vo}, {v2, v3} for all x # 1. By (B’4)
and (B’4.2), D(fio, D(f%,o, S— D(1,212—1,0 are the only y,,(Cyi+1)-sets in D@ containing the
pairs {vax—4, Vax-3}, {var, vo}, {v1, v2},and by (B’1) and (B"2), forall y, z € {1, 2, ..., k—
1} with z < y, we have D(fy)’z’s are the only y,,(Cyk+1)-sets in D@ containing the pairs
{Vak—1, var-3}, {var,vo}, {vo, v3}, and they form the graph in Figure 4.22. Then the
graphs in Figures 4.21 and 4.22 are the same, so we can conclude that, for all x €

{1,2,...,k}tand z € {1,2,...,k— 1} withx —z < 1, Dy, = D(1,2z),x—1’ that is, DS]Z’Z is
(2

adjacent to D" ;.
The results about the edges between a set in D and a set in D1 for all

i € {2, 3} are the same as the edges between a set in D) and a set in D). Since p'Y

L0 —
Df’z,k, the edges D(ﬁiOD(k?]){,k and Dg])c’kDf’]lk are the same. Similarly, Df;z,onl),o =
Df{,ngz, . and D(f]z’OD(f’io = D(l?l),ODgcill)c, .- Now, all Ypr(Cars1)-sets and edges form a

loopbox LBy in PD,(Cyr+1). Then we only need to show that there is no more edge in

PD,(Cyr+1). Recall that D%));,O

betweenasetin D) = D(l)—{D(Lly)’0 :1<y<k}andasetinD® = D(?’)—{Df’z’k 1<

= Df]ﬁ,k forally € {1,2,..., k}, so we consider all edges
y < k}. Note that a set in DV contains either the pairs {vax_1, vax}, {v1, v2} or the pairs

{Vak-1, var}, {v2, v3}, while a set in D® contains the pair {vg, v1} but not {vag_1, var }.

Thus, there is no edge between a set in DW and a set in D®. Similarly, there is no edge
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Figure 4.21 The subgraph of D® induced by D, .’s for all x € {1,2,...,k} and z €
{1,2,...,k—1}withx—-z<1

(2)
D
1,k-1,0
p'?

(2)

D 2)
(2 L20.- Dt
Dl,l,O 1Lk-1,1
0 (2
(2) D
Dl,l,l 1,k—1,k-3
(2)
D1,k—1,k—2
(2)
Dl,k—l,k—l

Figure 4.22 The subgraph of D® induced by D%’Z’s forally,z € {1,2,...,k—1} with
Z<Yy

between a set in D — {D(fy)’O :1 <y < k}andasetin DW — {D;il/lk 1<y <k}

Recall that Dﬂz = Di“,jy_l forall y,z € {1,2,...,k}. Also, forall y € {1,2,...,k},

D(11;0 = Df’,z , has a neighbor in DY, Hence, we consider all edges between a set in
N 1 1 .= 4
DY =p® —(p¥) DV :1<yz<k}andasetin DY = DD - {D;g’y_l 1<

v,z < k}. Note that a set in DD contains the pairs {v4r—_1, var }, {v2, v3}, while a set in
D@ contains the pair {v1, vo} but not {vyr_1, v4x }. Thus, there is no edge between a set

in DY and a set in D). This completes the proof. O
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4.4 Lollipop Graphs

In this section, we determine the y-total and the y-paired dominating graphs
of lollipop graphs, which are defined in Section 3.6. We refer to the vertices of a lollipop

graph as shown in Figure 3.21.

4.4.1 y-Total Dominating Graphs of Lollipop Graphs

Before proceeding to determine the y-total dominating graphs of lollipop
graphs, we recall some useful results related to the y-total dominating graphs of paths.
We assume that the vertices of the path P, are labelled as P, = (v1,va, ..., v,). Fromthe

proofs of Theorems 4.3.2,4.3.3, and 4.3.4, we can get Corollaries 4.4.1,4.4.2, and 4.4.3,

respectively.

Corollary 4.4.1. Let k > 0 be an integer and the vertices of the path T D (Pyi+3) = Pii2
be D1, Ds, ..., Do, where Dy is a y(Pyg+3)-set for all x € {1,2,...,k + 2}.

(1) If vaxss € Dy, then either x =1 or x = k + 2.
(2) If Diy2 contains the vertex vajy3, then Dyyo = (Dgs1 \ {var+1}) U {vars3}.

In the next result, we think of the y;(Par+2)-sets in T Dy (Pag42) = Pry10Pis1

as the entries in a matrix.

Corollary 4.4.2. Let k > 0 be an integer and Dy, the y;(Pyk+2)-set at the position (x, y)
(row x and column y) of TDy(Pyx+2) = Px10Pks1 forall x,y € {1,2,...,k +1}.

(1) Ifvaks2 € Dy, then either x =1, x =k+1,y=1,0ory=k + 1.
(2) If Dy r+1 contains the vertex vyji2, then

(2.1) Dyk+1 = Dy \ {var}) U {vag42} for each x € {1,2,.. .,k + 1},
(2.2) Dis1ke1 = {vaizo, v4i43 1 0 <0 < k= 1} U {vapq1, Varso}, and

(2.3) D, does not contain the vertex v4i_1 for all x # k + 1.

Corollary 4.4.3. Let k > 1 be an integer. Then each y;(Pyi+1)-set does not contain the

vertex Vqp+1.
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We now study the y-total dominating graph of a lollipop graph L, ,, where
p and g are both positive integers. If ¢ = 1, then L, , = P,.1, so we get the results on
TD,(L,,) by Theorems 4.3.1 - 4.3.4. For g > 2, we divide the values of p into four

cases. We first consider the case when p = 4k + 2 and then get the following theorem.
Theorem 4.4.4. Let k > 0 and q > 2 be integers. Then TD,(Lsr124) = P1.

Proof. By Theorem 3.6.1(1), we get y;(Lak124) = 2k + 2. Then there is exactly one

¥i(Lak+2,4)-set, which is D = {v4j42, V443 1 0 < i < k =1} U {vgpq0,u1}. m

We next provide the property involving the y;(Lsk+1,4)-sets and we then

determine the y-total dominating graph of Ly 41,4.

Lemma 4.4.5. Let k > 0 and q > 2 be integers. Then each y,(Lsj+1,4)-set contains the

vertex uj.

Proof. If g = 2, then u; is a support vertex of Lagi12 = Pa+3, 0 this lemma follows
by Observation 3.0.1. Let ¢ > 3. Suppose, contrary to the statement, that there exists a
¥:(L4k+1,4)-set D that does not contain u1. Thus, D contains exactly two vertices u; and
uj from {uo, u3, ..., uys}. Let S = {v : v ¢ N({u;, u;})}, and then the induced subgraph
Lii41,4[S] is Pags1. By Theorem 3.6.1(1), |[D| = 2k + 2, and thus the 2k remaining

vertices of D must dominate all vertices in Ly 1,4[S], which is impossible. O
Theorem 4.4.6. Let k > 0 and q > 2 be integers. Then TD,(Lyk+1,4) = Lig.

Proof. Let P' be the subgraph of Ly +1,4 induced by {v1,vo, ..., Vais1, u1, u;} for each
i €{23,...,q}, and then P' = Py ,3. By Theorem 4.3.2, for eachi € {2,3,...,q},
TDy(Pi) = Pj40,say thispathas D', Dé, ce, D2+2, where D; is a y;(P")-set for each x €
{1,2,..., k+2}. By Observation 3.0.1, we get that u; € Di forall x € {1,2,...,k+2}.
By Corollary 4.4.1(1), without loss of generality, we may assume that D), contains u;,
and D', does not contain u; for all x # k + 2. Note that if x # k + 2, then D, = D/,
foralli,j € {2,3,...,q},sowelet D, = D;. Next, we claim that Dj{+2 and D£+2 are
adjacent for all i # j. By Corollary 4.4.1(2), we get Dj{+2 = (Dgs1 \ {Vaks1}) U{u;} =
[(Dis1 \ (varer D) U {u 3\ {uj} U {wi} = (D75 \ {u;}) U {u;}, so the claim holds.

By Lemma 3.0.2 and Theorem 3.6.1(1), y,(P") = 2k + 2 = y,(Lag+1,4). We

also note that every y,(P’)-set is also a ¥:(Lak+1,4)-set for eachi € {2,3,..., g}. Hence,
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2 q
Di,....,Dis1, D% ..., DY

¥:(Laj+1,4)-set contains uy, so it is a y,(P')-set for some i € {2,3,...,¢q}. Therefore,

Dla""Dk+1’D2 -»Dq

Lo are ¥1(La+1,4)-sets containing uq. By Lemma 4.4.5, each

.o are the only y;(Lyx+1,4)-sets, and they also form a lollipop

k+22 " k
graph Ly 4 (see Figure 4.23). O

2 3

Dk+2 Dk+2
'.

.—.—.— ........ >

Dy Dy D3 Dr-1 Dr Diyr
3

q q-1

Dk+2 Dk+2

Figure 4.23 The y-total dominating graph of Lai41,4

LetL, , = L,40P,, where the vertices of L), , are labeled in Figure 4.24. For
convenience, we write g — 1 VErtices vy p+2, Vi p+3, - - -5 Vr p+q OF L[’%q for uy, ug, . .., ug-1,
respectively. Let J Lg’r denote the graph obtained from L;, by adding the vertices
Ugy Ug+ls - - > U(9) such that uy, us, ..., ug1,ug ugs1, - . ., (q) form the Johnson graph

2 2

J(g,2). We illustrate the graph J Lg" 4 in Figure 4.25.

V1,1 V1,2 V1,3 Vl,p vl,p+1 Vl,p+2 Vl,p+q

V21 V2,2 V2,3 Vo,p |V2,p+1|V2,p+2 V2,p+q

Vr,1 V2 Vr3 Vr,p Vr,p+l Vr,p+2 Vr,p+q
I} I
ui Ug-1

Figure 4.24 The graph L;, ,

Theorem 4.4.7. Let k > 1 and q > 2 be integers. Then TD,(Lu.,) = JL/’:%(].

Proof. Let P' be the subgraph of Lyj 4 induced by {v1,va, ..., var, u1,u;} for each i €
{2,3,...,q}, 50 TDy(P") = TD,(Psr+2) = P410Pis1 by Theorem 4.3.1. For each
i€{23,...,qtand x,y € {1,2,...,k + 1}, let Dﬁc,y be the y;(P')-set at the position
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Vi,1 |VL,2 |VL3 | VL4 (V15 (Ve |VL7T |V1L8 (V1,9

V2,1 (V2,2 (V2,3 [V2,4 (V2,5 (V2,6 (V2,7 (V2,8 [V2,9

V3,1 |V32 |V33 |V34 |V35 |V36 |V37 |V38 |[V39

V4,1 V42 V43 V44 V45 V4,6 Ul us us

Uy us

Ug
Figure 4.25 The graph J Lé 4

(x,y)of TDy(Pi ). By Corollary 4.4.2(1), without loss of generality, we may assume that
D x,k+
allx € {1,2,...,k+1},let Dy, = Dx,y 1fy # k + 1; otherwise, let Di a1 = Dxk+i-1 for
alli € {2,3,...,q}. Note that D, is adjacent to D, x+;—1 foralli € {2,3,...,q}. We

1 contains u;. If y # k + 1, then D = Df;,y foralli,j € {2,3,...,q}. Hence, for

next show that D, x4;—1 and Dy ;1 are adjacent for all i # j. By Corollary 4.4.2(2.1),
foreach x € {1,2,...,k + 1}, we get Dy y4+i-1 = xk+1 = (Dyx \ {var}) U {u;} =
(Do \ {var ) U 1\ {u} U {ui} = (D) o1 Vi) U{uit = (Dxjerjo1 \ {uj ) U{ui},
as desired.

Note that y;(P)) = 2k + 2 = y,(Laxy), and a y,(P)-set is a y(Lax,4)-set
containing u#1 and vice versa. Thus, all D, ,’swithl1 < x < k+landl1 <y <k+g-1
are the only y;(Lakq)-sets containing uq, and they form a graph Lk+1 in 7D, (Lajq)
(see Figure 4.26).

Finally, we find all y;(L4z 4)-sets that do not contain u;. Then such a set
contains 2k vertices from {v1, vo, ..., v4r} and two vertices from {uo, u3, . . ., u,}. Thus,
it is a union of D = {vgi42,v4i43 : 0 < i < k — 1} and {w;, u;} for some distinct
i,j € {2,3,...,q}. By Corollary 4.4.2(2.2), for each i € {2,3,...,q9}, Dis1k+i-1 =
D;<+1 fa = {vgiso,vair3 : 0 < i < k =1} U{u,u;} = DU {u,u;}. Forall 1 <
i < j < g, let DY = DU {u;,u;}. Theorem 4.4.7 implies that all D*/’s form the
Johnson graph J(g, 2) in T D, (L4x,q) (see Figure 4.26). Moreover, forall2 <i < j < g,
D'/ is not adjacent to D, for all y < k, which does not contain ug, us, ...,u,. By

Corollary 4.4.2(2.3), for each x # k+ 1landy € {23,...,q9}, Dyjsy-1 = Dik+1
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D11 D1 x-1| D1,k D1 g+g-1
: /—\
+1 ..............
lec—l g i P21 Do j-1| D2,k Do k+g-1
’ . /—\
; ; L =L |
U S @ Fe —————e .. \
! .
Di1,1 Dii1,k-1 Dit1,ki Dyey1 rg—1 =DM
............................................ FHUUINUSN sy N | SRR | Woet 5o B 570 B
! |
. p23 a4 1| p2a |
| |
| |
| |
J(q,2) | 5i8) pag |
| |
| |
: Da-14 1

,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.26 The y-total dominating graph of Ly 4

contains u1 and uy but not v4r_1, 50 (Dy k+y-1 \ {u1}) U{u;} is not a total dominating set
forall j ¢ {1, y} since vy is not dominated. This means that D, ;,—1 with x # k + 1 is

not adjacent to D/ for all 2 < i < j < g. This completes the proof. O

We finally determine the y-total dominating graph of Lyy_14, where k > 1

and g > 2 are both integers. To complete the result, we need the following lemma.

Lemma 4.4.8. Let k > 1 and q > 2 be integers. Then each y;(Lsk-1,4)-set does not

contain the vertex u; for alli € {2,3,...,q}.

Proof. Assume on contrary that there exists a y;(Lsx—1,4)-set D containing u; for some
i € {2,3,...,q}. To dominate u;, we need at least one vertex u; € D for some j €
{L2,...,q} with j #i. LetS = {v : v ¢ N({u;,u;})}. If j = 1, then the induced
subgraph Lai_14[S] = Psx—2; otherwise, Lyx_1,4[S] = Psx—1. Note that |[D| = 2k + 1,
so Lemma 3.0.2 implies that the 2k — 1 remaining vertices of D cannot dominate all

vertices in Ly;_1,4[S], a contradiction. O
Theorem 4.4.9. Let k > 1 and q > 2 be integers. Then TD,(Lyk-1,4) = Py.

Proof. Let P! be the subgraph of Lai-1,4 induced by {v1,vo, ..., vak_1, u1, u;} for each
i €{2,3,..., ¢}, and then by Theorem 4.3.4, TD,(P') = Py, say D}, D., ..., D}, where
D' is a y,(P")-set for all x € {1,2,...,k}. By Corollary 4.4.3, D', Dg, s D;'c do not

contain u; for each i € {2,3,...,¢q}. Without loss of generality, we may assume that
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D = D{; for alli,j € {2,3,...,q}, and we let D, = D. Since y,(P") = 2k +1 =
¥:(Lak-14) and every y,(P')-set is a y,(Lig—14)-set for all i € {2,3,...,q}, we get
D1, Do, ..., Dy are y;(Lag-1,4)-sets. Lemma 4.4.8 implies that each y;(Lai_1,4)-set is
also a y;(P")-set for some i € {2,3,...,q}. Therefore, D1, Do, ..., Dy are the only
¥1(Lak—1,4)-sets, and they form a path with k vertices in TD, (Lai-1,4). O

4.4.2 y-Paired Dominating Graphs of Lollipop Graphs

We now determine the y-paired dominating graphs of lollipop graphs. To
do so, we need some useful results involving the y-paired dominating graphs of paths.
Corollary 4.4.10 (respectively, Corollaries 4.4.11 and 4.4.12) can be obtained from the
proofs of Lemma 4.3.9 (respectively, Lemmas 4.3.10 and 4.3.11) and Theorem 4.3.13
(respectively, Theorems 4.3.14 and 4.3.15).

Corollary 4.4.10. Let k > 0 be an integer and the vertices of the path PD,(Pyi3) =
Piy2 be D1, Do, . .., Dyio, where Dy is a 'y, (Pars3)-set for all x € {1,2, ...,k + 2}.

(1) If vak+3 € Dy, then either x = 1 or x = k + 2.
(2) If Dy+2 contains the vertex viy.s, then

(2.1) Dii2 = (Dgs1 \ {vak+1H) U {vag+3} and

(2.2) Dy = 8, U{vak+1, Vak+2}, where Sy is ayp (Pyx-1)-setforall x € {1,2,..., k+
1} and particularly Si.1 contains the pair {v4y—2, Vax-1}, and Dy = Sg+1U

{Vak+2, vag+3}.

Corollary 4.4.11. Let k > 0 be an integer and Dy the ¥, (Pir+2)-set at the position
(x,¥) of PDy(Paps2) = SGryrp1 forall x,y € {1,2,.. .,k + 1} withx -y < 1.

(1) If vags2 € Dy, then either x = 1 ory = k + 1.
(2) If Dy r+1 contains the vertex vyy.2, then

(2.1) Dyg+1 = Dy \ {var}) U {vag42} for each x € {1,2,.. .,k + 1},
(2.2) Dis1k+1 = {vaiv2, vai43 : 0 <0 < k = 1} U {vag1, Var+2}, and

(2.3) Dy, does not contain the vertex vai_1 for all x # k + 1.
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Corollary 4.4.12. Let k > 1 be an integer and D,y ; the v, (Psr41)-set at the position
(x,¥,2) in PDy(Pap+1) = SGryrks1k forall x,y € {1,2,...,k+1}, z € {1,2,...,k}

withx—y<0,x-z<1ly-z>0.
(1) If vag+1 € Dy, then either x = 1ory = k + 1.
(2) If Dy +1,; contains the vertex vyy.1, then

(2.1) Dyk+1z = (Dxkz \ {vak-1}) U {vaxs1} for all x,z € {1,2,...,k}, and
Div1k+1.k = (D \ {vax-3}) U {var+1},

(2.2) Dyg+1,k = Dy U {vak—3, Vak—2, Vak, Vak+1}, where Dy is a y,-(Pak—5)-set for
all x € {1,2, ..., k}, Dy contains the pair {vix—6, Vak-5}, and Dii1k+1k =
Dy U {vak—2, Vak—1, Vak> Vak+1},

(2.3) Dy k+1.; does not contain the vertex vy,_o for all z < k.

We are now in a position to determine the y-paired dominating graph of a
lollipop graph L. If ¢ = 1, then we get the y-paired dominating graph of L, = Pp11
by Theorems 4.3.12 - 4.3.15. For g > 2, we consider the values of p into four cases. If

p = 4k + 2, then we obtain the following result.
Theorem 4.4.13. Let k > 0 and q > 2 be integers. Then PD,(Lai+24) = P1.

Proof. By Theorem 3.6.1(2), we have y,,(Lsk+24) = 2k + 2. It is easy to check that
D = {v4iy2,v4i43 1 0 <0 < k — 1} U {vagso,u1} is the only vy, (Laks2,4)-set, so the

theorem holds. O

We provide some properties in the next lemma before determining the y-

paired dominating graph of Ly 41,4 in Theorem 4.4.15.

Lemma 4.4.14. Let k > 0 and q > 2 be integers. Then each yp,(Lyk+1,4)-set contains

the vertex u.

Proof. If g = 2, then uy is a support vertex of Lyj;1,4, S0 by Observation 3.0.1, this
lemma holds. Let ¢ > 3 and suppose that D is a ¥, (Lax+1,4)-set with uy ¢ D. Then D
must contain exactly two vertices from {ug, us, . . ., u,}. Since |D| = 2k +2, the other 2k
vertices of D must dominate all vertices in Lax+1,4[{V1, V2, ..., Var+1}] = Par+1, which

is impossible. o
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Theorem 4.4.15. Let k > 0 and q > 2 be integers. Then PD,(Lsk+1,4) = Lig.

Proof. Let P' be the subgraph of Laj1, induced by {v1,va, ..., Vag+1, u1, u;} for each
i €{23,...,q), and then P! = Py,3. By Theorem 4.3.13, for eachi € {2,3,...,q},
PD,(P") = P9, say this path as D"l, Dé, cees D2+2’
x €{1,2,...,k+2},s0u; € D\ by Observation 3.0.1. By Corollary 4.4.10(1), without

where D', is a y,.(P")-set for each

loss of generality, we may assume that Dj{ Lo contains u;. If x # k + 2, then D = Di

foralli,j € {2,3,...,4}, so we let D, = D'.. Next, we show that D} _, and D£+2 are

adjacent for all i # j. By Corollary 4.4.10(2.1), we obtain D2+2 = (Dg+1 \ {vag+1}) U

{ui} = [(Dry1 \ {vars1}) U {31\ {u;} U {w} = (DLQ \ {u;}) U {u;}, as needed.
Note that y,,(P") = 2k + 2 = ¥:(Lax+14), and every y,,(P)-set is also

...D? _ are

a ¥Ypr(Lak+1,4)-set for each i € {2,3,...,q}. Thus, Dy,..., Di,q, D? 12

k+27°
Ypr(Lak+1,4)-sets containing u;. Lemma 4.4.14 implies that each vy, (Lsr+1,4)-set is a

..,D?

ypr(P')-set for some i € {2,3,...,q}. We conclude that Dy, ..., Dyi1, D? !,

k+2° "
are the only ¥, (L4k+1,4)-sets, and they form a lollipop graph Ly ,. O

Let SL;, , (respectively, SJL, ;) denote the graph that is obtained from Lj, .
(respectively, JL;, /) by deleting the vertices vy, for all x € {1,2,...,r} and y €
{1,2,...,p} with x —y > 2. Figure 4.27 exhibits the graphs SLi3 and SL§’4, and
Figure 4.28 displays the graphs SJ Lig and SJ Lg’ 4

Vi,1 | V1,2 | V1,3 V14 Vil |Vy2 (VL3 (VL4 | V15 V1,6
V2,1 (V2,2 (V2,3 (V2,4 V2,1 | V22 |V23 |V24 (V25 V2,6
V3,2 V33 V34 V32 (V33 [V34 [V35 V3,6

V4,3 V44 V45 Va6

Figure 4.27 The graphs SLiQ’3 (left) and SL;1 4 (right)

Theorem 4.4.16. Let k > 1 and q > 2 be integers. Then PD,(Lyj 4) = SJL,’(‘:’%q.

Proof. Let P’ be the subgraph of Lyj.q induced by {vi,ve, ..., vk, u1, u;} foreachi €
{2,3,...,4q}, s0 PDy(P') = PD,(Psx+2) = SGrs14+1 by Theorem 4.3.14. For each
i€{23,....qtand x,y € {1,2,...,k + 1} with x — y < 1, let D’ | be the y,,(P')-set
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V1,1 V1,2 V1,3 |V14 V1,1 V1,2 |V1,3 (V14 |V15 V1,6
V2,1 V2,2 V2,3 | V2,4 V2.1 V2,2 V2,3 |V24 (V2,5 V2,6
V3,2 1 us V3,2 |V3,3 |V34 |V35 V3,6

J
us V4.3 U1 us us
7%\ us
Ug

Figure 4.28 The graphs SJ Li’ 5 (left) and SJ Lg 4 (right)

at the position (x, y) of PDy(Pi). By Corollary 4.4.11(1), without loss of generality,
we may assume that Di 1 contains u;. If y # k + 1, then D;,y = D{;’y foralli,j €
{2,3,...,q}. Forallx € {1,2,...,k+1},ify # k+1,welet Dy, = Di’y; otherwise, let
Di

" k41 = Dxkri-1 foralli € {2,3,...,q}. Itis obvious that D, is adjacent to D x+i—1

foralli € {2,3,...,q}. Next, we show that Dy ,;,_1 and Dy, ;1 are adjacent for all
i # j. By Corollary 4.4.11(2.1), for each x € {1,2,...,k + 1}, we have Dy y4i—1 =
D,y = (i \ DU L) = [P\ DU 1\ () U () = (D1, \ (U
{uit = (D g+j-1 \ {u;}) U {u;}, as needed.

Observe that y,,(P") = 2k +2 = ¥, (Lax4), and a y,,(P)-set is a y,r (Lak 4)-
set containing uq and vice versa. Hence, all D, ,’swithl < x < k+land1 <y <
k + g — 1 are the only vy,,(Lak4)-sets containing u1, and they form a graph SL]’(‘fiq in
PD,(Lyq) (see Figure 4.29).

Finally, we find all y,,(Ls,q)-sets that do not contain u;. It is easy to check
that such a set is a union of D = {vg42,v4i43 : 0 < i < k -1} and {u;, u;} for
some distinct i, j € {2,3,...,¢q}. By Corollary 4.4.11(2.2), for eachi € {2,3,..., 4},
Dis1gei-1 = Dipyy i = {vais2, vains 2 0 <0 < k=13 U {ur,u} = DU {uy, u;}. For
all1 <i<j<g,let D" = DU {u;u;}. Theorem 4.1.2 implies that all D*/’s form the
Johnson graph J(g, 2) in PDy(Luy,) (see Figure 4.29). Clearly, D™/ with2 <i < j < ¢
is not adjacent to Dy, for all y < k, which does not contain the vertices uo, us, . . ., uy.
By Corollary 4.4.11(2.3), foreach x # k + land y € {2,3,...,g}, Dyjsy-1 = Di,k+1
contains u1 and uy but not vyr_1, s0 (Dyk+y—1 \ {#1}) U {u;} is not a paired dominating
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Figure 4.29 The y-paired dominating graph of Ly 4

93

set forall j ¢ {1, y}, implying that Dy 4+,—1 with x # k + 1 is not adjacent to D™/ for all

2 <i < j < q. This completes the proof.

O

Let p, g and r be positive integers. We define A, as the graph with the

vertex set V(A,,,) = V(SG,4,) and the edge set

E(Ap,q,r) = E(SGp,q,r) U {(ux, Vy W), Vyr, W) i1 +2 < y 4+ 2 < Y <qtU

{@r, v, W)U s1, vy wy) 1 +2 <y < g}

The graphs A4 53 and A3 52 are shown in Figures 4.30 and 4.31, respectively, where we

write (x, y, z) instead of (i, vy, w;).

(L3,3) (1,43
(1,2,2) (1,5,3)
(L 1,1 — (L[5, 2)
« T ¥—T— 1[5, 1
L2 1) @31 (
A1 (2,5,3)
2) ~—A— (2[5, 2)
%0201
@2.1) (
, ] (3,5,3)
(3.3.2) (3,05, 2)
(4,4,3) (4,53)

Figure 4.30 The graph A453
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(1,22 (1,3.2) (1.42) (1,52

(1,1,1)
w1} I @kl @lst
L—T ——
> (5, 2)
(2,2,1) (2,5,1)

3,32 (3,42) (352

Figure 4.31 The graph A3 52

Let B, ;- be the graph with the vertex set V(B,,, ) = V(A 4., )U{(ux, vy, wy) :

1<x<pr+1<z<y<gq}andthe edge set

EBpgr) = E(Apgr) U{(tg, vy, w )y, vy, wy) ir+2<y<gqr<z<z <y-1}U
{(u, vy, W)U, vy, w) i1 +1<2<g—-2z+1<y<y <q}u
{(e, vy, W), vy, wy) 1r <2<y <y < q}U
{(ux, vy, W) (Uxs1, vy, W) 17 < 2 < g}

The graphs By 53 and B3 52 are shown in Figures 4.32 and 4.33, respectively, where we

write (x, y, z) for (uy, vy, w;). Note thatif g =r org =r + 1, then B, = SG .

1,3,3) (1,4,3) (L5,4)

1,22 1))

1L11) —-—

aky abkd 111 | LI+—11259

AT (253
221 BELs A 3.5.4)

———A (3|5 3)

(3,3,2)

(4, 5,4)

4,43) (4,5,3)

Figure 4.32 The graph Bys3

Theorem 4.4.17. Let k > 1 and q > 2 be integers. Then PDy(Lyx-1,4) = Bi+1,k+q-1k-

Proof. 1f q = 2, then Lyg-14 = Paj+1, S0 PDy(Lag-12) = SGrirh+1k = Bralk+1k

by Theorem 4.3.15. Let ¢ > 3. We first find all y,,(Lsx-1,4)-sets containing the
vertex u;. For eachi € {2,3,...,4q}, let P’ be the subgraph of Ly_1, induced by
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(1,4,3) (1,5,4)
1,22 (1,32 L[5, 3)
(1,1,1) (1,5, 2
(L2, 1 —— | L1 254
.= 2|5, 3)
— (26,2
22.1) P A
(3.5,3)

332 (42 (352
Figure 4.33 The graph B3 52

{v1,v2, ..., Vag—1, u1, u;}, and then PD,(P') = SGy1+14 by Theorem 4.3.15. For all
x,ye{l,2,...,k+1},ze{1,2,...,k} withx—y <0,x—z < 1,y—z > 0 and for each
i€{23,...,q},let D;yygz be the y,,(P)-set at the position (x, y, z) in SGr+14+14- By
Corollary 4.4.12(1), without loss of generality, we may assume that Di@ kil contains u;
and D 3z does not contain u; forall y # k +1. Note that, for y # k+1, we have D’ vz =

D}, . foralli,j € {2,3,...,q}. Forall x € {1,2,...,k + 1} and z € {1,2,...,k}, let
Dyy.= D' . _ify # k+1; otherwise, let D=1 Di ot

X,Y,Z

1 foreachi € {2,3,...,q}.
We observe that D, . is adjacent to Dy 4i—1, for all i € {2,3,...,9}. Next, we
show that Dy ;-1 1s adjacent to Dy 11, for alli # j. By Corollary 4.4.12(2.1),
for x,z € {1,2,...,k}, Dukri-te = Diyyy, = (Dake \ {var-1}) U {uwi} = [(Drkz \
Pae-t) U L ) U ) = (07 \ () U ) = Dgjore \ {51 U i),
and Dir1g+i-1h = Dy e = Prrk \ {var-3}) U {wi} = [(Drar \ {var-3}) U
N\ () U () = (D \ () U () = (Dingerjore \ (7)) U (). The
claim holds. Note that y,,(P') = 2k + 2 = y,,(Lak-14), and a y,.(P")-set is also a
¥pr(Lak,q)-set containing u1 and vice versa. Therefore, all D,y .’s with 1 < x < k + 1,
1<y<k+g-1,1<z < karethe only y,,(Lsk-1,4)-sets containing u1, and they form
a graph Agi1k+g-1,k in PD,(Lar-1,4) (see Figure 4.30 for k = 3 and g = 2).

We next find all y,,(Lsk-1,4)-sets that do not contain the vertex u;. Then
such a y,,(L4k-1,4)-set is a union of a 7y, (P4r_1)-set and {u;, u;} for some distinct i, j €
{2,3,...,q}. By Theorem 4.3.13, PD,(Psx-1) = Pi+1, say D1, Do, ..., Diy1, where
D, isay, (Py-1)-setforall x € {1,2,..., k+ 1}. By Corollary 4.4.10(1), without loss
of generality, we may assume that Dy, contains vy;_1. Forall x € {1,2,...,k + 1}
and 2 <i < j < g, let Di;j = D, U {u;,u;}. Thus, for each pair of i and j, the sets

i i ij
DY,Dy,....,D

iy are the only yp,(Lak-1,4)-sets containing the pair {u;, u;}, and they
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form a path in PD,(Lsx-14). By Corollary 4.4.10(2.2), for all x € {1,2,...,k} and

2<i<j<gq,
DY = Dy U {usuj}y = Sy U {vag—s, vax—a, i uj},
where Sy is a ¥, (P4k-5)-set and particularly Sy contains the pair {v4x_¢, V4x-5}, and
DY = Dyt U {ug, us} = Sk U {vaga, vak—1, ui, uj}.

Forall x € {1,2,...,k+1}andi € {2,3,...,q}, let Dy = Dy syi_1s =

D By Corollary 4.4.12(2.2), forall x € {1,2,...,k}andi € {2,3,...,q},

ic,k+1,k'
DY =Dy = St U {vags, vag—o, . i},

where S is a y,-(P4x-5)-set and particularly §; contains the pair {v4x—¢, vax-5}, and

Dty = Dieygsr = Sk Y {vak-2 vax-1, w1, 1}

By Lemma 4.3.9, we get Sy = S;. Theorem 4.3.13 shows that S, = § for all x €
{1,2,...,k}. Therefore, for each x € {1,2,...,k + 1}, all Di;j’s withl <i<j<g
form the Johnson graph J(q, 2) in PD,(Lk-1,4) (see Figure 4.34).

Let D = {DY : 1 <x < k+1,2<i<j< g} Notethat D,

with y < k does not contain ug, us, . . ., uy, so it is not adjacent to any set in D. By

Corollary 4.4.12(2.3), foreach i € {2,3,...,q}, Dyj+i-1; = D with z < k does

i

x,k+1,z
not contain v4x_2, S0 (Dy k+i-1,; \ {u1})U{u;} is not a paired dominating set for all j # 1.
This implies that D, ;-1 is not adjacent to any set in D. Hence, all y,,(L4k-1,4)-sets

form a graph B 41 k+g-1.k- O

-1,
DI

Figure 4.34 The Johnson graph J(g, 2) formed by Di;j sforalll <i<j<g
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4.5 Umbrella Graphs and Coconut Graphs

Umbrella graphs and coconut graphs are both defined in Section 3.6. We
also refer the vertices of umbrella graphs and coconut graphs as shown in Figures 3.22
and 3.23, respectively. The y-total and the y-paired dominating graphs of these two

graphs are studied in this section.

4.5.1 y-Total Dominating Graphs of Umbrella and Coconut Graphs

Let p and g be positive integers. If ¢ = 1, then U,, = P,y = Cpy, and
thus 7D, (U,4) and TD,(C,,,) can be obtained from Theorems 4.3.1 - 4.3.4. For g = 2,
we provide the results on 7D, (U,4) and TD,(C,,) in Theorem 4.5.1 by the following
discussions.

If p = 4k + 2 for some k > 0, then we can verify that {vy;2, v4i+3 : 0 < i <
k —1} U{v,, u1} is the only y,(U,4)-set and the only y;(C,4)-set, so TD,(U,4) = Py =
TD,(Cpy).

Similar proof of Lemma 4.4.5 provides that u; is in every y,(Usk+1,4)-set.
Observation 3.0.1 also tells that u; is in every y,(Csx+1,4)-set. Then we follow the steps
in the proof of Theorem 4.4.6, so we get TD, (Usr+1,9) = Lig = TDy(Cair1,9)-

If g € {2,3}, then Usky = Ly g, so we get that TD,(Uyy ) = JL,’(‘fiq by
Theorem 4.4.7. We note that every y;(Usx,4)-set is a y;(L4x 4)-set, but the converse is not
necessarily true. From the proof of Theorem 4.4.7, we know that D™/ = {vy,0, V4743 :
0 <1< k-=1}U{u,u;}isay(Lyg)-setfor2 <i < j < gq. If g =4, then D>*
is a ¥, (Lag,q)-set but not a y;(Usg 4)-set, and thus TDy(Usr,) = TDy(Laxy) — {D>}.
Similarly, for ¢ = 5, TDy(Usky) = TD,(Lux4) — {D*3, D*>4, D>5, D33, D*}. Note that
up is in every y;(Uypq4)-set for all ¢ > 6 and in every y,(Cyr4)-set for all ¢ > 2, so
TD,(Usy,) = L’k‘fiq for all ¢ > 6, and TD,(Caxy) = L,i‘jll’q for all ¢ > 2 by following
the first two paragraphs in the proof of Theorem 4.4.7.

Similar to Lemma 4.4.8, each y;(Usx-1,4)-set and each y;(Cyx-1,4)-set do not

contain the vertices u; for alli € {2,3, ..., g}. Then we follow the steps in the proof of

Theorem 4.4.9, 50 TDy(Usk-1,4) = Px = TD,(Car-1,9)
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Theorem 4.5.1. Let p and q be positive integers. Then

Py ifp=4k +2,q > 2;
Lig ifp=4k +1,q > 2;

TDy(Upyg) = 1

Lit), ifp=4kq>6;

Py ifp=4k-1,q=>2;

and
Py ifp=4k +2,q > 2;
Ly, ifp=4k+1,q > 2;

TD,(Cpy) = 5

L, ifp=4kq>2;

Py ifp=4k—-1,q > 2.

4.5.2 y-Paired Dominating Graphs of Umbrella and Coconut Graphs

Let p and ¢ be positive integers. If g = 1, then Theorems 4.3.12 - 4.3.15
give the results on PD,(U,,) and PD,(C,,). If g > 2, then PD, (U, ,) and PD,(C,,)
are determined in Theorem 4.5.2 by the following discussions.

It is easy to check that {v4;12, v4i43 : 0 <1 < k—1} U {vyr42, u1} is the only
Ypr(Usk+2,4)-set and the only y,,(Cyk12,4)-set, which means that PD,(Usi424) = P =
PD,(Cyrs2,4)-

Similar to Lemma 4.4.14, we can prove that each y,,(Uik+1,4)-set contains
the vertex u1. Observation 3.0.1 gives that each y,,(Cyr+1,4)-set contains the vertex uj.
We follow the steps in the proof of Theorem 4.4.15, and we then get that PD, (Usr41,4) =
Lig = PDy(Cyrr1,4)-

If g € {2,3}, then Usgy = Lajy, and hence PDy(Usiy) = SJL,’(‘fiq by
Theorem 4.4.16. Let g > 4. Note that every v, (Usp q)-set is a yp-(Lay 4)-set, but the
converse need not be true for some 7y, (Lai 4)-set that does not contain u;. From the
proof of Theorem 4.4.16, we get that a vy, (L4 4)-set that does not contain u; is of the
form D™ = D U {u;,u;}, where D is a y,,(Py)-set and 2 < i < j < g. Similarly,
a Ypr(Uskq)-set that does not contain uy is also of the form D U {u;, u;} for some 2 <
i < j < q. Forg = 4, we have D**is a Ypr(Lak,q)-set but not a y,,(Usi 4)-set, so

PD,(Usky) = PDy(Lyyy) — {D**}. For g = 5, only D34 is a y,,(Us4)-set among all
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¥pr(Lak4)-sets containing the pair {u;, u;} where 2 <i < j < ¢, and thus PD,(Usy ) =
PD,(Lskq) — {D?*3, D% D25 D35, D4’5}. If ¢ > 6, then it is easy to verify that u
is in every vy, (Ui 4)-set, and we then follow the first two paragraphs of the proof in
Theorem 4.4.16 to get that PD, (Usrq) = S L}(‘fiq. Note that u is in every y,,(Cax 4)-set
forall g > 2. Again, we follow the first two paragraphs of the proof in Theorem 4.4.16,
~ Q7 k+1

$0 PDy(Cyrq) = SijLq forall g > 2.

If g € {2, 3}, then we get that PDy(U4k—1,q) = PDy(L4k_1’q) = Bk+1,k+q—1,k
by Theorem 4.4.17. Now, we let ¢ > 4. In the proof of Theorem 4.4.17, we know that

Dil’j , D;j - .,D’,il are the only y,,(L4k-1,4)-sets containing the pair {u;, u;} where 2 <
i < j < q. Note that D%A, D%A, .. .,Difl are not y,,(Usk—1,4)-sets, s0 PD, (Usr-1,4) =

PD,(Lsk-14) - {D,QC’4 :1 < x < k+1}. Among all y,,(L4k-1,5)-sets containing the pair
{uj,u;} for2 <i < j < 5, only D3’4, D;’A, .. .,Di’fl are ¥,r(Usk-1,5)-sets, so we get
that PDy(Usi_15) = PDy(Lu-15) — (D>, D, D> D3, D}® 11 < x <k +1}. We
can easily check that u; is contained in every y,,(Usk—1,4)-set for all g > 6 as well as
every ¥pr(Car—1,4)-set for all g > 2. We obtain that PD,(Usr-1,4) = Ak+1,k+q-1,k for all
g > 6,and PD,(Car-1,4) = Ak+1,k+q-1,k for all g > 2 by following the steps of proofin

Theorem 4.4.17 (first paragraph).

Theorem 4.5.2. Let p and q be positive integers. Then

Py ifp=4k +2,q > 2;

Liq ifp=4k+1,q>2;
PDy(Up,q) >~

SLit, if p = 4k, q > 6;

Akt k+g-1k  If p =4k -1, > 6;

and
P ifp=4k +2,q > 2;
Ly, ifp=4k +1,q > 2;
PD,(Cp,) =
S, Yp=4kg=2;

Apsthrg-1k p=4k—-1,q92>2.
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CHAPTER 5
CONCLUSIONS

In this chapter, we provide a summary that arises from this dissertation and
propose some open problems for future consideration.

This dissertation presents the total and the paired domination numbers of
some families of graphs in Chapter 3. Section 3.1 specifically covers wheel graphs,
helm graphs, flower graphs, and sunflower graphs. In Section 3.2, we revise some values
of the total domination numbers of Jahangir graphs, which were originally provided by
Mtarneh et al. [48], and subsequently present the paired domination numbers of Jahangir
graphs. In Section 3.3, we provide the total and the paired domination numbers of P,0C,
for p € {2,3,4} and ¢ > 5, which extend the results in [30] showing the case for p > 2
and ¢ € {3,4}. We also present some of their upper and lower bounds for the other
values of p and g. To find the exact values for the other cases, we propose the folowing

problem.

Problem 5.0.1. Determine the total and the paired domination numbers of P,0C, for

pq = 0.

Section 3.4 presents the total and the paired domination numbers of some
closed helm graphs and their upper bounds for the other cases. Additionally, we provide
the total and the paired domination numbers of some web graphs, along with their upper
bounds in the other cases. We next provide the problem aimed at determining lower

bounds and exact values for these two classes of graphs.

Problem 5.0.2. Determine lower bounds and exact values for the total and the paired

domination numbers of CH, , for p,q > 5 and W, , for p > Tand q > 5.

Furthermore, we compute the total and the paired domination numbers for
windmill class of graphs in Section 3.5. We close Chapter 3 by providing the total and
the paired domination numbers of lollipop graphs, umbrella graphs, and coconut graphs
in Section 3.6. There is another graph that is similar in structure to the latter three graphs,
which is a tadpole graph T, , obtained by joining an endpoint of a path P, to a vertex

of a cycle C,. The following problem is an intriguing one to address.
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Problem 5.0.3. Determine the total and the paired domination numbers of tadpole

graphs.

In Chapter 4, we determine y-total and y-paired dominating graphs of some
classes of graphs. We start this chapter by considering double stars, complete graphs,
complete bipartite graphs, and fan graphs in Section 4.1. As stated above, the total and
paired domination numbers of wheel graphs, helm graphs, flower graphs, and sunflower
graphs are presented in Section 3.1. However, we only investigate the y-total and the y-
paired dominating graphs of the first three classes of graphs in Section 4.2, while leaving

the ones of sunflower graphs in the next problem.

Problem 5.0.4. Determine the y-total and the y-paired dominating graphs of sunflower

graphs.

Section 4.3 presents the y-paired dominating graphs of cycles, which extend
the results of [15] and [67]. We then provide the y-total and the y-paired dominating
graphs of lollipop graphs in Section 4.4, and the ones of umbrella graphs and coconut
graphs in Section 4.5.

The answer of Problem 5.0.3 provides the total and the paired domination

numbers of tadpole graphs, which are useful to the next problem.

Problem 5.0.5. Determine the y-total and the y-paired dominating graphs of tadpole
graphs.

We can notice that Chapter 4 has not yet discussed the y-total and the y-
paired dominating graphs of Jahangir graphs, cylinders, closed helm graphs, web graphs,
and windmill class of graphs, which have been mentioned in Chapter 3. We let their

determination be a problem as follows.

Problem 5.0.6. Determine the y-total and the y-paired dominating graphs of Jahangir
graphs, cylinders, closed helm graphs, web graphs, and windmill class of graphs.

Finally, we propose three more fascinating questions. The first question is
to ask which graph has the property that its y-total and y-paired dominating graphs are

isomorphic. According to the results in Chapter 4, we obtain that

* TD,(Spq) = PD,(S,,) whenp,q > 1;
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* TD,(K,) = PD,(K,) when p > 2;
* TD,(K,4) = PD,(K,,) when p,q > 1;
* TD,(F,4) = PD,(F,,) when p,q > 1;
« TD,(W,) = PD,(W,) when p > 3;
« TD,(H,) = PD,(H,) when p > 3 is even;
« TD,(Fl,) = PD,(Fl,) when p > 3;
* TD,(P,) = PD,(P,) whenp =2,p =6, 0r p =0,3 (mod 4);
* TD,(Cpy) = PD,(C,) whenp =6 or p = 0,3 (mod 4);
* TD,(L,4) = PD,(Ly,) whenp =4andg > 2,0orp =1,2 (mod 4) and g > 1;
* TD,(U,4) = PD,(U,,) whenp=4and g > 2,orp=1,2 (mod 4)and g > 1;
* TD,(Cpy) = PD,(Cpy) whenp=4and g > 2,0rp = 1,2 (mod 4) and g > 1.
The first question leads us to propose the following problem.
Problem 5.0.7. Characterize the graph G for which TD,(G) = PD,(G).

The second question is to ask which graph is isomorphic to its y-total (y-
paired) dominating graph. As appeared in Theorems 4.3.5, 4.3.6, and 4.3.8, we obtain
that 7D, (C,) = C, when p = 4 or p = 1,3 (mod 4). Similarly, as mentioned in
Theorems 4.3.18 and 4.3.20, we know PD,(C,) = C, when p = 4 or p = 3 (mod 4).

We then provide two more problems as follows.
Problem 5.0.8. Characterize the graph G for which TD,(G) = G.
Problem 5.0.9. Characterize the graph G for which PD,(G) = G.

For the last question, it asks which graph has the property that its y-total
(y-paired) dominating graph is connected or disconnected. Among all graphs that are
considered in this dissertation, by Theorems 4.3.5 and 4.3.18, there is only the cycle C,
withp = 0 (mod 4) and p > 8 such that 7D, (C,) and PD,(C,) are disconnected. Thus,

the following problems are worth considering.
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Problem 5.0.10. Determine conditions on the graph G under which TD,(G) is con-

nected or disconnected.

Problem 5.0.11. Determine conditions on the graph G under which PD,(G) is con-

nected or disconnected.
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